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The application of the two-particle density matrix to the calculation of approximate ground states for 
many-body systems is discussed. It is shown that the subsiduary conditions employed by Mayer in this 


context are insufficient to ensure that a valid result is obtained 


conditions presents considerable difficulty. 


INTRODUCTION 


HE suggestion has been made by Léwdin' and 

Mayer’ that the problem of finding an approxi 
mation to the ground state of a many-body system 
might be approached with advantage by employing the 
density matrix. They both point out that the energy 
levels of systems involving only two-body forces are 
completely characterized by the two-particle density 
matrix. Thus the energy may be expressed in terms of 
the density matrix element and the variational pro 
cedure applied to obtain the ground state. 

Mayer’ has actually carried through this procedure 
for the case of a gas of electrons immersed in a uniform 
positive charge. The further discussion of the use of the 
density matrix will, in this paper, be confined to this 
particular case. This is because Mayer’s methods afford 
a concrete example for discussion and also because this 
particular model affords the only true many-body 
problem having a simple exact solution in the Hartree 
Fock approximation. A comparison with the Hartree 
Fock solution will be important in the subsequent dis 
cussion. Mayer’s method (which will be discussed in 
more detail below) depends on finding a simple trial 
form for the two-particle density matrix element which 
has the required symmetry and which reduces properly 
to the one-particle element on the application of the 
appropriate operations. The energy is then expressed 
in terms of this element and minimized, the process 


being subject to the appropriate normalization condi 


'P. O. Léwdin, Phys. Rev. 97, 1474 (1955) 
2 J. E. Mayer, Phys. Rev. 100, 1579 (1955). 


rhe formulation of adequate subsidiary 


tions. All the relevant physical information is thus ap 
parently included, The results are, however, rather 
surprising. Mayer finds that there isa minimum distance 
of approach for pairs of electrons beyond which the 
probability density is zero. This is in complete disagree 
ment with the results of various problems involving 
small numbers of electrons which have been studied in 
detail by other methods. These include the classical] 
works of Hylleraas* and the problem of two electrons 
moving in a “three-dimensional linear oscillator poten 
tial” which may be solved exactly.‘ ‘These cases indicate 
that the probability density goes to zero at r=O for the 
triplet case and remains finite at r=0 for the singlet 
case. Thus, for a large assembly of electrons, one would 
expect the mean probability density to be small but 
finite at r=0O, This is in marked contrast with Mayer’s* 
result, 

Now these disagreements with existing results could 
possibly be explained in terms of the particular trial 
form assumed for the density matrix element or attri 
buted to a qualitative difference between the cases of 
very few and very many electrons. However, by 
the framework of Mayer’s® 
subsidiary conditions, it is possible to obtain certain 


using 


method and applying his 


entirely absurd results, It is the purpose of this paper 
to point this out and to show that the problem is 
Thus, 


though this method offers great possibilities, it requires 


rather more complex than has been assumed 


modification before becoming a practicable method of 


*E. A. Hylleraas, Z 
65, 209 (1930) 
*R. H. Tredgold and J. S. Evans (to be published) 


Physik 48, 469 (1928); 54, 347 (1929); 
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calculation, In order to discuss the question further, it 
is necessary to recapitulate certain of the relevant 
portions of Mayer’s’ paper. This is done in the next 
section, 


OUTLINE OF MAYER’S METHOD 


An assembly of N electrons in a box of volume V is 
considered, The density is then 


pom (N/V) electrons per cc. (1) 


Ihe box is supposed to contain a uniform positive 
charge of density epo. The unit of length is chosen to be 
py ‘and the unit of energy is the atomic unit = 27.21 ev. 
c is the concentration of electrons per cubic Bohr radius. 
The Hamiltonian is then 


N | 
I] , ‘ 2 f d* x» 
aejpe1ky =! , 


10 


1 
| if Haan. (2) 
Xo1 


Let y be the complete wave function for the system and 
ys the combined space-spin set of coordinates for the ith 


electron. The two-particle density matrix element is 


defined as 


/ ” / ” 
P2o( Qi Gir 5 Ge Qe ) 


V(A vf [¥aatar ay) 


0 (qi,Ge' Qs ‘*@Qn)dqa+:dqn, (3) 


and the matrix element for the coordinates of position 


pol my/,xy"; Xo’, x9") I fort doa, (4) 


where the o’s denote the spin coordinates. The single 


alone is 


particle density matrix element is defined as 
1 
pi(%1',x1’’) focorm ; X2,X2)d*xo (5) 
V—1 


lhe functions f(x) and g(x) are defined as 

f(x) =p;(x’,x”), x=|x 

1 — g( X12) = po(X1,X1; X2,X2) 
It may then be shown that 

d? f(x) 


; Aorxg (x)da 
dx" 


rFREDGOLD 


It is further shown in Mayer’s* paper that the appro- 
priate symmetry conditions can be satisfied and the 
two-particle matrix element can be made to reduce to 
the one-particle element properly if 


eh f?(x)+(1 


b f?(x) \[2k(x)—k(x)], (9) 


g(x) 


where f(x) and k(x) are even real functions of x. These 
functions are now chosen to minimize the energy as 
given by (8), subject to the two conditions 


w 


fo 4rx'e(x)as 1 


0 


(10) 


(11) 


we 


sin2rat 
p(t) 4x? f(x) dx. 


0 Qral 


(12) 


The first of these conditions expresses the normalization 
of the total wave function and the second, the fact 
that not more than two electrons of opposite spins can 
occupy one state. A full explanation of why this should 
be cannot be given here and reference must be made to 
the original source (Mayer’) for the derivation of these 
results. 


DISCUSSION OF MAYER’S METHOD? 


As will be seen from (8), the function k(x) does not 
appear in the expression for the kinetic energy and 
therefore can be chosen to minimize the potential 
energy subject only to the condition (10). 

However, if the form of the function f(x) corre 
sponding to the Hartree-Fock solution is denoted by 
fo(x), it can be shown that 


f 4x} ff? (x)dx=1, 
0 


and thus, according to Mayer,’ Eq. (10) may be satisfied 
for nonzero k(x) only if f(x) differs from fo(x). Thus 
the introduction of correlation implies k(«)#0 for 
certain values of x and this in turn implies an increase 
of kinetic energy over the Hartree-Fock value, This 
would, of course, be expected. It is thus found that 


(13) 


k(x)=1, Ox: 


k(x)=0, x9<2x: 


(14) 


where xo is a parameter subsequently determined by 
variational means. 

However, it is important to notice that if k(x) is 
allowed to assume negative values over part of the 
region x> x», it is obviously possible to choose a form 





MATRIX AND 


such that 


x 


f 4x1 —4/?(x) | 2k(x)— k(x) Jdx>O (15) 


0 
(16) 


with f(x) = fo(x). 

Now if (15) and 
the implication is that the potential energy has been 
lowered as compared with the Hartree-Fock solution 
f(x) fo(x) 
states in momentum space remains the same as in the 
Hartree-Fock If this result 
from the standpoint of configuration interaction, it is 


(16) can be simultaneously satisfied, 


However, implies that the occupation of 


treatment is considered 


seen to be in error since there is only one possible con 


figuration corresponding to fo(a). Thus if k(x) is 


MANY-BODY PROBLEM 1423 
allowed to take on negative values, the method breaks 
down. However, there appears to be ho phys al or 
should take on 


negative values over part of the range of x, It 


mathematical reason why k(x) not 
is not 
even surprising if this behavior makes g(x) negative for 
certain regions of x since such behavior is physizally 


allowable 


CONCLUSIONS 


It thus appears that the methods discussed in this 


paper cannot be employed with confidence unless some 


other set of auxiliary conditions can be introduced to 


ensure that the two-particle density matrix can be 


derived from an allowable wave function 
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Energy Equation of Magneto-Gas Dynamics* 
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The general energy equation of a viscous, heat-conducting, and electrical-conducting fluid in magneto-gas 
dynamics has been derived. Various simplified forms of energy equations have been discussed, particularly 
for the cases with magneto-gas dynamic approximations. The fundamental equations of magneto-gas 


dynamics are also given 


I, INTRODUCTION 
R" ENTLY the study of magnetohydrodynamics 
of a compressible fluid, more properly magneto- 
'* has attracted great attention. How- 
ever, nowhere do we find a complete account of the 


gas dynamics, 


fundamental equations without simplifying assumptions 
injected from the outset, Practically all of the previous 
investigations use some approximate relation to replace 
the energy equation in the analysis. Bafios® tried to 
derive an energy equation of magneto-gas dynamics for 
nonviscous and non-heat-conducting compressible fluid, 
but his result is incorrect because he derived the energy 
equation from the equation of motion. It is well known 
that in gas dynamics, the equations of energy and of 
motion are two independent relations. One cannot be 
derived from the other. As a result, in the energy equa- 
tion of Bafios, Eq. (15) of reference 5, the important 
terms involving the internal energy of the gas are 
missing. Hence his result does not give the complete 
Since all the 
magneto-gas dynamics,! 


other fundamental 
* except the 
energy equation, have been discussed before, only the 


energy equation 


equations of 


detailed derivation of the energy equation of magneto 
gas dynamics for a viscous, heat-conducting, and elec 

trically-conducting fluid is given in this paper. We shall 
discuss other simplified forms of the energy equation of 
magneto-gas dynamics. Finally, the whole set of the 
fundamental equations of magneto-gas dynamics is given 


Il, DERIVATION OF THE ENERGY EQUATION 


Consider the surface S of a volume V fixed in space: 
The law of conservation of energy requires that the 
difference in the rate of supply of energy to V and the 
rate at which energy goes out through S must be the 
net rate of increase of energy in V. We have then 


oT 
fm cromas J exons I( kK )mas 
N s S OX; 
0 
[ smas J cumas [ vor, (1) 
8 8 ol V 


* This work was supported by the Office of Scientific Research, 
Air Research and Development Command 

iE Astriém, Nature 165, 1019 (1950) 

*N. Herlofson, Nature 165, 1020 (1950) 

*H. C. van de Hulst, Problems of Cosmical Aerodynamics 
(Central Air Documents Office, Dayton, Ohio, 1951), pp. 46-56. 

‘S, Lundquist, Arkiv Fysik, 5, 297 (1952) 

* A. Bafios, Jr., Phys. Rev. 97, 1435 (1955) 


where i,j=1, 2, or 3, and the summation convention is 
used, €.g., 4 j= Uy, + Ugnet+ Ug. 

The meanings of the various terms in Eq. (1) are as 
follows: 

(a) u;= ith component of the velocity vector q of the 
fluid; nj= jth component of the outer normal of the 
surface S; 1;j=ijth component of the viscous stress 
tensor® ; 


Tij= (7™)4j- pb.;, 


where p= pressure of the fluid, 6;;=0 if #7; 6,;=1, if 
i= j; and 


Ou, OU; ; OU, 
(7™)is=ul —+— }— dul — Jou, 
Ox; Ox, OX, 
u being the coefficient of viscosity. Here u;(7;jn;) = rate 
of energy produced by the system outside in contact 


with the system within, per unit area of the surface of S. 
(b) U'=total energy per unit mass of the fluid: 


1 
Um 


1 
(Up-t Un): hui P+ I[+- (Urt+Un), 
p p 


where Uy is the energy of the fluid other than the elec- 
tromagnetic energy, which consists of : (i) 4u;= kinetic 
energy per unit mass of the fluid; (ii) P=potential 
energy per unit mass of the fluid; (iii) J=internal per 
unit mass of the fluid=C,T for ideal gas, where C, is 
the specific heat at constant volume and T is the ab- 
solute temperature. 

The second term in Eq. (1) represents the energy flow 
by convection across the boundary S. In the analysis of 
magneto-gas dynamics, we assume that Maxwell’s 
equations for the electromagnetic field hold true, and 
hence the electromagnetic energy is localized in the 
field and is not carried by the moving gas. Of course 
this assumption is only approximately correct, because 
the electric charges and electric current are carried by 
by the gas. However, in magneto-gas dynamics these 
contributions to the electric energy are negligibly small. 

U p= he ,= electric energy per unit volume, where 
e is the dielectric constant and £; is the ith component 
of the electric field strength FE. Uy=4y.H y= mag- 
netic energy per unit volume, where y, is the magnetic 

*S. I. Pai, Viscous Flow Theory, 1. Laminar Flow (D. Van 
Nostrand Company, Inc., New York, 1956). 
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ENERGY EQUATION OF 
permeability and H; is the ith component of the mag- 
netic field strength H. The mks unit system is used in 
this note. 

(c) x;= jth component of the spatial coordinate, and 
«= coefficient of heat conductivity. 

The third term in Eq. (1) represents the energy flow 
by heat conduction across the boundary S. 

(d) S;= E,H,— EF, H;= ith component of the Poynting 
vector S=EXH which represents the electromagnetic 
energy flowing across the boundary S, i.e., the fourth 
term of Eq. (1). 

(e) gri=ith component of the radiation energy flux, 
and 


Oqri/ Ox;= R,— Ra, 


where R, is the rate of radiation energy emission per 
unit volume and R, is the rate of radiation absorption 
per unit volume. 

The fifth term in Eq. (1) is the rate of energy flow 
by radiation. 

By Gauss’ theorem, we may transform the surface 
integrals of Eq. (1) into volume integrals. We have then 


| 0 acl ' upuy;) 0 oT (pl l u) 
f (i713) } (: ) 
\ | Ox; Ox; Ox;\ Ox; at 
acl ‘uetUy) OS; O”dni | 
d % tz 
al Ox; Ox; 


Since the volume V is arbitrarily chosen, the integrand 
of Eq. (2) must be zero and we have 
OU p+U yn) 


0 O(U ypuj;) d(pU my) 


(7 i;) 
Ox j al at 


0 oT OS; Oqni 
( K ) 0). (3 ) 
Oxi \ Oxy; OX, OX, 


This is the energy equation in magneto-gas dynamics 


OX; 


of a viscous, heat-conducting, electrically-conducting, 
and compressible fluid. 

Equation (3) may be simplified by the help of the 
following equations: 

(i) The equation of continuity ; 


dp 0 (p uj ) 
| 0 


al Ox; 
(ii) The equation of motion: 
Du; oP 


+t 
Dt Ox, Ox; 


OTs; 


ty, 


where 


MAGNETO 
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and F, 


which is 


ith component of the electromagnetic’ force F,, 


F, pK t uJ XH, (0) 
where p, is the excess electric charge and J is the electric 
current density with components J; 

(iii) The equation of electromagnetic energy 
AUst+Us) aS; 
al OX, 


Combining Eqs. (3) to (7), we have the following 
energy equation of magneto-gas dynamics: 


DI On; On, ri) oT ? Agni 
{ kK ) t , (8) 
; Ox; Ox, OX, 0 Ox, 
where 

i= J pd o(E+y.qXH), (9) 
a is the electric conductivity of the gas, and 7?/o@ is the 
Joule heat ; 1 is sometimes called the conduction current. 


Ill. SIMPLIFIED FORMS OF ENERGY EQUATION 


For the ordinary gas-dynamic problem, if the ab 
solute temperature 7’ is not enormously high, the energy 
flow due to radiation may be neglected. Furthermore, 
the compressible fluid which we investigate is usually 
assumed to be a perfect gas whose equation of state is 

p= pRT, (10) 


where R is the gas constant. Under these two conditions, 
Eq. (8) may be written in the following form 


Ou; 0 oT 
f , ) 
j OX 


j 


DC,T Dp 
| ( 7M 
Dt Dt 


where Cp=C,y+R. 

For ordinary magneto-gas dynamics, we consider the 
cases in which the velocity of the flow q is much smaller 
than the velocity of light c. Since the energy in the 
electric field is of the order of g’/c? of the energy in the 
magnetic field,* the energy in the electric field may be 
neglected. Furthermore, since we shall not consider phe 
nomena of very high frequency, the displacement 
current in Maxwell equations 


J+ (deE/at : 


VKH (12) 


VXE (Ou HH Ol) (13) 


(where V is the gradient operator), may be neglected, 


we have p<0, and 


in VKH. (14) 


Under these conditions, the equation of motion (5), 


7S. Chandrasekhar, Proc. Roy. Soc. (London) A204, 435 (1951), 
* F. de Hoffmann and E. Teller, Phys. Rev. 80, 692 (1950). 
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with ap Ox, 


Du; OH, 0 Mell Hl; O(r™) 4; 
p poll, (¢ + ) T , 
Dt OX; OX; 2 Ox; 


0, becomes 
(1 5) 


and the energy equation becomes 


Dig Op 4 0 a7 
p } [ y(7™) 4; |4 (: ) 
Di al OX j 04 { Ox 4 


VKH 
+ (vx<H)-( 


0 


wax), 


where hos C,T + hun. 
The electromagnetic equations may be reduced into 


a simple equation for the magnetic field H which is 


ou 
vx (qx H)-—VxX 
al Ua 


(17) 


(xt 


Hence we consider the interaction of the magnetic 
field H with the fields of gas dynamics under these con 
ditions. This is why we use the name magneto-gas 
dynamics 

For a nonviscous and non-heat-conducting fluid, Eq. 


(16) becomes 


Dhy Op V 
p t (Vx*H) 
Dt al 


wart] (18) 


0 
If there is no electromagnetic energy, Eq. (18) becomes 


Dho Op 

p ; (19) 
Dt al 

well-known equation for the 


which is the energy 


unsteady flow of an nonviscous compressible fluid. For 
steady tlow, hq (19) becomes 
u (Oho/Ax;)=0 (20) 


Equation (20) shows that the stagnation enthalpy ho 


is constant along a streamline. However, with magnetic 


PAI 


flow, from Eq. (18), the steady flow equation is 


Oho VKH 
u; vxH- weg X HY. 
do 


Ox j 


(21) 


Hence, the stagnation enthalpy is not a constant along 
a Streamline in magneto-gas dynamics. 

For one-dimensional steady flow, i.e., flow in which 
all the variables depend on only one spatial coordinate, 
say x, Eq. (18) may be integrated. If only the x-com- 
ponent of the magnetic field H is different from zero, 
Eq. (18) after integration becomes 


(22) 


puyho= constant. 


In this case the magnetic field has no influence on the 
gas-dynamic phenomena. 

If only Hs, the x2, component of the magnetic field, 
is different from zero, then Eq. (18) with the help of 
Eq. (17), after integration, gives 


"1 dH, 
puyho- utt| wll] constant. (23) 


Meo dx 


If we put o= ®, the result is the energy equation used 
by de Hoffmann and Teller in their study of magneto 
hydrodynamic shock.* 


IV. FUNDAMENTAL EQUATIONS OF 
MAGNETO-GAS DYNAMICS 


For the problem of interaction of gas dynamics with 
electromagnetic fields, the unknowns are H, E, J, p., 
q, p, p, and 7. The relations that govern these unknowns 
are: (a) Maxwell’s equations (12) and (13), (b) the 
current density equation (9), and (c) the conservation 
of electric charge, 


V-J+-0p,/dat=0, (24) 


(d) the equation of motion (5), (e) the equation of con- 
tinuity (4), (f) the equation of state (10), and (g) the 
equation of energy (8). 

Under the magneto-gaS dynamics approximations, 
the unknowns reduce to H, q, p, p, and 7. The relations 
that govern these unknowns are: (a) the equation for 
magnetic field (17), (6) the equation of motion (15), 
(c) the equation of energy (16), (d) the equation of con- 
tinuity (4), and (e) the equation of state (10). 
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Resistance Minimum of Magnesium: Electrical and Thermal Resistivities* 


D. A. Spourt AND R. T. Wepner 
United States Naval Research Laboratory, Washington, D. C 


(Received August 29, 1956) 


The thermal and electrical resistivities of two specimens of magnesium have been measured in the temper 


, 


ature range 1.5 to 25°K. One specimen was a spectrographically pure rod of 99.984+-% magnesium with 
0.013% iron as the major contamination. The second specimen was 99.95+% pure with 0.043% manganese 
as the only significant contaminant. The electrical resistivity of the purer material passed through a mini 


mum at ~5°K and increased by 1.7% as the temperature was lowered to 1.5°K 


In the same specimen, 


the thermal resistivity at the lowest temperature exhibited a positive deviation from normal behavior 


(defined by w= 
was observed in the thermal resistivity 


al*+-8/T) of the same order of magnitude 


Between 5° and 15°K a negative deviation 


The electrical resistivity of the dilute manganese alloy specimen passed through a minimum at ~14°K 


and increased by approximately 20% as the temperature was lowered to 1.5°K 


An exactly analogous 


effect was found in the thermal resistivity as evidenced by (1) a constant Lorenz ratio at temperatures 


below 4°K, and (2) 


behavior over the entire range of measurements 


INTRODUCTION 


VARIETY of investigations have established 
that the low-temperature electrical resistivity of 
numerous specimens of nonsuperconducting metals does 
not become independent of the temperature. A sum 
mary and bibliography of research prior to 1952 on this 
phenomenon appears in the publications of Mendoza 
and Thomas.'? Some of the more recent research has 
been reviewed by MacDonald.’ In most instances a 
simple minimum type anomaly is observed: the re 
sistance decreases to a minimal value as the temperature 
is lowered, and then increases monotonically as the 
temperature is reduced further. An important exception 
to this type of behavior appears in the measurements 
of Gerritsen and Linde‘ who find that in alloys of 
manganese and chromium in the noble metals, the 
minimum of resistance is usually followed by a pro 
nounced maximum at lower temperatures 
A considerable body of experimental evidence indi 
cates that an ideally pure, perfect crystal of a metal 
would not exhibit a negative temperature coefficient of 
resistance at low temperature, and that such phenomena 
must arise in some fashion from the existence of some 
times minute chemical impurities and/or physical 
imperfections in the specimen being studied. Although 
much less dramatic in its manifestation, the resistance 
minimum shares with superconductivity the character 
istic of having been the subject of a considerable number 


* Some of this research will be included in a thesis to be sub 
mitted by the first-named author in partial fulfillment of the 
requirements for the Master of Science degree at the University 
of Maryland. A preliminary report was presented to the 1954 
Washington Meeting of the American Physical Society 

t Now on leave at the Clarendon Laboratory, Oxford, England 

' FE. Mendoza and J. G. Thomas, Phil. Mag. 42, 291 (1951) 

2 J. G. Thomas and E. Mendoza, Phil. Mag. 43, 900 (1952) 

*D. K. C. MacDonald, Encyclopedia of Physics (Springer 
Verlag, Berlin, 1956), Vol. 14, pp. 188-192 

‘A. N. Gerritsen and J. O. Linde, Physica 17, 573 
18, 877 (1952); A. N. Gerritsen, Physica 19, 61 (1953) 


1951) and 


the equality of the percentage deviations of the respective resistivities from normal 


of proposed mechanisms and theoretical treatments,® 
These proposed explanations fall into two general cate 
gories: (1) attempts to prove a temperature dependen e 
of the number of free electrons due, perhaps, to the 
existence of a small energy gap similar to that found 
in semiconductors, and (2) examination of interactions 
of the conduction electrons with grain boundaries, other 
electrons, phonons and impurities in the attempt to 
find scattering mechanisms which may be a function of 
temperature at the very low temperatures (~1°K) 
where the resistance minimum is pronouns ed 

lo add further complexity, it is by no means evident 
that all of the temperature dependent resistance phe 
nomena found at low temperatures have the same 
origin. For example, it seems likely that the monotoni 
increase of resistance found in gold® down to 0,007°K 


to 0.2°K?.? 


mechanism quite distinct from that which causes the 


and in magnesium down arises from a 


more complex behavior found in certain noble metal 
alloys.' 

One quite obvious method of narrowing the field 
within which a theoretical explanation must ‘be sought 
is to determine experimentally the correlations between 


anomalies in the electrical resistance and deviations 


from normal behavior of other electron-properties such 
as the specific heat,*® the galvanomagnetic effects,’ the 


susceptibility,?"” the electron spin resonance," the 


* The mechanisms and explanations proposed prior to 1951 are 
summarized in references 1 and 2; see also J. C. Slater, Phys. Rev 
84, 179 (1951); J. Korringa and A. N. Gerritsen, Physica 19, 457 
(1953); J. Korringa, Physica 19, 816 (1953); A. B. Bhatia, Phys 
Rev, 95, 914 (1954); and R. W. Schmitt, Phys. Rev. 103, &3 
(1956) 

* Croft, Faulkner, Hatton 
(1953) 

‘R.A 


and Seymour, Phil. Mag. 44, 289 
Hein and R. L 
105, 1433 (1957) } 

"Logan, Clement, and Jeffers, this issue 
1435 (1957) | 

*R, T. Webber, this issue [ Phys. Rev. 105, 1437 1957) | 

“Owen, Browne, Knight, and Kittel, Phys. Kev. 102 
(1956) 


Falge, following paper [Phy Key 


Phys. Rey. 105 
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thermoelectric force,’ and the thermal resistivity. Be- 
cause of the strong dependence of the behavior of 
electrical resistance on the type and concentration of 
impurities, it is also evident that these correlations 
should be determined as far as possible on the same 
specimen 

In this paper are presented the results of measure 
of two 
specimens of magnesium in the temperature range 1.5 
to 25°K. The electrical resistance in the temperature 
range 0.2” to 4.2°K, the electronic specific heat in the 
temperature range 3° to 13°K, and the magnetoresist 
ance at liquid helium temperatures are presented in the 


ments of the electrical and thermal resistance 


following three papers of this series.7~” The measure 
ments reported in papers I, II, and IV of this series 
were performed on the same pair of magnesium speci- 
mens. The specific heat measurements reported in 
paper II] were carried out on specimens taken from the 
It is expected that this study will be 


extended at a later date to include measurements of 


same mcits 
the magnetic susceptibility of these specimens 
Previous attempts to correlate measurements of the 
electrical and thermal resistivities in metals exhibiting 
a resistance-minimum have led to conflicting conclu 
sions. Berman and MacDonald" reported in measure 
ments on copper that the maximum percentage devi 
ation of the thermal conductivity from “normal” 
behavior was less than the corresponding maximum 
percentage deviation of the electrical conductivity. 
White” that the 
increase in w7’ (the product of the thermal resistivity 
and absolute temperature) below the temperature of 


noted also for copper percentage 


the minimum was approximately equal to the per- 
centage increase in the electrical resistivity over the 
same temperature range. 

Mendelssohn and Rosenberg’ reported results on 
magnesium specimens which exhibited values of the 
thermal resistivity which were lower than those which 
might be expected on the basis of “normal” behavior 
On the other hand Kemp, Sreedhar, and White'® 
found, also in magnesium, an increase of w7 at the 
lowest temperatures, while observing a depression of 
wT in the intermediate temperature range. Finally, 
Sharkoff and Herlin'® have reported measurements on 
a series of magnesium alloys in which the deviations of 


"RR, Berman and D. K. ¢ 
(London) A211, 122 (1952) 

2G, K. White, Australian J. Phys. 6, 397 (1953 

“K. Mendelssohn and H. M Pro« 
(London) AOS, 385 (1952) 

“H. M. Rosenberg, Phil. Mag. 45, 73 (1954 

% Kemp, Sreedhar, and White, Proc. Phys. Soc. (London 
A266, 1077 (1953). These authors and P. G. Klemens (private 
communication) have further analyzed the data and find depressed 
values of w7’ at intermediate temperatures (~5 to 11°K) as well 
as the increase noted in the publication. The recalculated data 
appear in Encyclopedia of Physics (Springer-Verlag, Berlin, 1956), 
Vol 14, p 247 

EF. G, Sharkoff and M. A. Herlin, Quarterly Progress Report 
Research Laboratory of Electronics, Massachusetts Institute of 
Technology, July 15, 1953 (unpublished), p. 18. 


MacDonald, Proc, Roy. So« 


Rosenberg, 


AWD ‘RFs 
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the thermal resistivity were qualitatively related to the 
magnitude of the resistance minimum. 

One reason for the variety in reported results of these 
correlation experiments is that the resistance minimum 
behavior in relatively pure metals is a relatively subtle 
effect (~1% per degree) in the range of temperatures 
at which these correlations are usually attempted. The 
corresponding “anomalous” effect which might be 
expected to appear in the correlation measurement is 
generally of the same magnitude as the precision 
obtaining in the measurement itself. 

One method of resolving this latter difficulty would 
be to extend the correlation measurements to tempera- 
tures below 1°K where the anomalous effects are usually 
more pronounced, Another method, which is sometimes 
applicable, is to alter the physical structure or the 
impurity content of a given metal in such a way as to 
enhance the effect in the higher temperature range. 
This latter approach has been the procedure used in 
the measurements reported in this paper. Two speci- 
mens of magnesium have been employed: one was a 
specimen of ‘“spectrochemical” purity (the major im- 
purity was 0.013% iron), but extensively work-hardened 
in an attempt to enhance the minimum effect ; the other 
specimen was a composition (0.043% manganese) 
previously shown'®"” to exhibit a marked minimum in 
the temperature range above 1°K. 


EXPERIMENTAL DETAILS 
Specimens 


Both specimens were rods about 9 cm long and 3.2 
mm in diameter. Thin copper bands were electrolytically 
deposited near the ends of the specimens by the “Dow 
Process’"* to make possible soldered joints to the 
thermometer straps, the gas thermometer bulb and the 
heater bobbin. The narrow plated rings for the attach- 


ment of the gradient thermometer straps were separated 


from the plated ends of the specimen by a short gap. 
The chemical purity of both specimens was greater 
than 99.9 percent magnesium. However, the resistance 
anomalies probably arise from the chemical impurities 
and physical imperfections, so these aspects are dis- 
cussed in greater detail in the following sections. 


First Specimen—Meg (ke) 


This specimen was a Johnson-Matthey spectro- 
graphic rod whose predominant impurities (see Table 1) 
were 0.013%, iron and 0.002%) manganese. Although 
it is not certain whether the resistance anomalies have 
their origin in the predominant impurity, iron, or in 


‘7 H. E. Rorschach, Jr., and M. E. Herlin, Phys. Rev. 81, 467 
(1951); also Proceedings of the Schenectady Cryogenics Conference, 
General Electric Company Report, NP-4840, 1952 (unpublished) , 
p. 51; also, H. E. Rorschach, Jr., thesis, Massachusetts Institute 
of Technology, 1952 (unpublished) 

18 Magnesium Finishing (Dow Chemical Company, Midland, 
Michigan, 1952), pp. 94-8. 





ELECTRICAL AND THE 
the much smaller contamination of manganese, this 
specimen will henceforth be referred to as Mg(Fe). 

The Mg(Fe) specimen had been extensively cold- 
worked by swaging before the complete electrical and 
thermal resistivity measurements were made. This 
swaging, carried out in the vain hope of enhancing the 
magnitude of the resistance minimum, caused a 14% 
reduction in diameter and raised the electrical resistivity 
at 4.2°K from 1.84 10~* ohm-cm to 6.48 10~* ohm- 
cm. Comparison spectrograms of the specimen taken 
before and after the swaging operation demonstrated 
no change in specimen purity, particularly in the Fe 
impurity. 

A photomicrograph of the Mg(Fe) specimen, taken 
after the swaging, showed no crystalline development 
or other pronounced structure. 


Mg(Mn) 


This specimen was prepared by the Dow Chemical 
Company and consisted of a very pure magnesium 


Second Specimen 


Taste I. Characteristics of magnesium specimens employed 
in this and other research. 
Mg(Fe) Mg(Mn) 


Specimen designation Rosenberg* 


A. Physical 
characteristics 
Supplier Dow* 
No. 72767 
99.954 
0.043 
0.0010 
0.0011 
0.0002 
0.0001 
0.0001 
0.001 
0.0011 
0.0048 
0.0012 


J. M.» 
No. 1703 
99.954 
0.03 
0.0075 


J.Me 
No 1848 
99.98 + 
0.0023 
0.013 
0.0013 
Vive 
FV‘ 


Meg 
Mn 
Fe 


Analysis 


0.004 


FV 


FV 

FV 

FV 
cold worked 
polycrystal 


Ca 

Ag 

Na 
Physical state annealed 
polycrystal 


annealed 
polycrystal 
. Parameters of 
electrical 
resistivity : 
Approximate 
temperature of 
minimum (°K) 
Resistivity at 
minimum 
(ohm-cm) 
Resistivity at 1°K 
(ohm-cm) 
Resistivity ratio, 
(Pmin/proo’k) X 10? 
Lorenz ratios 
L observed for 
T <4°K 
(ohm watt deg*) 2.4910~* 


14.5 


6.45810" 11.87K10°* 2.69K10~° 


6.624XK10°* 14.79K10°* 2.74K10° 


1.37 2.44 0.583 


2.04K10"% 2.00K10" 


* Reference 14 

b Johnson-Matthey and Company, London, England. It is noted that 
the laboratory number of our Mg(Fe) specimen is the same aa for the 
specimens used by Kemp (reference 15) and by G. B. Yntema, Phys. Rev 
91, 1388 (1953 

* Dow Chemical Company, Magnesium Division, Midland, Michigan 
The authors wish to thank Mr. C, Sheldon Roberts of the Dow Company 
for making available to us a number of dilute alloy specimens 

4 The analysis is in each case that provided by the supplier. All values 
are in weight percent. 

© VFV «spectral line very faintly visible. 

* FV «spectral line faintly visible. 
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matrix to which 0.043°7 manganese had been deliber 
ately added. Since the manganese is the only impurity 
lable I), this 
specimen will be referred to as Mg(Mn). The rod had 
been hot-extruded by the supplier, then annealed for 
24 hours at 300°C and rapidly quenched in water at 


40°C. It is believed that this procedure should keep 


present in significant quantities (see 


the manganese in solid solution with the matrix 

A photomicrograph of the Mg(Mn) specimen showed 
that it was polycrystalline with a few of the crystallites 
ranging up to 0.1 mm in size 


Apparatus and Technique 


The calorimeter was similar in many respects to those 
recently described in detail by White and Woods" and 
by Alers.” As the calorimeter was originally constructed 
for measurements of the thermal conductivity of super 
conductors in low magnetic fields, it was constructed 
entirely of nonferromagnetic materials, and gold-ring 
gaskets” were used as vacuum seals instead of solder 

During all of the measurements reported here, the 
calorimeter was surrounded by a bath of liquid helium 
As usual, one end of the specimen rod was thermally 
isolated by the calorimeter vacuum. The other end of 
the specimen, instead of being fixed in intimate contact 
with the bath, was attached to a chamber which, when 
evacuated, provided a relatively poor thermal contact 
to the bath. Through the use of an auxiliary heater it 
proved possible to fix the specimen temperature at any 
point in the range 4.2°K to 25°K 
below 4.2°K, the isolating chamber was flooded with 
liquid from the bath by puncturing a rupture disk. 


The temperature at two points along the specimen 
3 


lor measurements 


was determined by carbon resistance thermometers,” 
the resistance being measured by means of a modified 
dc Wheatstone Bridge circuit which permitted the 
absolute resistance of one thermometer, and the differ 
ence between the resistances of the two thermometers 
to be measured in rapid sequence.™ A high-impedance 
de breaker amplifier was employed as the null detector 
Allen 
Bradley carbon-composition 1-watt radio resistors of 
nominal 56 ohms. The thick plastic 
normally covering the resistors was removed with a 


The gradient thermometer elements were 


value material 


centerless grinder and a thin, baked coating of G. E 
Formvar insulation was added. ‘To provide good thermal 
contact between the resistor body and the thermometer 


holder, a liberal coating of G. E. Glyptal was applied 


to each résistor before it was slipped into the copper 


 G. K. White and S, B. Woods, Can. J. Phys. 33, 58 (1955) 

»P. B. Alers, Phys. Rev. 101, 41 (1956) 

1 R. T. Webber and D. A. Spohr, Phys. Rev. 84, 384 (1951); 
91, 414 (1953) 

Wexler, Corak, and Cunningham, Rev. Sci 
(1950) 

7, R. Clement and E. H. Quinnell, Rev. Sci. Instr. 23, 213 
(1952). 

“H. A. Fairbank and J. Wilks, Proc. Roy. Soc. (London) 
A231, 545 (1955). 


Instr. 21, 259 
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holder attached to the specimen. In the liquid hydrogen 
and liquid helium temperature ranges, the resistors were 
calibrated against the vapor pressure of a few cm* of 
the respective liquid condensed into a bulb attached 
to the bath end of the specimen. In the intermediate 
range they were calibrated against a constant volume 
He gas thermometer using the same bulb as the sensitive 
element. The two resistors used in these measurements 
had calibration curves identical to within one percent 
over the entire range; the absolute values of resistance 
at a given temperature varied by less than one-tenth 
percent from run to run. 

The electrical resistivity measurements were carried 
out in a subsequent run using currents up to 5 amperes 
Phe potential drop was measured with a microvolt 
potentiometer and a photoelectric galvanometer capable 
of detecting an unbalance of about 0.002 microvolt 

Phe probable error in the measurements of thermal 
resistivity is of the order of 1%,; that of the electrical 
resistivity ~0.3%. 


RESULTS AND DISCUSSION 
Electrical and Thermal Resistivities 


The electrical resistivity of the two specimens as a 
function of temperature is given in Fig. 1. The resistance 
minimum phenomenon is evident in both specimens, 
and is quite pronounced in the dilute manganese alloy, 
My(Mn) 
lower temperatures are closely proportional to the 


The resistivities of these specimens at the 


logarithm of the temperature*® and can be represented 
by 
0.244 logT) K 107° ohm-cm ; 
13°K<7<4°K; Mg(Fe), 
3.15 log7')*10~* ohm-cm; 
1.3°K <7T<5°K; Mg(Mn) 


p= (6.621 
p= (14.79 


The absolute values of the thermal conductivity 
(K =1/w) as a function of temperature are shown in 
Fig. 2. The solid curves in this figure represent equations 
of form 1/K =w=al?*+ 8/7, as discussed in the follow 
ing section. Below about 5°K, the function w7° for the 
specimen Mg(Mn) fits reasonably well an equation of 
the form 


wl =5.58—1.19 logT watts cm deg’. (2 


‘“‘Normal Behavior” of the Resistivities 


For metals not exhibiting the resistance minimum 
effect, the electrical resistivity at low temperatures can 
generally be represented®® by an equation of the form 
suggested by theory: 


p pot 47" (3) 


where po is the temperature independent “residual 


* 1), K. C. MacDonald and K. Mendelssohn, Proc. Roy, Soc. 
(London) A202, 103 and 523 (1950) 
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resistivity” associated with electron-impurity scatter- 
ing, and A7™ is the “ideal resistivity” associated with 
electron-phonon scattering. 

For most metals which do not exhibit an electrical 
resistivity minimum, the thermal resistivity w at low 
temperatures is well represented** by an equation of 
the form: 


w=B/T+aT?, (4) 


where a and 6 are constants; and the terms on the 
right have the same association with the theoretical 
scattering mechanisms as do the respective terms in 
Eq. (3). 

In our magnesium specimens it 
to fit temperatures 
resistance minimum to Eqs. (3) 


has proved possible 
above that of the 
and (4). Standard 
graphical techniques (for example, see Fig. 3) were 
employed and yielded the values of the constants po, 
A, n, a, and 6 shown in Table II. The units of the 
constants are those appropriate to yield p in ohm-cm 
and w in watts. 


the data at 


Deviations from ‘‘Normal Behavior” 


At temperatures below that of the resistance mini- 
mum, it is evident (see Figs. 1 and 3) that the values 
of p and w calculated from the “normal behavior’ 
Eqs. (3) and (4), using the parameters in Table II, 
deviate from the values of p and w actually measured. 
If we designate these calculated resistivities by p, and 


| 








7.08 (OHM-CM) 


Fic. 1. Electrical resistivity of the two magnesium specimens as 
a function of temperature. 


* Extensive summaries of measurements of the thermal con 
ductivity of metals at low temperatures are given by R. L. 
Powell and W. A. Blanpied, Nat. Bur. Standards Cir. 556 (U. S. 
Government Printing Office, Washington, D. C., 1954), and by 
H. M. Rosenberg, Trans. Roy. Soc. (London) A247, 441 (1955). 





ELEC TRIGA AND 
Wn, and designate the measured resistivities by p, and 
Wm, we can then define the deviation of the resistivities 


from normal behavior by 


Ap=Ppm—Pn, Aw Wn. (5) 


Wm 


In order to determine the correlation between the 
anomalous behavior in p and w, it is instructive to 
compare the relative from ‘normal be 
havior,” Ap/p, and Aw/w,. This is done in Fig. 4. 

In the dilute manganese alloy specimen, Mg(Mn), 
it is quite evident from Fig. 4 that the relative devi 
ations of p and of w are completely equivalent to 


deviations 


within experimental error. So in this specimen we can 
claim an exact correlation in the electrical and thermal! 
aspects of the resistance minimum. 

In the case of the relatively pure magnesium speci 
men, Mg(Fe), it is seen in Fig. 4 that the relative 
deviations are not only an order of magnitude smaller 
than those of Mg(Mn), but are of a rather more complex 
form. At temperatures between 1.5°K and 4°K, a 
direct correlation between the deviations of the electrical 
and thermal resistivities is apparent. However, at 
temperatures between 4°K and 15°K an entirely new 
phenomenon is manifested. Whereas the deviation of 
the electrical resistivity in this range of temperatures 
remains close to zero, indicating good agreement with 
the ‘‘normal behavior” of Eq. (3), the deviation of the 
thermal resistivity becomes quite large and negative 
This negative deviation is in good agreement with that 
found by Kemp.'® We believe that here we 


= 


have 


K (WATT UNITS) 








10 
(°K) 
Fic. 2, Thermal conductivity of the two magnesium specimens 


as a function of temperature. The solid curves are of the form 


w=8/T+aT*. 
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Fic. 3. wl 
demonstrates that 
“normal” behavior equation w/ 


II. 


7* for the Mg(Mn The solid line 
the data at the higher temperatures fit the 
al*+6, See gq. (4) and Table 


Spec men 


evidence for the existence of two separate and distinct 
one (7 
tance minimum and having equal effect on both the 


mechanisms : 1°K) associated with the resis 


electrical and the thermal resistance, and the second 
(4°<T: 
encing only the thermal resistance. We shall return to 


15°K) arising from other causes and influ 
this point in the following section 


Lorenz Ratio 


A more common method of comparing the electrical 
and the 
Lorenz high temperatures, and 


resistivities of metals is through 


p/u / At 


again at very low temperatures (where impurity scat 


thermal 
ratio, L 


tering is dominant) the Lorenz ratio is usually found 
to be a constant, of value fairly close to the classical 
value”? 2.443 10 


* watt-ohm/deg? 


of electrical and thermal 
for the 


TABLE II, Values of the 
resistivity appearing in keqs. (3 
specimens 


parameters 


and (4 two magnesium 


Mg (Ke My (Mi 


11.75K10"* 
8.00% 10°" 
S 15 
6.70% 10° 
4 46 


6475 K10* 
1.74 x10" 
4.00 
7.10 
2.0 


x10* 


27 A. Sommerfeld, Z. Physik 47, 1 (1928 
ation used constants tabulated by J. W 
( ohen, Revs. Modern Phys 25, 1 (1954) 


The numerical evalu 
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Mg (Fe) 


TION PROM WORMaL” BEMIMOR aw/, AND 4, 4. 


25 


lic. 4. Percentage deviation of the observed electrical and 
thermal resistivities from the “normal” behavior [as defined by 
Eqs. (3) and (4) and Table IL] plotted as a function of tempera 
ture for the two magnesium specimens 
the circles give Aw/w,, 


rhe crosses give Ap/pn; 


The Lorenz ratios of our specimens are given in 
Vig. 5. Smoothed values of the electrical resistivity 
were combined with measured thermal resistivities to 
obtain the data points plotted in this figure. The 
dashed curve gives the Lorenz ratios reported by 
Rosenberg." It is evident that for both specimens the 
values of L at 7: 
independent of 7 


4°K are, within experimental error, 
At the higher temperatures (where 
the scattering of the electrons by phonons becomes 
important) the values of the Lorenz ratio decrease.” 
Phe solid curves appearing in Fig. 5 are calculated 
from Eqs. (3) and (4) using the constants given in 
Fable I 
well with the measured points in the relatively pure 
specimen Mg(Fe) (for 7<4°K and 7>15°K) and in 
Mg(Mn) (for all 7), can be expressed [using the 


Ihe fact that these calculated curves agree 


notation of Eq. (5) | by the equation 


Pr + Ap 


Pr Pm 


w,l Wm l (WW, t Aw)7 


So we come again to to the conclusion (see Fig. 4) that 
Ap Pra Aw, Wr, 


* The conditions determining the temperature dependence of 
L are discussed by P. G. Klemens, Encyclopedia of Physics 
(Springer-Verlag, Berlin, 1956), Vol. 14, pp. 231-2 
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except for the case of the Mg(Fe) specimen in the 
temperature range 4°K <7<15°K. 

The hump in the Lorenz ratio in the Mg(Fe) specimen 
at intermediate temperatures corresponds to the de- 
pression in thermal resistance in this specimen shown 
in Fig. 4. These related anomalies might be explained 
either by (1) a contribution to the total thermal 
conduction due to the appearance of an appreciable 
lattice conduction at these temperatures, or (2) a 
decrease in the portion of the thermal resistance due 
to phonon scattering of the electrons arising from the 
precipitous decline in the value of the Debye @ in 
magnesium” at these temperatures. 

In analyzing the second suggestion, we can see from 
Eqs. (3) and (4) and Table II that, at 6°K in theMg(Fe) 
specimen, the portion of the thermal resistance due to 
phonon scattering, a7*, is only about 0.5% of the total 
thermal resistance, while the portion of the electrical 
resistance due to phonon scattering, A7", is less than 
0.2% of the total. The ratio a7*/w is nearly an order 
of magnitude smaller than the observed relative devi- 
ation in w at 6°K (see Fig. 4). Since a7*/w necessarily 
represents an upper limit to the relative deviation of 
the thermal resistance which arise from the 
temperature variation of 6, we can support this expla- 
nation only at the cost of sacrificing our confidence in 
the validity of Eq. (4). 

We therefore conclude that lattice conduction is the 
more probable cause of the 5° to 15°K minimum in 
thermal resistivity in Mg(Fe) specimen. This mecha- 


could 


nism would also explain the similar minima appearing 


in the measurements of thermal resistance of pure 


magnesium by other investigators,""® but leaves us 
with the unresolved question of why there seems to be 
no similar manifestation of lattice conduction in our 
dilute manganese alloy specimen, Mg(Mn). 


2.6 
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0 io rr) 
Fic. 5. Lorenz ratios (L=p/w7) as a function of temperature 
for the two magnesium specimens. The solid curves are calculated 
from the “normal” behavior given by Eqs. (3) and (4) and by 
Table Il. The plotted points represent observed values. The 
dashed curve represents the results of Rosenberg (reference 14), 


*P. L. Smith, Phil. Mag. 46, 744 (1955). 





ELECTRICAL AND 


CONCLUSIONS 


(1) The electrical resistance of a specimen of mag- 
nesium containing 0.0439) manganese in solid solution, 
Mg(Mn), passed through a minimum at 14.5°K and 
then increased approximately 20% in value as the 
temperature was lowered to 1.5°K. Within experi- 
mental error, the temperature dependence of the 
thermal resistance was exactly equivalent to that of 
the electrical resistance. 

(2) The electrical resistance of a relatively pure and 
severely cold-worked specimen of magnesium, Mg(Fe), 
passed through a minimum at 5°K and then increased 
about 1.7% in value as the temperature was lowered to 
1.5°K. The temperature dependence of the thermal 
resistance of this specimen was equivalent to that of 
the electrical resistance at temperatures below 4°K. 
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the 
additional minimum 
(with a maximum of 4°) at 5°K) which did not corre 
spond to any similar behavior in the electrical resistance. 
This 4°K to 15°K anomaly in the thermal resistivity 
is tentatively ascribed to the presence of a small 


However, in the temperature range 4°K to 15°K 
thermal 


’ 


resistance showed an 


amount of lattice conduction. 
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Resistance Minimum of Magnesium: Electrical Resistivity below 1°K 
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Measurements of the electrical resistivity of the two magnesium specimens described by Spohr and 
Webber in the preceding paper have been extended to temperatures below 1°K. At the lowest temperature 
at which data were obtained (0.22°K), the electrical resistivities of both specimens were continuing to 
increase. The ratio po,22°k/ps.22x was found to be 1.05 for the purer specimen and 1.24 for the less pure 


(manganese alloy) specimen. 


INTRODUCTION 


N the preceding paper,' referred to as I, the electrical 

resistivity of two specimens of magnesium in the 
temperature range 1.3°K to 25°K is reported. As the 
temperature was lowered in both specimens, the elec- 
trical resistivity passed through a minimum and was 
still increasing at 1.3°K. 

Earlier experiments on the electrical resistance, at 
very low temperatures, of specimens exhibiting the re 
sistance minimum revealed three types of behavior: 
(1) Croft et al.* found in nearly pure gold that the 
resistance continued to increase monotonically [p was 
linear in log(1/7) | at temperatures as low as 0,007°K, 
(2) Gerritsen and Linde*® have reported that in dilute 
alloys of manganese in the noble metals, the resistance 
minimum is usually followed at lower temperatures by a 
resistance maximum, and (3) White‘ has observed in a 
dilute alloy of tin in copper as the temperature was 


lowered below that of the resistance minimum (~11°K) 

1D. A. Spohr and R. T. Webber, preceding paper [ Phys. Rev. 
105, 1427 (1957) } 

2A. J. Croft ef al., Phil. Mag. 44, 289 (1953). 

4A. N. Gerritsen and J. O. Linde, Physica 17, 573 (1951); 18, 
877 (1952); 19, 61 (1953). 

4G. K. White, Can. J. Phys. 33, 119 (1955). 


that the resistance increased by about 5% and then, 
over the whole temperature range 0.02°K to 1°K, the 
resistance remained quite strictly constant 

It was felt to be of interest to extend the resistance 
measurements on the magnesium specimens used in I 
to temperatures below 1°K to determine whether their 
behavior fell into any of the three classes described 
above. 


EXPERIMENTAL DETAILS 


The specimens used in the present investigation wei. 


the ones with which the thermal and electrical re 
sistivity data reported in I and the magnetoresistance 
data® reported in a later paper of this series were ob 
tained. Details concerning their history and purity can 
be found in L. 

The techniques of cooling the specimen and of deter 
mining the resistance were in most respects similar to 
those previously described by one of us.* A noteworthy 
that the 


specimen and the salt pill was achieved by cementing 


modification was thermal! contact between 


(GE Adhesive 7031) one end of the sample into an 


*R. T. Webber, this issue [Phys, Rev, 105, 1437 (1957) ]. 
*R. A. Hein, Phys. Rev. 106, 1511 (1956), 
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hic. 1 


Electrical resistivity of the two magnesium specimens 
as a function of temperature 


appropriate hole drilled in the salt pill. Although this 
type of contact is questionable, it was employed in order 
to avoid any undue straining of the sample. A carbon 


composition thermometer was attached directly to the 


sample in order to determine its temperature. Data 
were obtained by first cooling the specimen to ~0.2°K 
and then periodically measuring its resistance as it 
warmed up. The warmup time following demagnetiza 


tion averaged three hours, Errors in temperature meas- 
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urement due to heating of the specimens by the 
measuring Current were eliminated by use of the carbon- 
composition thermometer. 


RESULTS AND DISCUSSION 


The electrical resistivity of the two specimens as a 
function of temperature is given in Fig. 1. It is evident 
that the resistance of both specimens continues to 
increase down to the lowest temperature measured 
(0.22°K). 

In the temperature range 4.2°K to 1.3°K, where 
these measurements overlap with those in I, the re- 
sistivity of the Mg(Fe) specimen agrees with the 
values reported in I. However, the resistivity values of 
the Mg(Mn) specimen shown in Fig. 1 are about 4% 
higher than in I. This additional resistivity may have 
arisen from strains introduced at some time during the 
18-month interval between the measurements in I and 
the measurements given here. 

In I it was emphasized that the electrical resistivity 
of both magnesium specimens was linear in log7 at 
liquid helium temperatures. Analysis of the data in 
Fig. 1 for the Mg(Mn) specimen showed that this log7 
dependence continues down to 0.6°K. At temperatures 
below 0.6°K however, the increase of resistance be- 
comes markedly less rapid, possibly indicating the 
existence at temperatures below 0.2°K of either a 
resistance maximum,’ of a temperature-independent 


resistance.‘ 
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Resistance Minimum of Magnesium: Heat Capacity between 3°K and 13°K 
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Heat capacities were measured for two samples of slightly impure magnesium identical with those whose 


transport properties have been measured 


Although the samples exhibit markedly different transport 


properties, any systematic difference in their specific heats was found to be less than 5% in the range of 


measurement. Atomic heat values were in agreement with earlier measurements on pure Mg in this temper 


ature range 


INTRODUCTION 


OST interpretations of the resistance minimum 
have invoked one or the other of two mecha- 
nisms. One hypothesis is that the electronic mean free 
path has an anomalous temperature dependence, the 
other that the effective number of free electrons varies 
by some sort of an “activation”? mechanism, as in 
semiconductors. In first approximation, an activation 
mechanism would produce an anomaly in the thermo- 
dynamic properties of the metal, whereas a scattering 
mechanism would not. For this reason, we have meas- 
ured the heat capacities of two samples of slightly 
impure magnesium. One sample contained 0.0430, Mn 
as its principal impurity and is hereafter designated as 
Mg(Mn); the other contained 0.013% Fe as its principal 
impurity and is hereafter designated as Mg(Fe), 
Transport properties of materials identical to those used 
for the heat capacity measurements are reported in the 
accompanying papers.’-? Spohr and Webber! give the 
sources, methods of preparation, and detailed chemical 
analyses of the materials 


EXPERIMENTAL METHODS 


technique developed for 
this investigation was made necessary by three require 
ments. First, it was feared that any attempt to reform 
or recast the available specimens (each consisted of 
six rods about 1 inch long and 0.1 inch in diameter) 
might cause additional contamination and make ques 
tionable any comparison with the transport properties. 
Second, the amount of material available was very 
limited’ with the consequence that the high ratio be- 
tween thermal capacity and minimum achievable ther- 
mal conduction between the specimen and its surround- 
ings normally considered could not be 
achieved. Third, the most important result sought was 
the difference in heat capacity between the specimens 
so that differential measurements were desirable. 

The first requirement was met by inserting the speci- 
men rods in holes drilled in a small (4.5-gram) aluminum 


The unusual calorimetric 


necessary 


1D. A! Spohr and R. 7 
1427 (1957) }. 

2K. A. Hein and R. L 
105, 1433 (1957) } 

+R. T. Webber, following paper [ Phys. Rev. 105, 1437 (1957) ] 

* The mass of the Mg(Mn) sample was 1.637 grams; the mass 
of the Mg(Fe) sample was 1.718 grams, 


Webber, this issue [Phys. Rev. 105 


Falge, preceding paper [Phys, Rev 


holder into which a carbon-composition thermometer 
(47 ohm, yy watt, Allen-Bradley) and a manganin 
heater had been cemented, The thermometer was cali 
brated against the vapor pressure of liquid helium® and 
liquid hydrogen® and showed no evidence of systemati« 
shift during the time of the calorimetric measurements 
(about 3 weeks). Heater power was determined from 
current-voltage measurements with potential leads 
connected so as to measure the voltage across the 
heater coil and that portion of one heater lead which 


When 


portions of the two current leads which are inside the 


was inside the evacuated calorimeter those 
calorimeter are identical, this arrangement corrects in 
first approximation for the heat supplied to the sample 
by the current leads. A proof is given in the Appendix. 
The calorimeter itself was of a conventional design.’ 
rhe second and third requirements were met by 


using a measuring technique illustrated by the temper 


A 


TEMPERATURE 


i 


Time ’ 


Fic. 1. Illustrations of the temperature-time curves obtained 
in the calorimetric techniques employed in the reported measure 
ments 


* Liquid helium vapor pressures were converted to temperatures 
according to the scale mentioned in the “note added in proof” 
by Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955) 

* Liquid hydrogen vapor pressures were converted to tempera 
tures according to the equations given by Woolley, Scott, and 
Brickwedde, J. Research Natl. Bur, Standards 41, 379 (1948) 

7 J. R. Clement and E, H. Quinnel, Phys. Rev. 92, 258 (1953) 


1435 





1436 LOGAN, 


g MILLIJOUL E . 
GM-ATOM (°K) 

Fic. 2. Atomic 
heat of magnesium. 
The squares are the 
averages of our meas- 
urements on two 
samples, The vertical] 
bars indicate the ob 
served differences in 
heat capacity for the 
two samples. The 
circles are the results 
of Smith (reference 
8). 
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ature-time curves in Fig. 1. The essential feature of the 
technique is the measurement of the time rates of 
change of sample temperature with two different values 
of heat input from the heater (one of these may be 
zero as indicated in Fig. 1). The heat capacity is simply 
the difference in the heater inputs divided by the 
difference in the time rates of change of temperature. 
In Fig. 1(A) this analysis may be done at 7, even 
though the heat exchange between the sample and its 
surroundings is a function of both time and sample 
temperature, or with greater precision at 7») when the 
heat exchange is a function of sample temperature only. 
In Fig. 1(B), one of the time rates of change of temper- 
ature is made accurately equal to zero. 

This technique has the advantage not only of making 
possible the determination of small heat capacities by 
the deliberate use of the low ratio of thermal capacity 
to thermal conduction, but also of making possible the 
determination of heat capacities at the same predeter- 
mined temperatures for several different specimens, 
provided the thermometer employed exhibits a repro- 
ducible behavior. The same technique could also be 
used to make repeated determinations of the heat 
capacity of a single specimen at one temperature in 
order to obtain results of quite high precision. 


RESULTS AND DISCUSSION 


Three sets of measurements were made: first, of the 
empty holder; second, of the holder and Mg(Mn) 
sample; and third, of the holder and Mg(Fe) sample. 
In each set, heat capacities were measured at the same 
15 predetermined temperatures, so that atomic heats 
of the two magnesium samples could be compared 
without interpolation between experimental points. 
rhe precision of the raw data was about 1%, but 
because the holder had a heat capacity about twice 
that of either Mg sample, the precision of the Mg 
results is only about 3%, 

Atomic heat values are given in Table I and plotted 
in Fig. 2, together with the data of Smith.* No signifi- 


*P. L. Smith, Phil. Mag. 46, 744 (1955). 
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Taswe I. Atomic heats of magnesium samples. 
(C, values are in millijoules/g atom °K.) 


Cp 7 Cp 
Mg(Mn) Mg(Fe) 


82.6 32.5 
85.5 27.5 
09.9 21.2 
644 16.5 


Mg(Mn) 


31.7 
26.5 
22.2 
16.7 


Mg(Fe) 


79.6 
74.9 
70.4 
64.0 


54.7 
47.9 
43.2 
35.8 


54.0 12.9 13.! 
43.4 if 7.9 

43.6 5.4 

38.3 


cant difference between the two samples is evident. 
Within the uncertainty of our measurements, they are 
the same as those of Smith. We find, from all the data 
on both samples, a Sommerfeld y of 1.28 10~* joule/g 
atom deg’? and a Debye characteristic temperature, 8, 
of 390°K. This 7 value agrees with that reported by 
Smith, and with that reported by Estermann ef al.? The 
6-value agrees with that reported by Smith, but is 
significantly different from that reported by Estermann 
et al. No reason for this discrepancy is known. 

In addition to the above analysis of the data, a 
statistical evaluation of the direct differences in the 
heat capacities of the two samples was done. This 
analysis indicated that any difference in the y values 
for the two samples could not exceed 5% and that any 
difference in the 6 values could not exceed 1.6%. 

The simplest interpretation of our results is that the 
resistance minimum is produced by an anomalous 
temperature dependence of the mean free path, and 
that the “effective” number of electrons is constant. 
This interpretation is bounded by the experimental 
accuracy and by the size of effect which a given theory 
would predict. In the case of the “activation” hypoth- 
esis, two effects would need consideration. On the one 
hand, the heat capacity would be increased by the 
excitation of electrons into the “conduction” band from 
the “‘valence”’ band. On the other hand, the observable 
heat capacity of electrons in the conduction band would 
be decreased since their number would be reduced from 
the high-temperature value. If Slater” is correct in 
proposing that there is a low-temperature deformation 
of the crystalline lattice, the elastic energy of distortion 
should be taken into account also. 

For the mean-free-path hypothesis, a heat capacity 
anomaly may also exist. Gerritsen and Korringa" have 
proposed a model to account for the transport properties 
of dilute alloys of the transition metals dissolved in 
noble metals. This model predicts that below the 
temperature of the resistance minimum, a resistance 
maximum exists, and that at a somewhat lower temper- 
ature still, there is a maximum in an anomalous heat 


*Estermann, Friedberg, and Goldman, Phys. Rev. 87, 582 
(1952). 

” J. C, Slater, Phys. Rev. 84, 179 (1951). 

"A. N. Gerritsen and J. Korringa, Phys. Rev. 84, 604 (1951), 
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capacity. This anomaly arises from the energy levels 
associated with the paramagnetic ions. Hein and Falge* 
have shown that no resistance maximum exists above 
0.22°K for either material. A comparison of their data 
with the calculations of Gerritsen and Korringa indi- 
cates that the predicted heat capacity anomaly would 
be below the sensitivity of our measurements in the 
temperature range we have examined. 


APPENDIX 


For a thermally insulated wire of length L, electrical 
resistivity p, thermal conductivity k, and zero Thomson 
coefficient, the steady state heat current density is 
determined by 
dq, ‘dx, 


O= jp (Al) 
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where g is the heat current density and jp is the 
electrical power developed per unit volume. If p is 


constant, this equation can be integrated to give 


O= Ppx—g+q(x=0). (A2) 


Putting q kdT'/dx and performing a second inte 
gration yields 
q(x=0) }PoL—K/L, (A3) 


where K= {kdT taken over the length of the wire. If 
j equals zero, g equals — K/L and is constant along the 
wire. Equations (A2) and (A3) show that if 7 is not 
equal to zero, the heat currents at the ends of the wire 
are altered in that one-half of the dissipated electrical 
power leaves the wire at each end. 
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Resistance Minimum in Magnesium: Magnetoresistance 
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The magnetoresistance of two specimens of magnesium has been measured at liquid helium temperatures 
in transverse magnetic fields up to 25 kilogauss. One specimen, containing 0.013% iron as the predominant 
impurity and previously shown to possess a minimum in the electrical resistivity at 4.5°K, demonstrated 


a magnetoresistance which followed Kohler’s rule quite exactly 


rhe second specimen, containing 0.043% 


manganese and previously shown to have a rather large negative dR/dT at helium temperatures, showed 
a small departure from Kohler’s rule. The magnetoresistance observed in these specimens is in fair agreement 
with the majority of results previously reported by Thomas and Mendoza and by Yntema 


INTRODUCTION 
ARLIER papers have dealt with the following 


aspects of the resistance minimum in magnesium: 
the electrical and thermal! resistivities in the tempera 
ture range 1.5°K to 25°K (hereafter referred to as I),! 
the electrical resistivity in the temperature range 0.2°K 
to 4.2°K (II),? and the atomic heat in the temperature 
range 3° to 13°K (III). The general objective of this 
series is to report on the measurement in the same 
specimens of a variety of electron properties in an 
attempt to determine correlations which may prove 
useful in selecting the correct theoretical interpretation 
from among the many that have been proposed. A 
discussion and bibliography on the resistance-minimum 
are given in I. 
Extensive the 
metals at low temperatures,‘ has demonstrated that in 
“normal” specimens (those which are neither ferro 


research on magnetoresistance of 


1D. A. Spohr and R. T. Webber, this issue [Phys. Rev. 105, 
1427 (1957) }. 

7. A. Hein and R. L. Falge, this issue [ Phys. Rev. 105, 1433 
(1957) }. 

* Logan, Clement, and Jeffers, preceding paper [Phys. Rev. 
105, 1435 (1957) }. 

*D. K. C. MacDonald, Encyclopedia of Physics (Springer 
Verlag, Berlin, 1956), Vol. 14, pp. 178-183. 


magnetic nor superconducting and which have a 
temperature-independent zero-field resistance at low 
temperatures) the resistance increases markedly upon 
the application of magnetic field. As an extreme ex- 
ample, a twenty million fold increase has been observed 
in bismuth.’ A very useful generalization, known as 
Kohler’s rule, states that the ratio of the resistance 
increase in the magnetic field, AR, to the zero-field 


resistance at that temperature, Ror, is given by 


AR/Ror=F (HR3¢/ Ror), (1) 


where // is the magnetic field and Ro is the resistance 
of the specimen at the Debye temperature. The func 
tion, /, has the important property of remaining 
approximately the same for any given metal without 
regard to the temperature of measurement or the degree 
of purity of the specimen. Since there is much uncer- 
tainty about the value of @ appropriate to the electrical 
resistance, it is common practice to replace Ry by the 
ice point resistance, Roc and to represent (1) by a 
logarithmic plot of AR/Ror vs HRorc/ Ror, known as a 
Kohler plot. 

The search for other electron properties in metals 


*P. B, Alers and R. T. Webber, Phys. Rev. 91, 1060 (1953). 
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Fic, 1, Modified Kohler diagram for the magnetoresistance of 
magnesium, The solid line, /, represents the magnetoresistance as 
given by Eq. (2). The dashed lines represent deviations of +10 
percent in AR/Ror. The curve T & M represents the average 
magnetoresistance arrived at by Thomas and Mendoza (reference 
11) from measurements on four specimens and the curves Y2 and 


Y5 give the results on two specimens measured by Yntema 


(reference 12) 


which could be correlated with the resistance minimum 
received its first success in the discovery by Giauque 
and his associates® that the magnetoresistance of certain 
gold specimens became much smaller as the temperature 
was lowered below that of the resistance minimum. In 
one specimen the magnetoresistance passed through 
zero at 1,6°K and became negative for lower tempera- 
tures. Subsequent research’ established that this anoma- 
lous with the presence of 
small amounts of iron impurity in the gold. 

Recently an extensive series of investigations by 
Gerritsen® on alloys of Cr and Mn in the noble metals 
has shown that major deviations from Kohler’s rule, 
as well as the occurrence of negative magnetoresistance 


behavior was associated 


were found in those specimens which exhibited marked 
anomalies in the zero-field resistance. On the basis of 
these studies of the dependence of the resistance on 
temperature and on magnetic field, Gerritsen formu- 
lated the following classification of metallic behavior 
at low temperatures: (1) metals having an electrical 
resistance independent of temperature and a magneto- 
resistance changing according to Kohler’s rule, (2) 
metals with a zero-field electrical resistance showing a 
minimum (but no maximum), and with the magneto- 
resistance changing according to Kohler’s rule, and (3) 
metals in which the zero-field resistance passes through 
a maximum (and consequently a minimum), accom 
panied by large deviations from Kohler’s rule. 
Theoretical treatments linking anomalies in the zero- 
field resistance to those in magnetoresistance have 


*Giauque, Stout, and Clark, Phys. Rev. 51, 1108 (1937); 
W. F. Giauque and J. W. Stout, J. Am. Chem. Soc. 60, 388 (1938) ; 
and J, W. Stout and R. E. Barieau, J. Am. Chem. Soc, 61, 238 
(1939), 

™N. M. Nachimovich, J. Phys. (U.S.S.R.) 5, 141 (1941), 

* A. N. Gerritsen, Physica 19, 61 (1953). 
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been presented by Korringa and Gerritsen’ and by 
Schmitt.” 

Measurements of the magnetoresistance of “spectro- 
graphically pure” magnesium"™” at helium tempera- 
tures have been reported to be in agreement with 
Kohler’s rule. The magnetoresistance of dilute alloys 
of manganese in magnesium has not, to our knowledge, 
previously been investigated. 


EXPERIMENTAL DETAILS 


Both rods investigated were relatively pure mag- 
nesium. One specimen, Mg(Fe), was severely cold- 
worked and contained 0.013% iron and 0.002% manga- 
nese as the major impurities. The second specimen, 
Mg(Mn), was an annealed polycrystal containing 
0.043% manganese as the only significant impurity. 
These specimens are the same as those discussed in I 
and II. Details of the origin, preparation and spectro- 
graphic analysis can be found in I. 

The measurements were carried out with standard 
potentiometric techniques (see I) with the specimens 
immersed in a liquid helium bath. Transverse magnetic 
fields of up to 25 kilogauss were supplied by an A. D. 
Little electromagnet. This magnetic field was stabilized 
to +1 gauss by means of an electronic controller 
designed by Berlincourt.” The magnet was calibrated 
by the proton resonance technique. 


RESULTS AND DISCUSSION 


The resistance of both specimens was measured at 
1.3°K and at 4.2°K in transverse magnetic fields of 0 
to 25 kilogauss. In the Mg(Fe) specimen, the zero-field 
resistance increased about 1.59 on lowering the temper- 
ature from 4.2°K to 1.3°K. The magnetoresistance 
decreased by a corresponding amount so that Kohler’s 
rule, Eq. (1), was verified in this specimen. In plotting 
the results for Mg(Fe) in the form of a logarithmic 
Kohler diagram, a linear relation was found: 


log(AR/Ror) = 1.326 log(HRorc/Ror)— 7.658, (2) 
where // is in gauss, or, in explicit form: 
AR/Ror= 2.20 10°*(HRorc/ Ror)! ™. (3) 


The Mg(Mn) specimen, which was shown in I to 
have a minimum in the zero-field resistance at about 
14.5°K followed by a relatively pronounced increase of 
resistance at lower temperatures, showed a small but 
unambiguous deviation from Kohler’s rule. The mag- 
netoresistance at 4.2°K was in fair agreement with Eq. 
(2); that at 1.3°K was about 10%, lower, except for 
measurements at the highest fields. 

Because of its logarithmic form, the ordinary Kohler 


* J. Korringa and A. N. Gerritsen, Physica 19, 457 (1953). 
” R. W. Schmitt, Phys. Rev. 103, 83 (1956). 

“J. G, Thomas and E. Mendoza, Phil. Mag. 43, 900 (1952). 
2G. B. Yntema, Phys. Rev. 91, 1388 (1953). 

" Ted G. Berlincourt (unpublished), 
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plot proved to be too insensitive to represent clearly 
the small differences in magnetoresistive behavior found 
in these specimens. Accepting the apparent validity of 
Eq. (2) for Mg(Fe) specimen, Fig. 1 exhibits the data 
for both our specimens in the form of a modified Kohler 
plot in which log(AR/Ror)— 1.326 log(]Rore/ Ror) is 
given as a function of log(HRoc/Ror). In this figure, 
the solid horizontal line is given by Eq. (2) and the 
dashed lines represent deviations of + 10°) in AR/Ror. 
The agreement with Kohler’s rule in the measurements 
on the Mg(Fe) specimen, as well as the deviations from 
this rule found in the Mg(Mn) specimen, are quite 
evident. 

Also shown in Fig. 1 are the results of measurements 
of the magnetoresistance of magnesium reported by 
Thomas and Mendoza" and by Yntema.” The curve 
“T & M” represents the average arrived at by Thomas 
and Mendoza from measurements on four specimens. 
Except for a few points taken at low magnetic fields, 
these data and also the results for Yntema’s specimen 
Mg 2 are in excellent agreement with Eqs. (2) and (3). 
Yntema’s specimen Mg 5 apparently forms an exception 
to the more common behavior. It should be noted that 
our first specimen, Mg(Fe), came from the same source 
(Johnson-Matthey, laboratory No. 1848) as did the 
specimens measured by Yntema and by Thomas 
However, the mechanical preparation of these speci- 
mens was quite different in that our Mg(Fe) specimen 
was severely cold-worked, whereas the previously 
reported specimens had been drawn into wires and 
(except for one of the four specimens investigated by 
Thomas) subsequently reannealed. 
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CONCLUSIONS 


1. The magnetoresistance at liquid helium tempera 
tures of a magnesium specimen containing 0.013% 
iron, Mg(Fe), agrees both with Kohler’s rule and with 
the majority of previous measurements on specimens 
of similar composition 

2. Ina second specimen, Mg(Mn), containing 0.043% 
manganese, the magnetoresistance at 4.2°K was in fair 
agreement with the magnetoresistance of the Mg(Fe) 
specimen. At 1.3°K, however, the magnetoresistance 
falls about 10° below the values prescribed by the 
Kohler rule 

3. In terms of the Gerritsen classification (see Intro 
duction), it seems probable that the Mg(Fe) specimen 
falls into group 2 (metals showing a resistance mini 
mum, but no maximum) and that the Mg(Mn) speci 
men may be an extreme case of group 3 (metals show 
ing both a resistance maximum and minimum). Since 
the deviation of Mg(Mn) from Kohler’s rule is still 
quite small even at one-tenth the temperature of the 
resistance minimum (14.5°K), it seems reasonable that 
the resistance maximum, if it occurs at all, may be found 
at a temperature very close to O°K. These conclusions 
are consistent with the fact (see IT) that the electrical 
resistance of both the Mg(Fe) and Mg(Mn) specimens 
increases monotonically for temperatures down to0,2°K | 


ACKNOWLEDGMENT 


The author is indebted to the members of the 
Cryogenics Branch for their encouragement and assist 
Dr. T. G. Berlincourt for 


providing the magnet calibration and some of the 


ance, and especially to 


apparatus used in this research 


MBER 5 MARCH 1, 


Ferromagnetic Relaxation by the Exchange Interaction between Ferromagnetic 
Electrons and Conduction Electrons* 


A. H. 


MITCHELI 


Department of Physics, University of California, Berkeley, California 


(Received November 19, 1956 


The Hamiltonian for the exchange interaction between the ferromagnetic d electrons and the conduction 
s electrons is derived. The ferromagnetic relaxation time caused by the s-d exchange interaction is calculated 
in a spin wave approximation. When one uses a screened value of the exchange integral (J stomie/30), the 
calculated relaxation time for nickel at room temperature is 5X 10~* sec as compared to the time 2.5% 10°” 
sec needed to account for the experimental line width, The exchange relaxation may be dominant in materials 


such as alloys which have narrower lines than nickel 


I, INTRODUCTION 


HE line widths observed in electron spin-resonance 
experiments on ferromagnetic single metal crys- 
tals are of the order of several hundred oersteds,' cor 


* Supported in part by the Office of Naval Research, U. 5 
Signal Corps, and the U. 5. Air Force Office of Scientific Research 

1K, H. Reich, Phys. Rev. 101, 1647 (1956); N. Bloembergen 
Phys. Rev, 78, 572 (1950) ; a list of line widths is given in C. Kittel 
and E. Abrahams, Revs. Modern Phys. 25, 233 (1953). } 


responding to relaxation times of the order of 10° to 
10°” sec 


temperature-independent at low temperatures.’ If we 


The widths in several metals appear to be 


neglect all interactions except the isotropic exchange 
and the the 
system of ferromagnetic electrons is 


1 J rt~-ooll T 8, 


Zeernan interactions, Hamiltonian of 


Ho : (1) 
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By ferromagnetic electrons we mean the 3d electrons in 
metals and alloys of the first transition group. In the 
spin-wave approximation the energy of the low-lying 
states of the ferromagnet (neglecting shape and crystal! 
anisotropy) is given by 


€o= > (ngt-4) (2ST ea? ~gunll), (2) 


where n, is the number of spin waves of wave vector x«. 

In an insulator trasitions will occur only among the 
x=0 levels so that the frequency 

gull /h. It has been shown’ that in a ferromagnetic 
conductor the resonance frequency for the absorption 
of microwave power is shifted in first approximation by 
an amount inversely proportional to the square of the 
eddy current skin depth 6. In other words, the only 
spin waves excited by the rf field have wave vectors x 
whose magnitudes lie close to the value 1/6. 

In order to obtain a relaxation effect we must intro- 
duce a perturbation into the Hamiltonian that will 
provide for the decay of any excess over the thermal 
equilibrium number of spin waves with |«! =1/6. 
Several mechanisms’® involving magnetic interactions 
have been suggested to explain the line widths, but they 
appear to yield relaxation times several orders of mag- 
nitude too long.* Bloembergen® has suggested that the 
magnetic interaction of the ferromagnetic electrons 
with the conduction electrons should be considered. 
Abrahams® has treated in detail the relaxation time 
due to the magnetic interaction of ferromagnetic spins 
with conduction electron currents and spins, using a 
spin-wave description of the ferromagnetic spins. These 
interactions do not appear strong enough to explain 
the experimental widths. 

It is our purpose here to calculate the ferromagnetic 
relaxation time caused by the exchange interaction 


resonance is w 


between the ferromagnetic and conduction electrons 


as suggested briefly by Kittel and Mitchell.’ We con- 
sider specifically pure Fe, Co, and Ni; here. the mag- 
netization is associated with 3d electrons in a sea of 45 
conduction electrons. In the free atoms of the transition 
metals the s-d exchange energy® is of the order of 0.5 
ev. However, we have made estimates suggesting that 
if screening by 3d electrons is effective the s-d inter- 
action might be reduced to only 1 to 10% of the free- 
atom value. It is not obvious that the screening esti- 


*(. Kittel and C. Herring, Phys. Rev. 77, 725 (1950), 

4N. Bloembergen, Phys. Rev. 78, 572 (1950); C. Kittel and 
E. Abrahams, Revs. Modern Phys. 25, 233 (1953); A. Kondoh, 
Progr. Theoret. Phys ag 10, 117 (1953); T. Kasuya, Progr. 
Theoret. Phys. Japan 12, 803 (1954); E. Abrahams, Phys. Rev. 
98, 387 (1954) 

‘In regard to the relaxation time calculated by T. Kasuya, 
Progr. Theoret. Phys. Japan 12, 803 (1954); Abrahams, Phys 
Rey, 98, 387 (1954) has shown that inclusion of s reening increases 
the relaxation time by two orders of magnitude 

*N. Bloembergen, Phys. Rev. 78, 572 (1950) 

*E. Abrahams, Phys. Rev. 98, 387 (1954) 

7(, Kittel and A. H. Mitchell, Phys. Rev. 101, 1611 (1956). 

*C. Zener and R. R. Heikes, Revs. Modern Phys. 25, 191 (1953). 
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mates are correct. In this connection we might mention 
that in Cu-Mn alloys it has also been found necessary 
to consider values of the s-d exchange energy 1/10 to 
1/50 of the free-atom value.’ 

Before calculating the relaxation time we repeat the 
objections’ to the argument that an interaction of the 
form 8-8, where AS is the spin of a 3d ion core and hs 
is the spin of a 4s conduction electron, cannot con- 
tribute to relaxation. The argument is that S-s com- 
mutes with the total spin $+s and thus cannot affect 
the time dependence of the total magnetization. If, 
however, the conduction electron spin is relaxed inde- 
pendently by a rapid mechanism,” then in a ferro- 
magnetic resonance experiment we are observing the 
resonance of § alone and the above objection is no 
longer pertinent. 

We can estimate how rapidly the conduction electron 
spin must be relaxed by an extension of the results of 
Solomon" on relaxation processes in a system of two 
spins. If we take a perturbation —2/S-s giving rise to 
a transition probability per unit time w between states 
connected by the off-diagonal components of the 
perturbation and add a relaxation process characterized 
by a relaxation frequency p for the conduction electron 
spin 8 alone, then Solomon’s Eq. (9) becomes 


So) + w(S, et So), 
So), 


ds,/dt (w+p)(8,- 


“ 3 
d8,/dt w(s, — $o) ws, ( ) 


where sy and So refer to thermal! equilibrium values. If 
the 4s relaxation time is much shorter than the ex- 
change relaxation time so that w/p<1, then these 
equations have the solution (8,— 59) « e~*' and (5,—So) 
«e“* showing that the conduction electron spin is 
essentially in thermal equilibrium while the relaxation 
time of the 3d electrons is governed by the s-d exchange 
interaction. From the experimental line widths we 
know the relaxation time of the ferromagnetic spins is 
in the range 10°* to 10-™ sec. If the mechanism relaxing 
the conduction electron spins is that proposed by 
Elliott,” the spin relaxation time is ry~7R/10(Ag)?, 
where rr is the relaxation time characteristic of elec- 
trical conductivity. In the transition elements the s 
and d bands overlap so that Ag is expected to be rela- 
tively large, say >10°*%. In Ni, re~2X10~" sec at 
room temperature and rre~4X 10" at 14°K if we use 
the experimental values of the resistivity obtained by 
Jan and Gijsman.” With these values we obtain a 7, 
in the range 10°“—10-" sec, the longer time applying 
at low temperatures. Thus in the transition metals the 
relaxation times can be such that the exchange inter- 
action is effective in relaxing the ferromagnetic spins. 
The failure thus far to detect conduction electron spin 


*Owen, Browne, Knight, and Kittel, Phys. Rev. 102, 1501 
(1956); Owen, Browne, Arp, and Kip (to be published). 

” The spin-orbit mechanism considered by R. J. Elliott, Phys. 
Rev. 96, 266 (1954), is a very effective relaxation mechanism. 

"T, Solomon, Phys. Rev. 99, 559 (1955) 

J. P. Jan and J. M. Gijsman, Physica 18, 339 (1952). 
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resonance in pure copper is not incompatible with the 
above estimates of 1,. 


Il. SPIN HAMILTONIAN 


In deriving the form of the Hamiltonian describing 
the exchange interaction between the ferromagnetic 
electrons and the conduction electrons, we consider a 
periodicity volume of a cubic crystal containing NV 
atoms and we shall assume that there are NV ferro 
magnetic electrons forming a_ half-filled band. Of 
course, in Fe, Co, and Ni the d band is actually more 
than half full and there are five orbital states per atom, 
not one. The assumption of a half-filled band is made 
in order that we may make use of the equivalence of the 
running wave and the localized descriptions of the 
ferromagnetic electrons. The assumption of one orbital 
state per atom is made for the sake of simplicity as we 
are interested mainly in finding the form of the inter- 
action; we shall later generalize our result in the 
obvious way to take approximate account of the actual 
spin on each atomic site. These assumptions are equiva- 
lent to those made in developing the usual simplified 
spin-wave model of a ferromagnet.” 

Because the conduction electron spin is relaxed 
independently by a rapid mechanism, we can compute 
the relaxation time of the ferromagnetic spin system 
by considering the scattering of a single conduction 
electron by the system of \V ferromagnetic electrons. 
We shall describe the one-electron states of the ferro 
magnetic electrons by localized Wannier functions 
a,*(r) which are defined in terms of running wave 
Bloch functions by*(r) according to 


R,)=(N)"' Ye * ®by*(r), (4) 


where the superscript + refers to the spin state of the 
electron. The functions defined in this way are localized 
about the lattice site R, and are orthogonal and nor- 
malized in the periodicity volume V = VQ, 2 being the 
atomic volume. Because the band is half full, the 
description in terms of localized functions is equivalent 
to the running-wave description. The conduction elec- 
tron is specified by a Bloch function ~y*(r), but in 
certain instances it will be convenient to express it in 
terms of Wannier functions ¢,(r) as follows: 


vut(r)= (NYS e* Beg, (8). (5) 


The total wave function of the V+1 electrons will be 
written as an antisymmetric linear combination of 
these one-electron functions. We will limit the number 
of possible states by considering only the atomic states 
in which one ferromagnetic electron is on each lattice 
site. We can place one electron on each atomic site 
with either spin up or spin down and we have the same 
choice for the conduction electron; thus there are 24? 
states. Using Slater determinants, we can write the 


a,*(r)=a*(r 


4F, Bloch, Z. Physik 61, 206 (1930); T. Holstein and H. 
Primakoff, Phys. Rev. 58, 1098 (1940); F. J. Dyson, Phys. Rev. 
102, 1217 (1956). 
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(.V-+-1)-electron wave function as 


A(Nt ni k*)=[(V+1)!}4 


X det |ay~(ry)+ ++ anyt (ny): + -an> (ty We (rwy.)|. (6) 


This wave function describes the state in which the 
conduction electron has wave vector k and spin +. 
If the conduction electron has spin —, then there are 
\* ferromagnetic electrons with spin + 
++ nwt); if the s electron has spin +-, there 
1) d electrons with spin + (located on sites 
‘nn*,). These states are eigenfunctions of 


(located on 
Sites 1), Ne, 
are (.\* 
1, Mo, °° 


N 
1(N+1)+(E S/'+5*), 


j~l 


with eigenvalues V*, the number of up and down spins. 
The number of states with*a given value of NV+ is 
(N+1)!1/(N*)!(N~)1; the ground state Vt=0 is non 
degenerate. The matrix elements of the interaction 
Hamiltonian, 

N+l 

KR 5 e’/r5j, 

i<j 


between these Slater determinants vanish if the deter 
minants do not have the same \* value. If the initial 
and final states have the same number of up spins, 
there are three cases in which the matrix element is 
nonzero: 

Case 1-—The same set of electrons have spin up in 
the initial and final states. 


(A(N+,n,,k/*) |5¢| A (N'+,n,,k*)) 
N 
(S Ky 


tJ j 


J yb, . 


N 


+> K,(k’,k) 


N 
DL Ji(h’,k), (7) 


j~l jo 


where the J’s are summed only over parallel spins and 


e 


Ky fens ay*(1)a,(1)a,*(2)a,(2), 
Tie 


e 
Jy fers a;* (1)aj(1)aj* (2)a,(2), 
"\3 


2 


ée 
K(k’ k) fans Wu (1 pul 1)as*(2)a,(2), 


Via 


2 


€ 
J (kk) far Pu* (1)aj(1)aj*(2)py (2), 


Ti2 


Case 2-—-Same as Case 1 except that in the initial 


state there is a pair of electrons with opposite spins on 
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sites 1 and j, while in the final state the spins on these 
sites are reversed 


(A(N*)|H|A(N*)) J ihw',e- (8) 


Case 3,Same as Case 1 except that in the initial 
state the electron on site 7 and the conduction electron 
have opposite spins while in the final state these spins 


are reversed, 


(A(N*t)|%| A(N*)) J (kk). (9) 
Now we note that the matrix elements of the following 
spin Hamiltonian 3¢(k’,k) computed using simple 
products of spin functions are identical with the pre 
ceding results and hence 3¢(k’,k) must be the correct 
spin Hamiltonian for the exchange interaction 


N 
K (k’,k) DI Ky ,(1 t 4S, S)) Ji Jou’, k 
ae | 
N 
1 > LK, (k’,k) b(1 t 1S,-s)/,(k’,k) |, (10) 
jl 


where SS, is the spin of the ferromagnetic electron on 
ite 7 and hs is the spin of the conduction electron 
With regard to the derivation of this Hamiltonian, 
it is important to note that use is made of the exact 
the functions and 
therefore we could not have used simple atomic fun 
In order that 
the conduction electron wave function be orthogonal 
to all the wave functions of the ferromagnetic electrons 
it must be in a different band; hence the Hamiltonian 


orthogonality of all one-electron 


tions to describe the localized electrons 


does not describe the interaction of one extra electron in 
the ferromagnetic band with the other .V ferromagnetix 
electrons. The final result does not depend on the fact 
that we described the ferromagnetic electrons in terms 
of Wannier rather than Block functions in setting up 
the Slater determinants since a ferromagnetic spin 
wave state can be written equivalently in terms of 
localized or running wave functions, at least in the 
case of a half-filled band. The actual expression for J,, 
that we obtained is always positive; as Slater’ has 
pointed out, we should ac tually consider also « ontigura 
tion interactions with ionic states when we compute the 
term in the Hamiltonian multiplying 6y,% which is the 
d-d exchange interaction. This modification will change 
the numerical value of J,; but will not alter the form 
of the Hamiltonian 

Adding the Zeeman interaction, we write the Hamil 
tonian of Eq. (10) as the sum of two terms: Ky describ 
ing the system in the absence of the exchange inter 
the 


electrons and 3, representing the perturbation caused 


action between conduction and ferromagnetic 


by the s-d exchange interaction. Keeping only terms 


“J. C. Slater, Revs. Modern Phys. 25, 199 (1953) 
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involving the spin, we write 
N 


N 
Ho= —2¥ S,-SJg—gueH-D S)—2usH-s; (11) 


j=l ~~! 


N 
Ky= —2 >> S;-8J;(k’,k). 


j=! 


(12) 


To take account of the fact that the 3d ion cores of the 
transition metals have a spin greater than one-half, 
we shall in general interpret S,; as a spin operator with 
magnitude [.$(S+1) }}!. 


Ill. SPIN WAVE APPROXIMATION 


The Hamiltonian >» of the unperturbed system can 
be diagonalized in the spin-wave approximation by the 
method of Holstein and Primakoff.“ If x(m,;) is the 
spin function for the jth lattice site, mj; being the 
number of electrons on site j with spin parallel to H, 
then we have the relations 


Six (nj) = (nj— S)x (nj), Oni S28, 


nj\3 
Sjtx (ny) = (2S)4(nj4 yi( -) x(nj;+1), 
2S (13) 


nj—1\ 
Sx (nj) (2s)him0(1 ) xm 1). 
2S 


We define creation and destruction operators for n, 
according to 
aj*x (nj) = (ny +1)*x (nj+1), 


(14) 
(n;)4x(nj;—1), 


ajx (nj) 


so that the usual commutation relation for bosons, 
[| a;,a;* |=1, is satisfied. In terms of these operators, 
we can write the spin operators in the form 


S/=a;*a;—S, 


a;*a; , 
5; (2s)ra( 1 ) =asas, 
2S (15) 
a;*a; i 
5S; (asyi(1 ) «= (25)'a, 
2S 


where we expand to second order in the a’s. In terms 
of creation and annihilation operators, the Hamil- 
tonian of the unperturbed system becomes, to second 
order in the a’s, 


Ko= gupS NH —2ypHs*—S* >-'J 
2 


~ 2S ¥°'J «j(a"a;—a;*a;) — gus > a;*a;. (16) 
2 i 

By making the transformation’ to the spin-wave 

representation, 


aj=(N)* > exp(ix- R,)a,, (17) 
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the Hamiltonian 3» can be brought into diagonal form 


Ko =— NS*2J aa + Lup VSH — QupHs* 


+>> n[ 2SJaax?a?—gupll |. (18) 
The energy of the unperturbed system is determined by 
the number of spin waves with various x values and by 


the conduction electron wave vector and spin. 


9 
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IV. RELAXATION TIME 


rhe perturbation 1; provides a mechanism by which 
the nonequilibrium number of spin waves of vector 
x| = 1/6 excited by the microwave power in a reso 
nance experiment can return to its thermal equilibrium 
value. 3C; can be written in a more useful form if we 
utilize the translational property of the Bloch function, 

vam CV) be ay (rn) 

Thus 


(assumed normalized over an atomic volume Q) 


e 
J (kk) J eritre wu (ri )a(ry " R,)a* (ry Ry), (12) 
ry; Te 


2 
eit vom fares We* (ry )a(ry)a*(re)a( re) 
ri Te 


= (N)mtei (e-k’) By [erates 


(Nymtet(e- kh) Ri 


ad, 


where J,a is similar to an atomic s-d exchange integral. 
This expression for J,q takes no account of screening; 
we include the effect of screening by modifying the 
numerical value of J,¢ which we treat as a parameter in 
that we do not calculate it from the preceding defini 
tion. With this substitution, the Hamiltonian'® becomes 


5K, (k’,k) 2(N)~J ,ae- [> je * BS; J. 


This Hamiltonian for k’#k does not commute with 
either >> 4" S,-S,; or 30 j1"S;*, so both the z component 
and the magnitude of the magnetization of the d elec 

trons can be relaxed by this interaction. For k’= k only 
> jn1"S;* fails to commute with the Hamiltonian; the 
magnitude of the d electron spin in this case is not 


(20) 


altered. It is easy to see that in general the total spin of 
the d electrons need not be conserved under the s-d 
exchange interaction since this interaction need con 
serve only the total spin of the d and s electrons (we 
again stress that the s electron is relaxed rapidly by a 
separate mechanism). Thus the Hamiltonian 3, can 
describe for instance a process in which a conduction 
electron is scattered with a spin flip from state k to state 
k’~k and the ferromagnetic electron system changes 
from the state in which § Smax (all d spins down) 
and spin wave vector x=0 to the state § Smaxt | 
(one d spin up) and spin wave vector x= k—k’. 

If we now transform to the spin wave representation 
by Eqs. (15) and (17), we obtain 


2S\3 
5, (k’,k) - ( y ) Fai > [stadur—n,« ts 0," by 4’ 


2J as? . 
z ay *a dy kk’, «’~a (21) 
N a pf 
16 Professor K. Yosida has pointed out that a Hamiltonian of 


this form has been obtained by T. Kasuya, Progr. Theoret. Phys 
(Japan) 16, 45 (1956) 


e 
¢*(r,)a(r,)a* To)P( fe) 
ry | 


The first term in the Hamiltonian corresponds to the 
scattering of a conduction electron from the state with 
vector k and spin down to the state with vector k’ 
and spin up and the destruction of a spin wave of 
vector * k’ k 
tion electron from the state k to the state k’ 
creates a spin wave of vector x= k—k’. The third term 


The second term scatters a conduc 
and 


in 3C, scatters a conduction electron from state k to 
state k’ without flipping its spin, destroys a spin wave 
of vector * and creates a wave of vector 


x’ =k—k’+. 


The single spin-wave 


spin 


processes provide the most 
rapid method of relaxation for the spin waves of mo 
mentum |«%|~1/6 which are excited by the microwave 
field 


provide a mechanism for relaxing spin waves of vector 


The double Spin-wave process does, however, 


ZLTO 
Consider a spin-wave state of vector % (| %!|~1/6); 
by standard time-dependent perturbation theory we 


find for the direct spin processes 


2m /2S 
Ne ( \re ys by k’ Oh y } ts K,*) 
hX\N ik’, 


KL fem) fat (tet 1) — 1 fat) fern). (22) 
Here F,*= (Hh? 
duction electron of 
€.=@ 2SJ aaa? 


vector «x. The Fermi function fy? 


2m*)*F unll, the energy of the con 
k and 
gunll, the energy of a spin wave with 
{1 texpl (2y* Ky 


kyT |} is used as the density of states for the con 


wave vector spin -+b, and 


duction electron, since in the introduction we showed 


that the conduction electrons are essentially in thermal 
equilibrium. To simplify the expression in the square 
where 


brackets in Eq. (22), we set n,~n,.0+An,, 


n.’=[exp(e/kyT)-1}". Making use of the energy 
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6 function and expanding the Fermi function near the 
top of the Fermi distribution, we obtain for the 
bracketed expression 


€,(df,/dEy) any. 


After summing out k’, we can write the following ex- 
pression for the relaxation time 7: 
1 An, 4nSJ.€6 


i df, 
7; An, Nh k dk, 


SI idee 0% {Of 
Ko( Ly «| — Ky ect 2upll) = f (- ) 
0 dk, 


1h 


” 


a m 
xidk f sinbdo— b(x—cos8), (23) 


h'xk 


hx? 
r= ( + €,-+ 2unlt ) / (sk/m*). 
2m* 


Paying attention to the limits of integration, we get 


1 SJ,¢ém™Qe, Emin— Er\ 1" 
a E texp( = )| » (24) 


7; wh" B 


where 


with 


Emin 
1/6, Emin pr 80 that 


(Et et QupH )*/4E,. 


For | «| 


1 SJ,¢m*Qe, 


Tt, awh" 


(25) 


However as «0, Ewin ® and thereby counteracts 
the explosive tendency of ¢,/«; since 7;-+* as x0, we 
must consider the term in Eq, (21) quadratic in the a’s 
if we wish to calculate the relaxation time for «= 0 spin 
waves (we find that it is several orders of magnitude 
longer than the time for | «| ~1/4). 


V. COMPARISON WITH EXPERIMENT 


For nickel, at room temperature and at 24 400 
Mc/sec, wo 17 and p=7.74X10~° ohm cm so that 
x= 1/5 = (4rwp,/pc*)'= 2 10° cm™. We note that the 
experimental line width in nickel is temperature- 
independent’ from 7@4°K to T=293°K, but 7; as 
calculated from Eq. (25) has a slight temperature de- 
pendence owing to the temperature dependence of « 
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through p. However, the experimental value for the 
resistivity at 4°K quoted by Reich! is only about } of 
the room temperature value, so 7, is increased only 
by a factor of about 3 over the room temperature value. 
Since the spin-wave approximation is valid only at low 
temperatures, we can expect Eq. (25) to hold for 
T&T, (631°K in nickel) so that 1/7); will not show the 
large increase that is observed® in the line width at 
high temperatures. The calculated relaxation time is 
also field-dependent both through the explicit appear- 
ance of H in «=2SJaaa*—guzH and _ indirectly 
through the dependence of « upon w. If we compare the 
relaxation times as calculated at, say, 3 cm and 0.6 cm, 
we find (7;)o.¢~4(7\)3. Bloembergen’s measurements® 
on a polycrystalline nickel sample yield (A/7/)3/(4H)1.2 

4 and Hoskins’ results'® for a nickel single crystal 
give (AH), 2/(AH)o.6= 4. The measurements of Hoskins 
and Wiener’? on Fe-Ni alloys show (AH);/(AH)o.s 
=().36—0.48. 

At 24 300 Mc/sec, with e=2X10°, H=5200 oe, a 

3.52K10°% cm, Jaa=230kg=2K10 ev, we find 
e,= 10" erg. If we take the screened exchange integral 
J d=10™ ev, we obtain 1/7;2X 10° sec”; this value 
of 7, is an order of magnitude shorter than the shortest 
time calculated using magnetic interactions,* but is an 
order of magnitude longer than 1/7,=3.8 10" sec™ 
observed by Reich’ in nickel. We cannot choose a 
larger value of J,q to obtain agreement with experiment 
as this would result in a large line shift.’ The line width 
in nickel is unusually large and the mechanism sug- 
gested by Stevens'* may play an important role in 
explaining the observed width. In some materials, such 
as alloys, in which the lines are narrower, the exchange 
mechanism may play a dominant role in ferromagnetic 
relaxation. 
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De-Excitation of ZnS and ZnCdS Phosphors by Electric Fields* 
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With the aid of ac impedance measurements, the influence of strong ac and de fields applied during the 
decay of photoconductivity of ZnS and ZnCdS phosphors is described. Rise and decay curves of photo 
conductivity with and without additional field application are presented which demonstrate that electric 
fields accelerate the de-excitation process. Ac fields are capable of removing all excited electrons from the pre 
excited ZnS (LG) phosphor and de fields show a similar but weaker effect. This de-excitation is attributed 
to the considerable reduction of retrapping of excited electrons when these phosphors decay under the action 


of electric fields. 


A. INTRODUCTION 


HE following effects of electric fields on phosphors 
are known: 

1. Electroluminescence is produced by ac and de 
fields.':? 

2. A transient decrease or increase of the fluorescent 
light emission is produced by the application or removal 
of ac and dc electric fields, depending upon the special 
phosphors used. Quenching phosphors show practically 
no increase. The integrated effect of the electric field 
consists often in a decrease of light emission, indicating 
an increase of the rate of radiationless recombinations 
to the ground state. Experiments in this laboratory 
and others have shown these effects very clearly.*~* 

3. There is also an effect of an electric field on the 
photoconductivity. If the impedance of an excited 
phosphor is observed with ac fields, a definite decrease 
of capacitance occurs with increasing field strength 
which results from a decrease in photoconductivity 
(see Fig. 1).!°-'*? Phosphor (L) was slightly light-stimu- 
lable by infrared light and (K) shows mainly a strong 
infrared quenching effect,’ and a larger decrease in 
photoconductivity with increasing field strength. These 
measurements demonstrate a definite quenching effect 
by the electric field which is probably related to the 
quenching effect described under 2. Again this effect 


* This work was supported by the Signal Corps Engineering 
Laboratories, Evans Signal Laboratory, Belmar, New Jersey 

' Brit. J Appl. Phys Suppl No. 4 (1954) 

2G, Destriau and H. F. Ivey, Proc. Inst. Radio Engrs. 43, 1911 
(1955) 

4G. Gudden and R. Pohl, Z. Physik 2, 192 

4G. Destriau, Phil. Mag. 38, 700 (1947) 

5G. Destriau, J. Appl. Phys. 25, 67 (1954) 

*U. S. Signal Corps Quarterly Progress Report 
1952 (unpublished). 

7D. A. Cusano, Phys. Rev. 98, 546 (1955). This paper discusses 
experiments with luminescent ZnS phosphor layers deposited by 
vapor reaction. 

® Steinberg, Low, and Alexander, Phys. Rev. 99, 1217 (1955) 

® Alexander, Low, Steinberg, and Weisz, J. Phys. radium, 
Colloque de Luminescence, Paris, May, 1952. 

©. F. Garlick, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 19, p. 391, 

4 U.S. Signal Corps Quarterly Progress Reports, March, 1953 
and October, 1953 (unpublished) 
4S. Kronenberg and C. A. 

(1956). 
4H. Kallmann and G. M. Spruch, Phys. Rev. 103, 94 (1956). 


1920) 


September, 


Accardo, Phys. Rev. 101, 989 


effect 
occurred under application of an ac field, 

4. A transient increase and decrease of light emission 
is also observed when an electric field is applied or 
removed during the phosphores¢ ence.*5.'4 

5. The observations by Pohl and collaborators'® may 
be mentioned in which it was shown that the coloration 
produced by irradiation of alkali halides can be shifted 
through the crystal by electric fields. This effect is 
probably related to the observations described in this 
paper. 

The observation under 3 indicates that an electric field 
may increase the number of recombinations of excited 


has to be considered as a transient since it 


electrons with the ground state and those under 4 show 
that the electric field affects even the electrons stored 
after excitation. The following question arises: What 
processes occur when ac or de fields are applied to a 
phosphor in which a certain number of excited electrons 
are still stored in traps from the preceding excitations; 
what is the extent and the rate with which these stored 
electrons are removed ? 


B. METHODS 


The investigation of this question makes use of a 
impedance measurements with ZnS and ZnCdS phos 





— —— 
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Fic. 1, Plot of the change in capacitance of two ZnCdS phos 
phors as the applied bridge voltage is increased while the phosphor 
is under ultraviolet excitation (40,3664; 100% = 10 ww/cm*), 


“4K. W. Olson, Phys. Rev. 92, 1323 (1953), 
“RK. Pohl, Phys. Zeitschr. 36, 732 (1935). 
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Vic, 2, Rise of capacitance in phosphor LG (ZnS, Pb, Cu, Fe 
and Ni activators 1 and B were obtained by exciting 
the powder after a decay of 1 and 30 minutes respectively from 
and B’ were obtained under 
1 and B, with 390 volts de 
was obtained after 


Curves 


previous excitation, Curves A’ 


conditions similar to those for curves 
applied during the decay intervals, Curve (¢ 
de-excitation with infrared radiation (A >0.72y) 


phors'®'” excited with uv or fast electrons. In one 
method the finite rise of photoconductivity measured 
by AC/Cy'*® (where AC is the change in capacity under 
illumination and Cy is the capacity of the de-excited 
sample) is determined. Their deficiency areas“: are a 
qualitative measure of the number of electrons stored 
in the sample. Rise curves taken after the previously 
excited sample had been kept in the dark for various 
periods of time, are all above the rise curve obtained 
after the sample had been thoroughly quenched (see 
curves A, B, and C, Fig, 2) and the areas between them 
are a qualitative measure for the number of electrons 
which have recombined during the time 


interval, They do not, however, represent the number of 


indicated 


stored electrons directly as the areas of the fluorescence 
rise curves do 
the AC 


tional to m, 


values themselves are not propor 
the the 
sample.'® One can, however, compute n, roughly from 


Further 


because of grain structure of 


the measured AC and thus determine n, (number of 
trapped electrons) with the proposed theory.” A closer 
estimate of the number of trapped electrons can be 


obtained by determining SC as a function of the 


 Kallmann, and Perlmutter, Phys. Rev. 89, 700 
(1953) 

 Kallmann, 
(1955) 

Instead of AC/Co, the dissipation factor could as well be used 
to describe the change in photoconductivity."* It may be recalled 
that the changes in C and D under illumination in these photo 
conductors are due to the changes in photoconductivity.“'*"" 

” P Pringsheim, Fluorescence and Phos phorescence (Interscience 


Publishers, New York, 1949), Chap. VII, p. 578 
* H. Kallmann and B. Kramer, Phys. Rev. 87, 91 (1952) 


Kramer, 


Kramer, and Perlmutter, Phys. Rev. 99, 391 
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exciting intensity over a wide range of intensity (see 
Figs. 1 and 4 of a previous paper"*). A certain exciting 
intensity and thus a certain emitted intensity can be 
assigned to each AC. In this way one can transform the 
AC curves into light emission curves. It is assumed 
hereby that the observed light emission corresponds to 
the AC values along the rise curve in the same way as 
for the equilibrium case. Then one can transform these 
AC curves into light emission curves which would give 
the number of trapped electrons directly. The curves 
obtained in this way coincide fairly well with the 
directly observed rise and decay curves of fluorescence 
(compare Figs. 4 and 6). Because of this correspondence 
it is mostly sufficient to consider the actual AC/C, 
curves. 

A second method of studying the effects of elec- 
tric fields consists in observing the decay of photo- 
conductivity (AC/C») with and without applied field 
during the decay period. This method gives a more 
detailed knowledge of the effectiveness of the field but 
since the photoconductivity remaining in the powder is 
not a unique function of the number of the excited 
electrons left in the sample, this method does not 
determine this figure. The measurements were always 
performed in such a way as to measure the ac con- 
ductivity without additional field; only during the 
period preceding this measurement was the field applied. 
The fields used for measuring the ac conductivity were 
always negligibly small compared to those applied 
otherwise to the sample [1 volt (rms) at 1 ke for 
measuring purposes compared with 50 to 400 volts 
otherwise applied ]. 


C. RISE CURVE MEASUREMENTS 


From rise curves without and with an electric field 
(ac or dc) applied during the dark time interval r, the 
following results were obtained. Curves A and B of 
Fig. 2 describe AC rise curves of phosphor LG [ZnS 
with Pb (0.040%), Fe (0.01%), and Cu (0.0031%) 
activators" | for two dark periods. The long extension 
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Fic. 3, Rise of capacitance in phosphor LG, showing that with 
increasing field strength applied during the decay process, the de 
excitation of the sample progresses. 
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of the quenched rise curve, C, below the equilibrium 
value indicates that it took several hours at this 
intensity of illumination to fill traps closely to equi- 
librium. Curves A’ and B’ of the same figure show the 
corresponding curves with a de electric field of 390 volts 
applied during the same dark periods. Otherwise they 
were obtained under identical conditions as curves A 
and B. It is quite apparent that the primed curves all 
lie below the respective unprimed curves indicating 
that the field (field strength of about 15 000 volts/cm) 
has removed many excited electrons from the sample. 
The effect is by no means transient in its nature; 
curve B’ is still far below B. Figures 3 and 4 describe 
the influence of the strength of the electric field on 
phosphor LG; they show the progressive de-excitation 
of the sample with increasing field strength. 390 volts 
de removes the majority of the electrons trapped. The 
number of electrons per unit volume which remain 
stored after various field free dark periods was carefully 
measured with the fluorescence rise curve method. This 
total number is of the order of 10'° and of these about 
30% persist for more than one week and nearly 50% 
more than 1 day.”**! Thus in 30 minutes the field has 
removed most of the trapped electrons which would 
otherwise persist far beyond one day. Ac fields with 


A) RISE AFTER 30 MIN DARK DECAY 
6: "® UNDER 24 VOLTS OC 

Ge. - 200 « . 

Or « * WO « . 
E/QUENCHED RISE CURVE 





MINUTES 


he =" 





i) 20 2s 35 


Fic. 4. Rise of capacitance in phosphor LG transformed into 
light emission curves. These curves were obtained by transforming 
the curves of Fig. 3 with the aid of a plot of AC vs exciting intensity 
for this phosphor.’ The ordinate L.E. represents the calculated 
light emission in arbitrary units, 
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Fic. 5. Rise of capacitance in phosphor U (Zn 29.99%, Cd 42.6% 
Ag, and Pb activators), showing that a potential of 390 volts de 
has only a slight de-excitation effect when applied during a l-hour 
decay interval. The conductivity of this phosphor decays very 
quickly alter excitation 


peak voltages V, quench the sample slightly more 
strongly than a de field of the same strength (see also 
Sec, D). With 400 volts (rms) and 60 eps, the phosphor 
LG was completely de-excited. It was even found that 
the dark capacity of the sample was smaller after the 
de-excitation by the field than after normal strong de 
excitation by infrared irradiation 

Several other ZnCdS phosphors were tested in a 
similar way. The following results were obtained 
(1) The field quenching effect is independent to a large 
extent of the Cd content and of the activator (Ag and 
Cu). (2) A dependence on additional activators was 
found in the sense that phosphors containing quenchers 
are less susceptible to field quenching. Figure 5 repre 
sents rise curves for ZnCdS phosphor U [Zn 29.9%, 
Cd 42.6%, containing Ag (0.04%), and Pb (0.001%) |" 
which has a very steep drop in photoconductivity after 
excitation. It is seen that the field has only a slight de 
exciting effect which is much smaller than that observed 
with all the other phosphors investigated, (3) The 
quenching effect is always strongest at the onset of the 
field application. (4) With ac fields, practically all 
trapped electrons can be eliminated from the sample 
which otherwise would persist for weeks 

In those phosphors without Cd, the exciting light of 
0.36 4 is absorbed only in the tail of the absorption 
curve and one may assume that the sample is rather 
uniformly excited. Nevertheless, one could suspect that 
some inhomogeneity exists and may have influenced the 
effects observed. To dispel such suspicion, a sample of 
substance M" between a Nesa glass plate and an alumi 
num foil transparent to fast electrons was excited by a 
strong Sr” source. In this case the field exercises a 
similar strong de-exciting influence which progresses 
with increasing duration of field application as in the 
case of ultraviolet excitation. Finally, rise curves, 
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Fic, 6, Rise of fluorescence in phosphor LG, showing that a 
yotential of 400 volts (rms) 60 cps applied during a 1-hour decay 
interval has completely de-excited the phosphor 


similar to those for ac photoconductivity, were taken 
by observing the fluorescent emission.”* Figure 6 repre- 
sents a rise of fluorescent emission obtained from phos- 
phor LG. Curve C represents the rise taken after strong 
infrared de-excitation and curves A and B represent the 
rise curves obtained after a one-hour dark interval, 
first (A) when no electric field is applied during the 
decay and second (B) when a potential of 400 volts 
(rms) 60 cps is applied during the one-hour decay. The 
coincidence of curves B and C on this figure shows that 
the phosphor has been completely de-excited by the 
applied ac field in one hour and, consequently, that 
the field has removed almost all excited electrons from 
the phosphor. 


D. DECAY MEASUREMENTS 


In this section, decay of conductivity measurements 
with and without applied field are described. The 
curves of Fig. 7 were obtained by applying the electric 
field for a certain time and by measuring the con- 
ductivity immediately after the removal of the field. 
When the field was removed it was not reapplied again; 
rather the sample was re-excited and again allowed to 
decay under the influence of the applied field. The 
above procedure was repeated to obtain each point on 
the decay curve. These curves display the effect of 
field de-excitation more directly ; they are completely in 
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line with those obtained from the rise curve measure- 
ments. The following results can be gleaned from 
Figs. 7 to 9: 

(1) Instantaneously with the application of the field 
a very strong decrease in conductivity sets in, similar to 
the initial drop caused by infrared irradiation. The drop 
is very steep for most of the powders. 

(2) The decrease in conductivity due to the field 
continues, as can be seen from the decay curves. When 
the field is turned off, their slopes definitely diminish. 
This means that a dc field, even after a long time of 
application, still produces additional recombination of 
excited electrons. This is in agreement with the findings 
from the rise curve investigation. 

(3) There is an important difference between field 
and infrared quenching. After infrared quenching, the 
conductivity curve first drops rather abruptly and 
thereafter flattens out. After field quenching, the re- 
spective curves become flatter immediately. The abrupt 
drop after infrared quenching is attributed to the fact 
that infrared has two different kinds of effects: one of 
decreasing the conductivity and one of stimulating it 
(perhaps by releasing positive holes). With the cessation 
of the infrared irradiation this additional conductivity 
is abruptly cut off, and this effect produces the sharp 
drop in conductivity. Since after field application no 
such drop is observable, it must be concluded that the 
field has only a quenching effect upon conductivity. 

(4) The quenching effects of ac and dec fields are 
similar (see Figs. 8 and 9), but the conductivity is 
diminished somewhat more by an ac field than by a 
de field which has the same strength as the peak of the 
ac field (see Fig. 9). 

(5) The very sharp initial decrease in conductivity 
after field application is not due to the special state at 
the beginning of the decay curve. It occurs at any 
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Fic. 7. Decay of capacitance from previous ultraviolet excita- 
tion (A=0.36u, 3 ww/cm*) in phosphor LG. Curve A presents the 
natural decay, curve B the decay under 390 volts dc, and curves C 
the decay under infrared radiation (A>0.72y). The conductivity 
is seen to drop when the infrared radiation is removed but no 
such drop is apparent when the applied voltage is removed during 
the decay. 
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point of the decay curve after field application (see 
Figs. 8 and 9). 

(6) The sharp initial drop followed by a considerable 
slowing down of the decay of conductivity under field 
application is not due to a polarization effect inside the 
sample, since it occurs also with an ac field. Repeated 
application of a dec field does not increase the decay. 
If the field is applied for a time long enough to reach 
the flatter part of the decay curve, and is then removed 
and reapplied after various time intervals, no new 
steep drop in conductivity is obtained. 

(7) If one compares two points of equal conductivity 
along the decay, one reached by natural decay without 
a field and one reached by application of a field, the 
effects of the field at these points of equal conductivity 
are quite different. The application of the field at the 
point on the natural decay produces a sharp drop, 
whereas at the point reached by application of the field 
the conductivity decays much less steeply under the 
influence of the field. Again this is also true for an ac 
field. This shows that the two states of equal con- 
ductivity reached by various ways, one by waiting 
without field and one (in a much‘shorter time) by 
application of a field, present difference internal trap 
occupations, 

Similar experiments were performed to observe the 
decay of the phosphorescence.” Here the situation is 
more complicated because the field also produces an 
additional light emission besides de-exciting the sample. 
This additional light emission is easily observed with ac 
fields*® but not with de fields. Consequently, one 
cannot immediately see the quenching effect of fields 
from an ordinary phosphorescence curve. Experiments 
are now in progress which measure the ac photocon- 
ductivity while a strong de field is applied to the sample 
during the decay-measuring process. This has been 
made possible by altering the bridge circuit so that de 
fields could be applied to the terminals while measure- 
ments are made. These curves look very similar to 
those presented in this section. 
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Fic. 8. Decay of capacitance in phosphor LG, comparing the 
action of an ac with a de field applied at the onset of the decay 
and with a dc field applied 60 minutes after the onset of the decay. 
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Fic. 9. Decay of capacitance in phosphor LG, comparing the 
action of a de field with ac fields of rms and peak strengths equal 
to the de field applied at the onset and 60 minutes after the onset 
of the decay 


E, THEORETICAL CONSIDERATION 


The most striking results of these observations are: 
(1) the electric 
which otherwise remain excited in the sample for a very 


field eliminates even those electrons 


long time, (2) de field de-excitation is comparable to 
that by ac field, and (3) materials with slowly decaying 
photoconductivity seem to be de-excited by electric 
fields readily whereas those with photoconductivity of 
short duration are less susceptible to field quenching. 

The de-excitation by electric fields cannot be due to 
a field emission in which the electric field removes the 
electrons from the traps directly: (1) small electric 
fields already de-excite the sample and also decrease 
the conductivity (see Figs. 1, 3, and 4), and it is difficult 
to believe that 24 volts corresponding to 1000 volts 
per cm can produce a considerable field emission of 
electrons from traps; (2) the decrease in conductivity 
shows directly that there is no increase in free charges; 
(3) the curves of Fig. 7 do not drop when the electric 
field is turned off as they do in the case of infrared de- 
excitation. This means that the electric field does not 
introduce an additional increase in free carriers (as 
infrared does) which vanish when the field is turned off. 

The following three mechanisms may be responsible 
for the field de-excitation: 

(1) In a substance in which a considerable number 
of excited electrons are stored for many days and weeks, 
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these electrons are bound in trap levels which are 
situated volt below 
ductivity band and a similar situation prevails for the 
positive charges with respect to the valence band. 


less than one electron the con- 


Their longevity is wholly due to the predominance of re- 
trapping over recombination.” More than 10" trapped 
excited electrons per cubic centimeter persist for a very 
long time."* Nevertheless the electrons may be emitted 
from traps within a fraction of a second and then be 
retrapped, The probability of recombination decreases 
with diminishing number of electrons and _ positive 
charges.”""* Application of a field shifts the electrons 
towards the positive electrode; there a larger number of 
traps are filled and as a consequence, retrapping de- 
In the rest of the sample, the 
electrons are released from traps and moved towards 
regions of higher trap occupation and thus of higher 
recombination probability. If the positive charge is also 


creases in this region 


shifted, one must consider that the motion of the posi 
tive and negative charges may have different phase 
shifts with respect to the field. Thus maximum light 
emission under the application of an ac field will not 
coincide with the maximum of the applied field. This 
has actually been observed.®”* It is, however, difficult 
to understand how the field and particularly a de field 
should de-excite the sample to a high degree according 
to this mechanism since the negative charges are 


amassed at the positive electrode and the positive 


charges near the negative electrode. 

(2) Another important mechanism may be the actual 
ejection of electrons and holes from the powder into 
the electrodes, This mechanism which is similar to that 
observed by Pohl (see Part A5) could be responsible 
for the high degree of de-excitation also observed with 
de field 

(3) A further possibility of de-excitation may exist 
when positive and negative charges are amassed at 
grain boundaries opposite each other. They may recom- 
bine when they are thrown across such a boundary. 

It is difficult at this stage to decide which of these 
mechanisms is the most effective one. Two experiments 
have been performed which may shed some light on 
this question. First the powder was placed between two 


™ The ratio of retrapping over recombination is determined by 
comparing the retrapping coefficient B’~10~"? cm* sec™ and the 
recombination coefhcient 6*~10" cm? sec. These are the values 
which can be gleaned from experiments. Retrapping is given by 
A’no, where no is the number of traps per unit volume, of the order 
of 10° cm, Recombination is given by 8%, where nm, is the 
density of trapped electrons, of the order of 10" to 10" cm™*.™ This 
gives a ratio a retrapping over recombination of the order of 10° 

“H. Kallmann, J 
Paris, May, 1956 
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Mylar sheets, and the field was applied from outside 
so that the electrons could not be ejected from the 
sample into the electrodes. This experiment showed 
that de-excitation still occurs but to a smaller extent. 
This decrease in de-excitation can be completely under- 
stood from the fact that the field inside the sample is 
weaker with Mylar sheets than without such sheets. 
Thus this experiment indicates that ejection of electrons 
is certainly not the only process of de-excitation. At 
least at the beginning of field de-excitation, this ejection 
process is not important. It may be, however, that 
such an ejection process is responsible for the eventual 
complete de-excitation by fields. 

That the field changes the trap distribution inside 
the sample can be concluded from the observation 
described under Part D7. Thus, the second experiment, 
shows that the point on the normal decay curve (see 
right side of Fig. 9) just before application of the field 
represents a different trap occupation than the point 
obtained when a potential of 375 volts (rms) 60 cps has 
been applied for about 7 minutes, although at both 
these points the sample has the same conductivity 
(AC/Co= 50%). Probably the former represents a trap 
occupation distribution where more but deeper traps 
are filled, as compared with the latter where a smaller 
number but more shallow traps are occupied. Conse- 
quently, at the point obtained after 60 minutes of 
normal decay, the total number of electrons available 
for quenching is larger than at the point of equal con- 
ductivity reached in a shorter time by application of 
a field. 

Similar experiments in de-excitation of phosphors by 
electric fields have been performed by observing their in- 
ternal polarization; they confirm the strong de-exciting 
effect of electric fields. This work will be published in 
the near future.”* In the meantime, changes in the 
bridge circuit have also made it possible to apply 
strong de and ac fields directly to the bridge terminals 
and thereby to measure the impedance change in the 
sample while strong fields are applied and while the 
phosphor is under excitation. These measurements will 
be reported on in the near future, 

The authors wish to extend their gratitude ahd 
appreciation to Dr. Bernard Kramer for helpful and 
stimulating discussions relating to this investigation 
and valuable suggestions regarding the writing of this 
paper. Our thanks go also to Dr. Miriam Sidran for 
furnishing information on infrared stimulation and to 
Mr. Eugene Sucov who kindly supplied us with the 
fluorescence measurements. 
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An experimental determination has been made of the magnetic fields necessary to induce the super 
conducting transition in microscopic tin filaments called ‘“‘whiskers.”” For temperatures near the zero-field 
, 


transition temperature, 7, the results are unambiguous, and in this region the critical fields are significantly 
higher than those of a bulk superconductor. At lower temperatures the critical field curve splits into two 
parts, the upper curve giving the field for destruction of superconductivity and the lower curve the field for 
restoration. The temperature dependence of the critical field is compared with the predictions of the London 


and Ginsburg-Landau theories of superconductivity 


It is found that the London theory is inadequate to 


describe the data over the whole useful range, whereas the Ginsburg-Landau theory provides a satisfactory 
fit. The disappearance of hysteresis occurs at a temperature for which 2,0</,/H,<2.A4, where he/H, is the 
ratio of whisker to bulk critical fields. This is in reasonable agreement with the Ginsburg-Landau-Silin 
condition for the onset of second order transitions. An effective value of Ay, the penetration depth at 0°K, 


is derived from the data for each whisker. A» shows a strong dependence on the norma! electrical conductivity, 
as estimated from the change in resistance at the transition. At long mean free path the results are in agree 


ment with those obtained from bulk specimen measurements, 


values are higher. 


I, INTRODUCTION 


HE study of small superconducting specimens 

became of interest with the appearance of the 
London theory.' According to this theory the properties 
of a superconductor are characterized by the quantity A, 
representing the depth to which a magnetic field 
penetrates at the surface of a bulk specimen. Size 
effects should be observable if the characteristic dimen- 
sion, a, of the superconductor is comparable with A. 
The first demonstration of penetration effects was that 
of Pontius,? who found enhanced critical fields in thin 
wires of lead. More extensive measurements, notably 
those of Appleyard ef al. on thin mercury films* and of 
Shoenberg on mercury colloids,‘ indicated a strong 
temperature dependence of >». The form of this de 
pendence was suggested by the colloid results.® It was 
later confirmed for both mercury and tin by precision 
magnetic measurements on large cylinders.® The rela 
tion was as follows: 


h=ol 1 —(7/T.)*}, (1) 


where T is the absolute temperature and 7, the transi- 
tion temperature in the absence of a magnetic field 


* This research was supported by the United States Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. 

t Based on a thesis submitted to the Graduate School of the 
University of Maryland in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. 

} Now at Minneapolis-Honeywell Research Center, Hopkins, 
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ut at short mean free path the present Ago 


Ao iS a constant interpreted as the penetration depth at 
0°K and found to be of the order of 10 
with interpretation of A in the 
London theory,’ as applied in conjunction with the 


®om. Eq. (1) is 
consistent the basic 
Gorter-Casimir two-fluid model.* 

The early small-specimen studies, although confirm 
ing some important predictions of the London theory, 
also revealed a certain inadequacy. The results from 
the thinner mercury films gave critical fields which were 
systematically higher than predicted, ‘This constituted 
the first serious disagreement with the theory, and later 
served as a prime motive in the formulation, by Gins 
burg and Landau, of a new phenomenological theory.’ 
The Ginsburg-Landau theory differs from that of the 
Londons by its explicit consideration of the relation 
between magnetic field and density of superconducting 
electrons. The critical field behavior was worked out for 
thin films in the original article and for spheres and 
cylinders by Silin.'"’ An interesting result of the theory 
is that, for specimens smaller than a certain critical 
size, the isothermal transition induced by the applica 
tion of a magnetic field should be one of second order 
Under this condition the critical field is simply related 
to the ratio \/a and is significantly higher than that 
predicted by the London theory. Similar predictions 
have been made by Pippard"' in applying his “range of 
order” concept to the transitions of a small sphere 
The connection between the two treatments has been 
discussed by Shoenberg.'* 

There has been a lack of critical field data applicable 
to an examination of the new theory. The agreement 
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of the early mercury film results was not entirely con- 
vincing. This has been attributed largely to uncer- 
tainties concerning the transition temperatures and the 
uniformity of the films.* The more recent data of 
Zavaritski® on tin films have shown much more satis 
factory agreement and in particular have demonstrated 
a change from first order transitions, characterized by 
hysteresis effects, to second order transitions, in which 
hysteresis is absent 

The present article reports an investigation of the 
critical field behavior of microscopic tin filaments, 
known as “whiskers.” A preliminary study"* indicated 
that this new class of superconducting specimens ex- 
hibited unusual properties in transverse magnetic fields. 
The present results were obtained with a parallel field 
geometry, and are examined with particular reference 
to the theories discussed above. 


Il. EXPERIMENTAL PROCEDURE 


The specimens were obtained by an accelerated- 
growth technique devised by Fisher, Darken, and 
Carroll,’® Following this method, a number of square 
sections of electrolytic tin plate are stacked together 
and clamped, An edge of the stack is polished and a 
pressure of several thousand psi is applied broadside. 
The whiskers grow from the tin on the polished edge. 
At full growth they are generally about 0.5 mm in 
length. In manipulating and mounting the whiskers it 
was necessary to exercise considerable caution in order 
to avoid breakage or deformation. A factor favorable to 
success was the high yield strength, reported by 
Herring and Galt.’ In order to detach and mount 
individual filaments, a special probe assembly was con 
structed. This consisted, in its essential features, of a 
short length of bare No. 44 copper wire soldered at one 
end to a loop of resistance wire, which could be heated 
as required, The probe assembly was mounted on the 
platform of a laboratory-type micromanipulator, and 
subsequent operations were performed under a micro 
scope. A small particle of “Apiezon” wax was melted 
on the end of the probe. The probe was then moved into 
ontact with the free end of the whisker, the wax re 
melted and cooled, and the whisker removed from the 
surface. In view of the possibility of deformation which 
would appear to be inherent in such a technique, it 
should be that the 
variably were separated at the base quite easily and 
very rarely fractured in the central portion 

In order to 
whiskers were deposited on optically flat, circular, 


mentioned whiskers almost in 


mount them as circuit elements, the 


Pyrex absorption cell windows. Electrical contact was 
made by depositing a drop of silver paste in such a 
manner that it flowed just over the end of the whisker. 
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The electrodes were subsequently enlarged by spreading 
additional paste on opposite sides of the Pyrex surface. 

The diameters of the samples were determined by 
making photomicrographs at a magnification of 1000 
and measuring the width of the image on the print. 
A wide variation in diameters was found among 
whiskers grown in a given operation. No detailed study 
of this feature was made, but it was observed that the 
first whiskers to appear, after clamping the plates, were 
extremely thin and fragile. It seems likely, therefore, 
that the thicker whiskers had longer induction periods. 
Photomicrographs of the extremities of three mounted 
specimens are shown in Fig. 1. In making the diameter 
measurements by optical means it was important, at 
least in the case of the smaller specimens, to consider 
the limitations in optical resolution of the microscope 
and the photographic process. In this connection it 
should be observed that it is possible to distinguish 
individual silver particles of dimensions less than one- 
tenth of the measured diameter of the smallest whisker. 
It seems reasonable to conclude that errors due to 
resolution are less than 10%, 

An important consideration in mounting the Pyrex 
disk was the alignment of the whisker with the direction 
of the magnetic field. For this purpose the disk was 
inserted in a slotted brass block in such a way that it 
could be rotated. The whisker axis could be brought 
into alignment with an edge of the block by use of a 
cross hair in the microscope eyepiece. The disk was 
cemented in place by means of silver paste, the block’ 
being in contact with one of the electrodes. The block 
edge was aligned with the field direction by conven- 
tional means. 

The whisker mounting and other features of the 


experimental arrangement are shown in Fig. 2. The 
helium Dewar rests on the bottom of a liquid air 
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Fic. 1, Photomicrographs of tin whiskers. 
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Dewar (not shown). Inside the helium Dewar, and 
beneath the surface of the liquid helium, the brass 
block, A, with Pyrex disk, B, is fastened to a flat 
Bakelite plate, C. The latter is positioned horizontally 
by means of brass screws, D, and nuts, E. The screws 
are anchored at the top to a thicker Bakelite disk, F, 
which in turn is fastened to the flanged end of a straight 
Pyrex tube, G, by means of spring clamps (not shown). 
Located at the bottom, underneath the sample mount, 
is a carbon composition heater, H, used for “thermal 
stirring” of the bath. The sample and heater leads, of 
No. 42 enameled copper wire, are brought up from the 
bottom of the Dewar inside the Pyrex tube. They 
emerge near the top of the tube where they are soldered 
to heavier wires fed in through a Teflon seal fitted into 
the Dewar cap. The leads are mechanically anchored 
above the sample mount. For simplicity the details of 
the connection of the leads to the sample electrodes and 
heater are not shown. 

The magnetic field was produced by a three-coil 
system similar to that described by Barker.'* The field 
was uniform to within 0.2% over a volume included in 
a cylindrical region approximately 4 .inches in height 
and 3 inches in diameter. The precise positioning of the 
specimen was not, therefore, a critical matter. The 
ratio of magnetic field to current was determined by 
measuring the mutual inductance between the magnet 
and a small auxiliary coil of accurately known area- 
turns. 

Measurements of critical fields were made at constant 
temperature by observing the change in electrical re- 
sistance induced by varying the magnetic field. The 
resistance was measured by means of a Mueller bridge 
in conjunction with a high-sensitivity galvanometer. 
The specimen current was kept sufficiently small (of the 
order of a few microamperes) to insure that its magnetic 
field was negligible in comparison with the critical field. 
Temperatures were determined from measured vapor 
pressures by use of the 1948 scale.'"* Although recent 
evidence” indicates this scale to be in error, the devia- 
tions have not been of critical importance to the present 
study. In the region from 3.5° to 3.7°K, where it was 
important to measure small changes in temperature, 
the slope of the 1948 vapor pressure-temperature curve 
is probably correct to within 1%. The vapor pressure 
was regulated by means of a photoelectric device sug- 
gested by Fiske.*' This device monitored the level in 
one leg of a differential oil manometer, and maintained 
the vapor pressure constant to within 0.2 mm Hg. In 
the region of principal interest, above 3.0°K, this 
corresponded to a temperature variation of less than 
0,001°K. 

The transition temperature, 7, was determined by 


varying the temperature in zero field. Below the transi- 


J. R. Barker, J. Sci. Instr. 27, 197 (1950). 

“ H. Van Dijk and D. Shoenberg, Nature 164, 151 (1949). 
™ Clement, Logan, and Gaffney, Phys. Rev. 100, 743 (1955) 
1M. D. Fiske (private communication) 
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Fic. 2, Experimental apparatus. 


tion temperature the critical field, 4, was determined 
by varying the field at constant temperature. In both 
cases the critical point was taken as that at which the 
change in resistance was half completed. In the tem 
perature measurements primary emphasis was placed 
on determining the reduced temperature, 7/7,. For 
temperatures near 7, (i.e., for 7/T,~1) this is best 
accomplished by measurement of the difference quantity 
T.—T, denoted hereafter by AT. The reduced tempera 
(A7/T,], in 
is not 


ture is then given by the expression 1 
which an uncertainty of a few percent in 7, 
serious. In practice AT was obtained by differential 
measurements in which 7, and T were determined from 
successive readings on an auxiliary differential oil 
manometer. At lower temperatures, where the uncer 
tainty in the absolute temperature is small compared 
with A7’,, sufficient accuracy was obtained from absolute 
measurements with a mercury manometer 


Ill, RESULTS 


Critical field measurements are reported for six 
whiskers. In order to identify the 
pertinent data concerning their diameters, lengths, and 
resistance change are given in ‘Table I. In this table Ry 


specimens, the 





TABLE I. Specimen properties. 


Diameter Length Rw 
(em X10"4) em (ohms) 


08 0.037 1.2 
1.6 0.046 1.2 
3.3 0.055 0A3 
50 0.102 0.59 
2.3 0.038 1,1 
0.7 0.037 8.1 


Specimen 


represents the total resistance change in the transition 
and is assumed to equal the specimen resistance in the 
normal state. This point is emphasized because of the 
presence of contact resistance at the junction of the 
whisker and the silver paste. This contact resistance, 
which was of the order of a few ohms for most of the 
specimens, was stable within a few hundredths of one 
ohm during the course of an experiment. However it 
could vary by as much as fifty percent from run to run. 
The assumption that it was a true contact resistance, 
and not an important aspect of the whisker’s properties, 
is supported by the fact that the form of the transitions 
and the magnitude of Ry remained the same for 
different runs 

Representative transitions are shown in Fig. 3. Each 
row contains results for a particular specimen. The 
transition on the left in each row is the zero-field 
transition. The others represent critical field determina- 
tions. The resistance change is plotted in fractional form 
in order to permit easier comparison of the different 
specimens. ‘The choice of the critical point is designated 
underneath by an arrow and a symbol, 7, for the zero- 
field determination and A, for the critical field case. In 
addition the value of the bulk critical field is indicated 
by the symbol H/,. The enhancement of the critical 
field, to be discussed later, is evident from these figures. 

Certain features of the transitions deserve mention. 
Although the transition temperatures are quite close to 
the accepted value, 3.730°, for bulk natural tin,” the 
zero-field transitions show an appreciable breadth. This 
suggests the possibility of inhomogeneous strain. In 
particular, the step-like character apparent in the 
transitions of whisker C may indicate that this specimen 
is subdivided into monocrystalline segments with differ- 
ent crystal orientations. Under this condition a state 
of uniform stress in the whisker would result in different 
transition temperatures for different segments, by 
virtue of the anisotropic nature™ of the stress effect 
in superconductors. The transition breadth will be of 
secondary importance except where it masks the 
enhancement of the critical field. From examination of 
Fig. 3 it is seen that the transition breadth is relatively 
unimportant in whiskers A and B, for which the 
separation of A, and H, is large. For C the uncertainty 
is more serious, This is to be expected, since this 


* 1). Shoenberg, reference 7, p. 222. 
C, Grenier, Proceedings of the Paris Low Temperature Con 
ference, 1955 (Centre National de la Recherche Scientifique and 
UNESCO, Paris, 1956), paper 139 
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specimen has a larger diameter and should exhibit less 
enhancement. 

It is apparent from Fig. 3 that at sufficiently low 
temperatures the character of the transitions changes. 
At these temperatures the transitions become sharp 
and exhibit hysteresis, i.e., the critical fields determined 
for the superconducting-normal transition and those for 
the normal-superconducting case form two separate 
threshold curves. The temperature at which the onset 
of hysteresis occurs and the magnitude of the hysteresis 
vary among the different specimens. This-is apparent 
from Fig. 4, which shows the threshold curves of A 
and F for temperatures down to 2°. In the case of A the 
threshold curves join near 3.6°. For F the joining tem- 
perature is much lower and the extent of the hysteresis 
much smaller, the difference between upper and lower 
critical fields being contained within the dimensions of 
the symbols. In the temperature region where hysteresis 
is absent, or of small extent, the threshold curve is 
unambiguously determined and is seen to lie well above 
the curve for bulk tin. The data in this region for 
A, B, C, and D are shown in the upper part of Fig. 4, 
with temperatures plotted on the reduced basis. (In the 
case of E only one high-temperature point, at t=0.975, 
was obtained. At this temperature the critical field was 
25.6 oersteds, as compared to 13.5 oersteds for bulk tin.) 

In order to compute the critical field enhancement it 
is necessary to specify the bulk threshold curve. The 
curve chosen is that appropriate to the transition tem- 
perature of the whisker. In this connection we make use 
of the geometrical similarity of the threshold curves of 
bulk tin specimens having transition temperatures 
nearly the same.™ For temperatures lying within about 
(0).2° of T, the bulk curve is closely linear with a negative 
slope of about 145 oersteds/degree. This value is 
probably not in error by more than a few percent,” 
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Fic. 3. Transitions of tin whiskers. 


“ B. Serin, Progress in Low Temperature Physics, edited 5 a 
ol 


Gorter (Interscience Publishers, Inc., New York, 1955), e 4 
p. 138; P. R. Doidge, Trans. Roy. Soc. (London) 248, 553 (1956). 
% J. Eisenstein, Revs. Modern Phys. 26, 277 (1954). 
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In specifying H, at temperatures where the linear rela- 
tion is no longer valid, use is made of data giving the 
deviations of the bulk threshold curve from a parabola.”* 
The bulk threshold curve, obtained in the manner 
described, is shown as a broken line in Fig. 4. 


IV. DISCUSSION 
a. Theoretical Predictions 


The transition of a supergpnductor in a magnetic 
field takes place, neglecting hysteresis, when the Gibbs 
free energy difference between normal and supercon- 
ducting states becomes zero. This free energy difference 
is made up of a magnetic term, associated with the 
Meissner effect, and a configuration term, sometimes 
associated with the density of superconducting elec- 
trons. In applying the London equation to the critical 
field behavior of small specimens, it is usually assumed 
that the configuration energy density is independent of 
size and of magnetic field, and is therefore equal to 
the bulk value, 7.2/8. In this case the enhancement of 
the critical field in small specimens depends entirely 
upon the decrease in free energy density of the super- 
conducting state due to the enhanced role of the field 
penetration. Hence the critical field is determined in a 
straightforward manner from the London equation, 
which predicts the field distribution. For a long thin 
cylinder in a parallel field the solution (outlined in the 
appendix) is given by 


h./H, : 1—[ (2d a)I (a, d)/To(a/d) br, (2) 




















Ti") 


Fic. 4. Threshold curves. Hysteresis data are indicated by 
solid symbols. Lower part of figure: For whisker A, 6 indicates 
critical field determined by increasing field, @ that determined 
by decreasing field. For whisker F the extent of hysteresis is 
contained within the symbol dimension. Upper part of figure 
shows data near 7,, with ¢ representing the reduced tempera 


ture, T/T... 
% E. Maxwell and O. S. Lutes, Phys. Rev. 95, 333 (1954). 
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where a is the radius and \ the bulk penetration depth. 
I, and J, are the hyperbolic Bessel functions of order 0 
and 1, respectively. 

The Ginsburg-Landau theory, as mentioned earlier, 
allows for an interaction between the magnetic field 
and the density of superconducting electrons. This leads 
to additional terms in the free energy. In small speci 
mens, for which the magnetic field occupies a sizable 
fraction of the total volume, these terms lead to. higher 
critical fields than predicted by Eq. (2). In the thin 
cylinder case’ the approximation for small a/) is given 
by the expression : 


h./H.= 4X/a. (3) 


For large a/d it is to be expected that the predictions 
of the two theories should be nearly the same. This was 
shown to be true for films.® For cylinders the limiting 
form of Eq. (2) for large a/X is 


h./ H-=1+ (X/a), (4) 


The predicted behavior for intermediate values of a/d 
has not been derived. Consequently the range of 
validity of Eqs. (3) and (4) is somewhat uncertain.”’ 
A definite prediction is made, however, concerning the 
nature of the transitions of small specimens, there 
being a critical size below which the transitions are of 
second order. For cylinders the condition for second 
order transitions is 

a<v3nx., (5) 


In addition to the absence of latent heat for such 
transitions there should also be no hysteresis.” 


b. Critical Field Enhancement 


In order to compare the critical field results with the 
theoretical expressions, it is appropriate to examine the 
temperature dependence of A,/H,. Comparison with 
Eqs. (2)-(4) is possible if we assume that varies with 
temperature according to Eq. (1).” In Fig. 5 the tem 
perature dependence of h./H, is shown for A and B in 
the temperature region for which the uncertainty due 
to hysteresis is small. Theoretical curves, based on 
Eq. (2) and Eq. (3), are also shown. It is evident that 
no choice of A» can fit the London theory to the data, 
although by ignoring the data for which measurable 
hysteresis is present (points shown as solid symbols) 
the fit wouldJbe satisfactory. The latter course is 
unjustified, since the true critical fields for the lower 
temperature data should lie within the limits indicated 
by the symbols, On the other hand the Ginsburg 


*7 It should also be mentioned that the limiting expressions for 
he/H, are in themselves approximations based on the assumption 
that a parameter «, which is related to the field dependence of the 
penetration depth in a bulk specimen, is negligibly small. This 
assumption appears to be justified for pure superconductors.” 

* VL. Ginsburg, Doklady Akad, Nauk $.S.S.R. 83, 385 (1952). 

*It is important to emphasize that } always refers to the 
penetration depth in a large specimen and that Eq. (1) should, 
in the ensuing discussion, be regarded as an experimental fact 
independent of theoretical considerations. 
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hic. 5. Enhancement of critical field near 7,. Comparison with 
London and G-L-S theories is shown, with A» (em) chosen for 
whisker A as follows: upper London curve 8.610, lower 
London curve 6.510~*, G-L-S curve 6.5K10~°. For whisker B 
upper London curve 14.4% 10~*, lower London curve 11.0K10~, 
G-L-S curve 11,0 10° 


Landau-Silin (hereafter abbreviated to G-L-S) relation 
is seen to agree satisfactorily over the whole useful 
range 

The extent of agreement with the G-L-S theory is 
illustrated more completely by Fig. 6, which displays 
the temperature dependence of 4,/H, in a somewhat 
different way. In this plot numbers on the temperature 
axis are proportional to A, Thus, according to Eq. (3), 
the h,./H, data for a given whisker should lie on a 
straight line, and since the scales are logarithmic the 
slopes should be identical and equal to 1. The agreement 
is evidently quite good for A, B, and F. For C the useful 
data is too limited to be conclusive. In the case of D, 
however, the results seem to indicate the change in 
dependence of 4./H, upon a/d to be expected on the 
basis of the G-L-S theory. At the higher temperatures 
(small a/A) the dependence approaches the linear law 
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Fic. 6. Relation between critical field enhancement and penetra- 
tion depth, Solid parallel lines correspond to limiting form of 
G-L-S theory for small a/d. In the case of D the limiting form for 
large a/) is also shown (broken line). 
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given by Eq. (3) while at low temperatures (large a/)) 
it approaches the limiting form of Eq. (4). A similar 
change in behavior would presumably occur for the 
other whiskers, but at lower temperatures (smaller \), 
since their diameters are smaller. It is preferable to 
consider the location of the change in terms of h,/H, 
rather than a/d, since the former is independent of 
diameter measurement, and according to Eq. (3) the 
two ratios are equivalent. One would therefore expect 
the initial departure from the linear law to occur at the 
same h,/H, for all the whiskers. From the data for D 
the critical ratio is seen to be about 1.5. This is just 
below the useful experimental range for A and B, while 
for F it appears possible that the linear law is obeyed 
at all temperatures. 


c. Hysteresis 


The prediction of the G-L-S theory regarding the 
disappearance of hysteresis is embodied in Eq. (5). At 


40.2 
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Fic. 7, Hysteresis behavior, showing disappearance of hysteresis 
at high temperatures (large h./H,). Ah is difference between 
upper and lower critical fields, and A, is average critical field. 
G-L-S theory predicts second order transitions for h./H,> 2.31. 


temperatures above that corresponding to a/A= V3, one 
should observe second-order transitions. According to 
Eq. (3) this condition is equivalent to: 


h./H,> 2.31. 


(6) 


A comparison with the present results is illustrated in 
Fig. 7, wherein the degree of hysteresis is plotted against 
h./H,. The intercept on the h,/H, axis is determined 
with a certainty dependent upon the steepness of the 
slope and the scatter of the data. For beth A and B the 
intercept occurs at 2.4, with an uncertainty of about 
+0.1, The agreement with Eq. (6) is, therefore, ex- 
cellent. For C the uncertainty is greater, but the agree- 
ment still quite good. The hysteresis data for D and F 
do not determine the intercept accurately, since the 
degree of hysteresis is small over the range of measure- 
ment. This is evident from Fig. 6. On the basis of the 
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values of h./H, for which hysteresis was first observed, 
the intercept for D is about 1.5 and that for F about 2.0. 
It is generally apparent from Fig. 6 that the linear 
relation between h./H, and extends into the tem- 
perature region for which hysteresis is observed. In the 
case of D the indicated correspondence between onset 
of hysteresis and departure from linearity is probably 
misleading, owing to the uncertainty of the former. 


d. Mean Free Path Effect 


In taking the temperature dependence of the penetra- 
tion depth to be that given by Eq. (1), we have not 
restricted the choice of A». There is some justification for 
assuming the form of the temperature dependence to 
be more generally applicable than a particular value 
of Ao. High-frequency measurements of the penetration 
depth in impure bulk tin have shown that A» depends 
upon the electron mean free path in the normal metal, 
whereas the temperature dependence of A/Ao appears 
to be unaffected.” 

The agreement of the results shown in Fig, 6 with 
the predictions of the G-L-S theory leads naturally to 
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Fic. 8. Dependence of penetration depth on normal electrical 
conductivity. Ao is effective penetration depth at 0°K; / is esti 
mated normal electron mean free path. Broken line taken from 
large-specimen measurements of Pippard.” 


an evaluation of Ao. The latter is obtained, according 
to Eq. (3), by extrapolation of the high temperature 
linear relation to ‘=0. Designating this intercept as 
(h./H.)o, we have: 

ho= 4ath./H,)o. (7) 
We may now compare A» with the electronic mean free 
path by use of the data contained in Table I. For this 
purpose the normal conductivity, ¢, is calculated in the 
usual way and is converted to mean free path, /, 
through the relation ¢/l=9.5X10"° mho cm™?, taken 
from the work of Chambers.*' The resulting plot of 
do vs Lis shown in Fig. 8. The rather large uncertainties 
assigned to the data have two sources, (a) estimated 
errors in diameter measurement and (b) errors related 
to the finite breadth of the transition. The latter are 
most severe for the larger whiskers, as mentioned 
earlier. On the other hand, the diameter measurements 


» A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953) 
1 R. G. Chambers, Nature 165, 239 (1950). 
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are more critical for small diameters.** Comparison of 
the results (see Fig. 8) with those of Pippard™ indicates 
qualitative agreement to the extent of showing an 
increase of A» as / becomes small. Quantitatively the 
agreement is good for large /. For small /, however, 
the present values of Ao are consistently higher. 

With regard to the variation in mean free path among 
the whiskers, we observe that, except for specimen A, 
the mean free path is quite small in comparison with 
the diameter. Thus boundary scattering from the 
whisker surface is probably unimportant. For these 
whiskers, therefore, it seems likely that the reduction 
in mean free path is due to chemical impurities. A spec 
trographic analysis of some of the tin plate used in the 
clamp indicated the total impurity content to be in 
the range 0.03 to 0.3%, the predominant impurities 
being silicon and chromium, With the exception of A, 
it appears that impurities participated in the whisker 
growth. For A the mean free path is much greater, 
being of the same order as the whisker diameter. It is 
conceivable that the variation in mean free path is 
related to differences in impurity content at the different 
growth sites. 


V. CONCLUSIONS 


We may summarize the major results of the critical 
field measurements on tin whiskers as follows: 

1. The threshold curve exhibits hysteresis at low 
temperatures. This hysteresis disappears near the transi 
tion temperature, 7, 

2. Near 7, the threshold curve lies well above that 
of bulk tin. In this region the critical field enhancement, 
h./H., is directly proportional to the bulk penetration 
depth, A. 

3. Where it can be determined with certainty, the 
onset of hysteresis occurs at a temperature for which 
2.0<h,/H,<2.4. The proportionality between h,/H, 
and \ appears to break down at a lower temperature. 

4. The parameter do, determined by application of 
the Ginsburg-Landau-Silin theory to the data, shows 
a strong dependence upon normal state electrical con 
ductivity. 

The temperature dependence of the critical field and 
the hysteresis behavior are both in substantial agree- 
ment with specific predictions of the Ginsburg-Landau 
theory, as applied to small cylinders by Silin. 

It has been argued by Ginsburg” that a dependence 
of A» upon the normal electrical properties is permissible 
within the framework of the Ginsburg-Landau theory. 
On the other hand, this dependence led Pippard™ to 
forrnulate an integral relation between current density 
and magnetic field to replace the London point relation. 
Since for a weak (much less than critical) magnetic 

“It may be noted that, in Fig. 6, the linear character of the 
relation between h,/H, and d is independent of diameter measure 
ment and that the scatter of data for the smaller whiskers is of 
a random nature 


*V. L. Ginsburg, J. Exptl. Theoret Phys U.S.S.RK. 29, 748 
(1955) [Soviet Phys. JETP 2, 589 (1956) } 





1458 OLIN S. 
field the Ginsburg-Landau relation reduces to the 
London equation, the two new theories appear incom- 
patible.“ The relation of the Pippard equation to the 
critical field behavior of small specimens has not yet 
been established. A comparison of the two theories on 
the basis of the present data is, therefore, not possible. 
The results show, however, that whiskers with widely 
different effective values of \» exhibit the temperature 
dependence and hysteresis properties predicted by the 
Ginsburg-Landau theory. To be in complete accord 
with the theory the effective A» should agree with 
results from large-specimen measurements.” As we 
have seen, the agreement is satisfactory only for long 
mean free path, i.e., for the relatively pure metal, The 
importance of the discrepancy at small / is hard to 
judge, and more experimental data are probably 
required, 
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APPENDIX 


The origin of Eq. (2) will now be outlined. According 
to the London theory the supercurrent density is related 
to the magnetic field by the following equation: 


(4rd?2/c) curlj+H=0, (8) 


In the static case, this is combined with the relation 


curlH = 4arj/< 


to give the differential equation which describes the 
field 


WH = H/d’. (9) 
If Eq. (9) is solved in cylindrical coordinates, with the 
conditions H,= Hy=0, H,= H,(r), and H,(a)= Ho, the 
solution corresponds to the problem af a long thin 
cylinder of radius a, placed with its axis parallel to a 


uniform magnetic field of intensity Ho. The solution 
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for H is: 
Jo(ir/d) 
H=H,—_, (10) 
Jo(ia/d) 


where Jo is the Bessel function of order zero. From 
Eq. (10) is obtained the average magnetization of the 
superconducting cylinder: 


Ji(ia/d) 
M,=- (Ho/4)| + (2id/a)— | (11) 
Jolia/d). 


J, being the Bessel function of first order.™ 

The critical field behavior is derived by the use of 
Eq. (11). The Gibbs function of the superconducting 
state in a magnetic field, A, is given by 


h 
g.(h) =g,(0) — f MdHp. 


For the normal state the magnetization is negligible, 
and the Gibbs function is simply 


gn(h)=g,(0). 
At the critical field, h,, the Gibbs functions are equal. 
This gives 


he 
gn(O)—g,(0) f M dio. (12) 


0 

The left side of Eq. (12) represents the difference in 
Gibbs functions in zero field and is assumed to be 
independent of size. It is, therefore, equal to H,*/8m, 
where H, is the bulk critical field. [This is easily seen by 
applying the condition A/a-+0 to Eq. (11).] By per- 
forming the integration, we may now solve Eq. (12) 
for h., obtaining: 


J \(ia/X) y 
h.= u1 +-(2id/a) | 
Jo(ia/d) 


or, in terms of hyperbolic Bessel functions,” 


oe] ‘ 
Io(a/X) 


h/He=|1~(2N/a) (2) 


* Equations (10) and (11) are taken from reference 7, Ap- 
pendix II. 

** P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Part II, 
p. 1323 
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Field Effect on an Illuminated Ge Surface and Investigation 
of the Surface Recombination Process 
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Surface conductance, photoconductance, and field effect were measured in the Brattain-Bardeen ambient 
cycle on germanium surfaces etched with CP-4, From the surface-conductance measurement, values of 
surface potential were deduced, and from the photoconductance measurement, relative changes of surface 
recombination velocity were obtained. By analyzing the change of surface recombination velocity as a 
function of surface potential, dominant recombination centers with discrete levels were found near the 
center of the gap with a ratio of hole to electron capture probabilities of 9. The energy levels of these centers 
were found to be consistent with the field-effect data, In addition, the effect of a normal ac field upon an 
illuminated sample was examined. The results can be interpreted as a superposition of the changes in the 


photoconductance and the surface conductance due to the field-induced change in surface potential 


Phis 


effect can be used to determine the value of trap energy and the ratio of capture probabilities to a greater 


degree of accuracy than can the surface recombination velocity 


discussed 


INTRODUCTION 


ECENT work by Stevenson and Keyes! and by 
Many and co-workers? has established the appli- 
cability of Shockley and Read’s model of the carrier 
recombination process’ to germanium surfaces. By 
measuring simultaneously the surface conductance and 
surface recombination velocity, Many et al. deduced the 
energy levels and the ratios of capture probabilities of 
the recombination centers. The surface potential was 
changed by the application of a high electric field 
normal to the germanium surface.‘ 

We too have investigated the surface recombination 
velocity as a function of surface potential on germanium 
surfaces, and we have confirmed some of the results 
obtained by Many et al. In addition, we have studied 
the effect of a small ac field applied normal to the surface 
of an illuminated filament. This will be referred to as the 
field effect under illumination and is interpreted as a 
superposition of the changes in photoconductance and 
surface conductance as a result of the field-induced 
change in surface potential. 

We modified the surface potential by the Brattain 
Bardeen ambient cycle.’ In addition to the measure 
ments of (1) surface conductance, (2) photoconductance, 
and (3) small-signal ac field-effect conductance, we 
also measured the ac field-effect conductance under 
illumination. 

From (1) and (2), the surface recombination velocity 
was plotted as a function of the surface potential. A 
theoretical fit to the plot gave the energy level and the 
ratio of the capture probabilities of the recombination 
centers. The sign of the field effect indicated whether 

1D. T. Stevenson and R. J. Keyes, Physica 20, 1041 (1954). 

* Many, Harnik, and Margoninski, paper presented at the Semi 
conductor Surface Conference, Philadelphia, 1956 (to be published) 

*W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 

* Similar work was done by H. K. Henisch and W. N. Reynolds, 
Proc. Phys. Soc. (London) B68, 353 (1955); P. C. Banbury and 
J. D. Nixon, Proc. Phys. Soc. (London) B69, 487 (1956). 

(1985) H. Brattain and J. Bardeen, Bell System Tech. J. 32, 1 


Possible other applications of the effect are 


the surface was n or p type, and its magnitude meas 
ured the small change in surface potential due to the 
applied field, Using the results obtained from (1), (2) 
and (3), the field effect under illumination was calcu 
lated as a function of surface potential and compared 


with the experimental results. 


REVIEW OF SURFACE RECOMBINATION PROCESS 


According to Shockley and Read’s theory of re 
combination through traps,’ the rate of recombination 
depends upon the state of occupancy of these traps, On 
a semiconductor surface the occupancy of the traps and 
hence the surface recombination velocity are controlled 
by the surface potential. Many ef al? have applied 
Shockley and Read’s formula to a semiconductor and 
expressed the surface recombination velocity, 0,, as 


V i(Cn€p)* (mot po) /2n, 
Ys . 
cosh[(Hi~ Ex~ q¢o)/kT}+-cosh[q(y.— ov)/kT'] 


where go= (k7T'/2q) In(cp/cn), Cp and c, are the capture 
probabilities per state per unit time for holes and 


electrons, respectively, po and mo are the bulk hole and 


electron concentration, respectively, m, is the intrinsic 
carrier concentration and N, is the number of states per 
unit area. H,—, is the difference between the trap 
energy and the intrinsic Fermi level at the surface and 
is measured in electron volts. The quantity gg,/kT is 
defined as Y—In(po/n,), where kTY/q is the surface 
potential in volts, The energy level diagram is shown 


in Fig, 1. 


Fic. 1, Energy level dia 
gram of germanium surface 
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Equation (1) predicts that », has a maximum value 
at y,= go. A plot of v, as a function of ¢, gives the values 
of | E,—Fi—qqgo| and c,/c,. Equation (1) applies only 
if one assumes a single trap or a pair of traps having 
the same ¢» and spaced symmetrically around qgo/kT. 
A detailed fitting to Eq. (1) is required to check these 
assumptions, 


MEASUREMENT OF vs BY PHOTORESPONSE 


The conventional way of measuring », is by the photo- 
decay method.' A simpler and more accurate way is to 
measure the relative photoresponse. When a germanium 
slab of thickness a is uniformly illuminated at one face 
by nonpenetrating light, the steady state photocon- 
ductance (excess conductance under illumination) is 
given by® 


K L{cosh(a/L)~1+8 sinh(a/L)] 


Gr . 
v.{ (1+-8") sinh(a/L)+-28 cosh(a/L) | 


where L=(Dr)', B= D/Lv,, D= (not po)D.D,/(noD, 
+ poD,), and K is a proportionality constant. If the 
bulk lifetime, 7, is sufficiently long, such that a/L <1, 
then Eq, (2) can be reduced to 


Gy= K(1/r+20,/a}". (3) 


By substituting v, from Eq. (1) into Eq. (3), the photo- 
conductance can be expressed as 


K r{C+cosh[g(¢.— ¢0)/kT }} 


Gy ’ 
C+ B+-cosh[g(¢.— ¢o)/kT | 
where 


C'=cosh{ (E,— Ei — q¢o)/RT J, 


B= (C4 1)/ T— (Tett) min (Tett) mins 


1 ( Tett) min | T + iC ® ‘a, 
and 


(Vy) max ™ NilCn€p)* (not po)/2n(C+1). (8) 


The term (ret) min i8 determined experimentally by the 
photodecay method, In Eq. (4), C and ¢o are the only 
parameters and can be evaluated from a fit to the 
experimental curve of Gy, versus ¢,. 


(AG,) ve 


Gy {C+B+coshlq(¢.— ¢0)/kT}}{C+cosh[q(y.— ¢o)/kT }} 2kT 


contains three parameters C, go, and Ag,.'* The quan- 
tities C and gp are obtained from the photoconductance 
measurement, The quantity Ag, is evaluated from 
Eq. (9) by measuring the dark field-effect conductance. 


* This expression, valid for small signals only, is obtained by 
integrating over the sample the solution of W. van Roosbroek’s 
one dimensional, ambipolar transport equation [Phys, Rev. 91, 
282 (1953) ]. Similar expressions have been obtained by H. M 
Bath and M. Cutler, Phys. Rev. 100, 1259(A) (1955), and by 
L.. H. Hall, Phys. Rev. 97, 1471 (1955) 

’W. Shockley and G. L. Pearson, Phys. Rev. 74, 232 (1948). 

*C. G. E. Low, Proc, Phys. Soc. (London) B68, 10 (1955) 
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FIELD EFFECT UNDER ILLUMINATION 


Application of an electric field normal to a dark 
semiconductor surface changes ¢, and hence, the surface 
conductance on account of the induced surface charge. 
This is known as the field effect.?~ 

When a semiconductor slab is under illumination, the 
field changes not only the surface conductance, G,, but 
the photoconductance, G,, as well. The effect upon the 
latter is due to a change in 9, as a result of the field- 
induced change in ¢,.'° In the following discussion the 
applied ac field is assumed to be a small perturbation 
of the original surface potential. 

The relationship between the dark surface conduct- 
ance, G,, and g, has been derived by Garrett and 
Brattain." For a small change in ¢,, the corresponding 
change in G, is given by 


(AG, )¢.2.= (0G,/d¢) Ags. (9) 


In the above equation, (0G,/d¢,) is a function of Ey 
and g, and can be derived by differentiating Eq. (22) in 
Garrett and Brattain’s paper.'? The change in photo- 
conductance due to a field-induced change in ¢, can be 
written as 


(AG) v.2.= (0G_/d¢)AGs. (10) 


The total change in conductance of a sample under 
illumination due to a normal field is primarily the sum 
of the above effects, 


(AG) v2. = (AG,)¢.2.+ (AGL) rx. (11) 


However, the term (AG,)y.x, in Eq. (11) might be 
different from that in Eq. (9) on account of the added 
surface carriers created by light. For sufficiently weak 
illumination, this effect is small. The same conclusion 
applies to Ag, is Eqs. (9) and (10), Experimentally, 
the dark field-effect conductance, (AG,)r.e., and the 
field-effect conductance under illumination, (AG)»p.z., 
were measured, and (AG_,)¢.2, was obtained by sub- 
tracting the former from the latter. 

The expression, 


gA¢, 
(12) 


The right-hand side of Eq. (12) is then calculated as a 
function of g, and compared with the measured value 
of (AG, FE ‘Gt. 


*W. L. Brown, Phys. Rev. 100, 590 (1955) 

Essentially the same interpretation of the field effect under 
illumination was given recently by W. H. Brattain and C, G. B. 
Garrett, Bell System Tech. J. 35, 1019 (1956). 

“uC, G. B. Garrett and W. H. Brattain, Phys. Rev. 99, 376 
(1955) 

12 See the Appendix of the present paper 

4’ The factor } in Eq. (12) arises because the ac field is applied to 
only one surface, 





FIELD EFFECT ON ILLU 


EXPERIMENTAL PROCEDURES AND RESULTS 


A germanium slab, 0.04 cm thick, was cut from an 
n-type single crystal of resistivity 35 ohm-cm and bulk 
lifetime 800 microseconds. The surface orientation was 
close to the (110) plane. The slab had side legs used as 
potential probes in the surface conductance measure- 
ment. The sample was etched in CP-4, and the leads 
were soldered to the copper-plated ends. The first run 
was made several hours after etching. 

During the experiment, ¢, was altered by changing 
the ambient gas as in the Brattain-Bardeen cycle,® 
(ozone, dry oxygen, dry and wet nitrogen). The sample 
was put in a double-walled glass tube permitting water 
to circulate from a constant temperature bath regulated 
at 29°C, which also controlled the temperature of the 
gas. In addition, the circulating water served to filter 
out the penetrating radiation. A big block of another 
sample, cut from the same crystal, was used as a ther- 
mometer, and any conductance change of the test 
sample due to temperature drifts was corrected. The 
temperature drift during a run was within +0.05°C. 


G6, 
2 
- 


y 


Fic. 2. Photocon 
ductance, G,, versus 
q¢./kT. Solid curve 
represents fit of Eq 
(4) to experimental 
points with C=8, 
q¢o/kT =1 1 


Relative Photo- response 


i 
0 


q?, /«T 


The conductance value was measured to five significant 
figures. 

In the measurement of the field effect under illumina- 
tion, light was shone steadily at one surface, and an ac 
field was applied to the other surface. The same light 
source was used in the photoconductance measurement 
but was chopped at 60 cps. The photoconductance 
method of measuring the effective lifetime was periodi- 
cally checked against the photodecay method. For the 
field-effect measurement, a 32-cps sinusoidal voltage 
source was used to assure that the surface and the 
bulk semiconductor were in equilibrium with the 
applied field, and a peak field strength of 3x10* 
volts/cm was employed. The same measuring circuit 
was used as the one described in Low’s paper.* 

The following four measurements were made in rapid 
succession: (1) the surface conductance, G,; (2) the 
small-signal field effect, (AG,)r.2,; (3) the photocon- 
ductance, G,,; and (4) the field effect under illumination, 
(AG)y.x.. The value of ¢, was determined from a 
measurement of the increase in G, with respect to its 
minimum value. In evaluating g,, the bulk mobility 


MINATED Sl 


Ge 


T T T T 
- —QA?, /«T 
(OG, )r¢ 


Fic. 3. Field-ef 
fect conductance, 
(AG,) pg, VETSUS ys 
kT (dotted curve), 
gAg./kT versus g¢./ 
kT (solid curve) 
which was calculated 
from the dotted 
curve 


= 


QA, /«t x10" 
= 


~ 
ary $s 


qe /nr 


was used because Schrieffer’s correction for the surface 

mobility'* is not important within our experimental 

range of g,. In the calculations, we used the following 

values; no=4.5310" cm, pow 1.67 
800 psec and (0,4) mas 55 cm/sec, 


experimental 
< 10'4 cm=, + 

In Fig. 2, experimental values of G, for a typical run 
at 29°C are plotted against ¢g,. The best fit of Eq. (4) 
to the experimental curve is obtained with C=8 and 
q¢o/kT =1.1. This value of go corresponds to ¢p/én™ 9. 

In Fig. 3, the experimental value of (AG,)y x, is 
plotted against ¢, (dashed curve). Using Eq. (9), Ag, 
was calculated for various values of gy, from the 
(AG,)».%. plot and is shown as a solid curve, By sub 
stituting the values of Ag, from Fig. 3 and the experi 
mental values of C and ¢» into Eq. (12), (AGr) ee /G: 
was calculated as a function of ¢, and is shown as solid 
curve in Fig. 4, The dots represent the experimental 
values of (AG,)¢.2./Gz. The agreement between experi 
ment and theory is gratifying. 

Measurements were also made on another n-type 
single crystal (35 ohm-cm, r= 1700 microseconds) and 
on a p-type single crystal (18 ohm-cm, r= 220 micro 
seconds). The experiment was repeated several times 
for each sample. Although the value of maximum sur- 
face recombination velocity changed slightly from one 
run to the next, substantially the same values of C and 
yo were obtained, 


Fic. 4. (AGi)er ke / % 
Gy versus qy./kT 
The theoretical curve 
(solid) was calcu- 
lated fom Eq. (12), 
using C=8, qgo/kT 
=1.1 and gAyg,/k7 
from Fig. 3 


Q® /ur 


4 J. R. Schrieffer, Phys. Rev. 97, 641 (1955). 
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DISCUSSION OF EXPERIMENTAL METHOD 


The validity of the experimental method depends on 
the intensity of the illumination. Illumination of a 
semiconductor surface upsets the equilibrium carrier 
concentration at the surface and consequently, may 
change ¢,. Since ¢, was determined in the dark, it may 
not correspond to the g, at which the photoconductance 
and the field effect under illumination were measured. 
Apart from possible changes in g,, the added carrier 
concentration also affects the field effect such that the 
terms Ag, and (AG,)y.x. in Eq. (9) are different from 
the corresponding terms in Eqs. (10) and (11). The 
light intensity must be adjusted so that the above 
changes are negligible. To this end, two criteria were 
used; (1) Photoconductance measurements were made 
using different light intensities. Since the same values 
of go and C were obtained, the light intensity was 
sufficiently low to have a negligible effect on ¢,. (2) 
Using Garrett and Brattain’s analysis,’ the quasi- 
Fermi levels were calculated for the observed photo- 
conductance, Then, Ag, and (AG,)y.e, were calculated 
for a dark and an illuminated sample. The results 
showed a maximum difference of ten percent between 
the two cases. Hence, the carrier concentration, gen- 
erated by illumination, did not seriously affect the field 
effect measurement. 

A comparison of (AG,)y.2./G, with G, follows, In 
the region where v, dominates 7,1, i.e., B is much larger 
than C and cosh[q(y.— ¢o)/kT J, Eq. (12) for a single- 
trap model can be reduced to 
¢o)/kT | gA¢, 


(AGL) ve sinh[.q(¢.~ 


(13) 


G. C-+cosh{g(y.—¢0)/kT] 2kT 


Since the quantity gAg,/kT is independently deter- 
mined from the field effect, the interpretation of the 
(AG,)y.2/G. curve depends only upon C and ¢» but 
not upon N,. On the other hand, the interpretation of 
the », curve depends critically on the assumption that 
N;, remains constant. Therefore, certain conclusions 
can be reached by comparing the behavior of the 
G,, and the (AG_)».2,/Gr curve. (1) If the two curves 
can be fitted to their respective expressions, then one 
can conclude that the single-trap model is valid and 
N,, 2s, and go remain invariant, (2) If the (AG,)».¢./Gz 
curve, but not the G, curve, can be fitted, then the 
single-trap model is still valid, &,; and go remain con- 
stant but NV, changes. (3) If neither curve can be fitted, 
then no unique interpretation is possible. Either the 
single-trap model is not valid or it is valid but ; or 
go changes. 

In general, it is preferable to determine the parame- 
ters C and go from the (AG,)».2,/G, curve rather than 
from the G, curve because the former is more sensitive 
to these parameters, In particular, the point ¢,= ¢go is 
sharply defined. In another application, one may use 
(AG)y.2./G, as a measure of Ag./kT and ¢, provided 


AND G. 
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B, C, and go are known for a given surface. Thus, 
(AG_)v.x./Gy should give the same information about 
Ag, as the conventional small-signal field effect, but 
should be superior in two respects: (1) The measure- 
ments can be preformed in a region of gy, where 
(AG,)r.x, isan order of magnitude larger than (AG,)r.z. ; 
(2) The signal does not depend upon surface mobility. 
The effect, for instance, can be used to advantage in the 
study of the frequency behavior of the surface states. 


DISCUSSION OF EXPERIMENTAL RESULTS 


Most of the experimental uncertainty is in the 
determination of gy, near the minimum surface con- 
ductance where small conductance changes correspond 
to large changes in ¢g,. In this region the field-effect 
measurement is very sensitive to g, and served as a 
qualitative check on the surface conductance measure- 
ment. In view of the experimental uncertainties, the 
fits in Figs. 2 and 4 are considered to be gratifying. 
Therefore, within our experimental range of ¢,, the 
surface recombination process is predominantly con- 
trolled by traps with ¢)/c,=9 and E£,—E,=0,028 
+-0,069 ev. We have two possible choices of the sign 
owing to the nature of the hyperbolic cosine function 
in Eq. (5), and from the measurements we cannot 
deduce whether /,— /:;= 0.097 ev or/and —0.041 ev. 

Information about fast surface states can be obtained 
from the field-effect data.’*"* It is generally assumed 
that the fast surface states act as recombination centers, 
Therefore, a check was made whether the above recom- 
bination centers are consistent with the field-effect 
data. To this end, the rate of change of charge 
in the fast surface states, AQ,,/Ag,, as well as 
the change of charge, Q,,, were deduced from the 
curves in Fig. 3 and are shown as dots and as 
dashed curve, respectively, in Fig. 5. The fit to 
the AQ,,/A¢, points, shown as solid curve in Fig. 5, was 
calculated on the assumption of two pairs of traps: one 
pair corresponding to the recombination centers with 
E,— Ey= (1142.8)kT and density 4X10" cm-*, and 
another pair of traps with N, exp[—q(ELua—E,)/kT] 

2.2 108 cm=~* and N2 exp[q(En— E,)/kT]=7.4X 108 
cm™*. Judging from the fact that no appreciable devi- 
ation from the Boltzmann distribution was observed, 
Ey—E,>OkT and Ewj—E;<—5kT. In view of the 
experimental uncertainties, the fit is considered to be 
satisfactory. 

The recombination center which was established in 
this work appears to be the same as the one found by 
Many et al.? on two samples, (c,/c,= 30, E,—E,«=0.11 
ev). Although different techniques were employed in 
the two investigations, the results are in reasonable 
agreement. Notice that a ratio of 30 to 9 in cy/c, corre- 
sponds to a difference of 0,015 ev in ggo. Our value 


‘° H. C. Montogomery and W. L. Brown, Phys. Rev. 103, 865 
(1956). 

Bardeen, Coovert, Morrison, Schrieffer, and Sun, Phys.’ Rey. 
104, 47 (1956). 
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of c,/cx=9 is probably more accurate because it 
was obtained from both the G, and the (AG_)r.x 
measurements. 

Garrett and Brattain'’ have interpreted their field- 
effect and photoconductivity data in terms of a con- 
tinuous distribution of fast surface states. In their 
analysis, g, was determined by extrapolating graphi- 
cally the truncated data on each separate set of the 
above measurements in conjunction with the field 
effect under illumination. The validity of such a pro- 
cedure rests on the assumption that the fast-state 
distribution is unaffected by the gas changes in the 
Brattain-Bardeen cycle. It has been observed experi- 
mentally that the assumption may be violated in certain 
cases, as will be discussed later. Garrett and Brattain 
have reported a ratio of hole to electron probabilities of 
150. Uncertainties in the measurement of ¢, are pre- 
sumably responsible for the spread in the reported 
values of go, although differences in sample preparation 
and orientation may to a lesser extent contribute to 
the discrepancies. 

There appears to be good agreement between our 
field-effect data and those of Montgomery and Brown'® 
as indicated by the similarity in the shape of their 
Oy, versus g, curve and ours. The energy levels of the 
discrete surface states near the center of the gap are 
E.— Ey= (122)kT according to Montgomery and 
Brown as compared to our value of (1.142.8)k7 Our 
(),, curve is different from the corresponding curve by 
Bardeen ef al.'* At least in part, the discrepancy may 
be due to the use of the Schrieffer correction’ by 
Bardeen ef al., which was not taken into consideration 
by Montgomery and Brown and by us. 

The surface states at (Z,— £,)>6kT and at (E,— Ey) < 
—5kT which we deduced from our field-effect measure 
ments may be compared with surface states deduced in 
a similar way by Montgomery and Brown at E,—£, 
= (1+47)kT and by Bardeen ef al. at k,— ky 5kT to 
—6kT. The same surface states have been calculated 
from channel measurements by Statz ef al.,!*" at 
Ey Ey= — 5.5kT and at Ey y= 5 to 7kT. Apparently, 
the same states have also been deduced from their 
surface recombination studies by Many ef al.,? at 
E,—E,=—9kT. In our measurements of surface re- 
combination velocity, however, the range of gy, was 
limited to the observation of traps near the center of 
the gap. 

In some of our measurements, there was a difference 
between the point where (AG,)y.~%. was zero and the 
point where G; was a minimum. Possibly, a difference 
in the g, values of the two surfaces is responsible for the 
discrepancy. (AG_,)r.%. measures only the properties of 
the surface to which the field is applied while G, 

17 CG. B, Garrett and W. H. Brattain, Bell System Tech. J. 35, 
1041 (1956). 

 Statz, de Mars, Davies, and Adams, Bull. Am. Phys. So« 
Ser. II, 1, 322 (1956) 

“ Statz, de Mars, Davies, and Adams, Phys. Rev. 101, 1272 
(1956). 
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Fic, 5, Rate of change of charge in surface states, kTAQ,./qA¢s, 
versus g¢./kT. The dots were derived from the experimental data 
shown in Fig. 3. The solid curve was calculated by assuming a 
distribution of fast surface states as discussed in the text. The 
dashed curve represents the changes in charge in the fast surface 
states, Us, 
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measures the combined properties of both surfaces. 
Also, the ambient gas might change the trap density and 
thus affect the G; curve but not the (AG,)» ¢ /G, curve. 
We have observed experimentally that both of these 
effects occur occasionally, On one sample we measured 
the field effect simultaneously on both surfaces and 
found that during a Brattain-Bardeen cycle the two 
signals did not change at the same rate, During a run 
shortly after etching, we obtained a G, curve which 
could not be analyzed meaningfully the 
simultaneously measured (AG,)p.2/G, curve was be 
having as expected. This was interpreted as a clear-cut 
indication that the trap density had changed during 
the run. 

An attempt was made to extend the range of ¢, by 
employing high humidity ambients and discharge in 
oxygen over prolonged periods of time. However, under 


whereas 


such severe ambient conditions, the surface conductance 
measurement became erratic. The effect of baking in 
air at 85°C was also examined. Although the value of 
(V,) max Was increased by a factor of two after seventy 
hours of baking, the same values for ggo/kT and C were 
observed, Therefore, it appears that baking does not 
introduce new recombination traps but simply increases 
the density of the original traps. 


CONCLUSIONS 


In the investigation of photoconductance as a func 
tion of ¢g,, a detailed comparison between theory and 
experiment has been made. Over a range in gy, of 8k7, 
surface have been identified 


recombination centers 


which have a ratio of hole to electron capture proba 


bilities of 9 and | L,— £,—0,028| = 0,069 ev. Moreover, 
it has been found that aging at room temperature and 
baking at 85°C in air only changes the trap density but 
does not introduce new types of traps. 

From the field-effect data, the charge in the fast 
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surface states was plotted as a function of surface 
potential. The plot can be fitted by two pairs of surface 
state groups, One group corresponds to the above 
recombination centers and the other group, having a 
larger density of states, is at least 5k7 above and below 
the intrinsic Fermi level. Within our experimental 
range of g,, the latter group seems to have a negligible 
effect upon the surface recombination process. 

The effect of a small ac field applied normal! to the 
surface of an illuminated sample has been examined. 
The results can be interpreted as a superposition of (1) 
a change of surface conductance and (2) a change of 
photoconductance as a result of the field-induced change 
in g,. Good agreement between theory and experiment 
has been obtained. The effect can be used as an addi- 
tional tool to investigate the surface recombination 
centers, 
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APPENDIX 


Garrett and Brattain" expressed the surface con- 
ductance as 


G, - Q(pgl' pt Hal's), 

where I, and I’, are the surface excesses of holes and 
electrons. For a small change in ¢,, 
AG, = (0G,/AV AY = —[eeokTni/ 8 |'F 

X [upd(e-¥— 1) + ued (e¥ 1) JAY, 
where 

F=+[A(e-’—1) +r" (e¥—1)+ (A—A>) V If, 
Y=qg./kT+\nd, and d= po/n. 


If one knows \, (0G,/08Y) can be calculated as a 
function of ¢,. 
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R-Center Production in Alkali Halides 


G. R. Core* anno R. J. Friaur 
University of Kansas, Lawrence, Kansas 
(Received October 15, 1956) 


The suggestion that both the R, and Ry bands in colored KCI crystals may be due to transitions of the F; 
center is considered. Formation mechanisms in support of this view are presented which are consistent with 
(1) the behavior of the R and M bands during F-light irradiation, (2) the observed decrease of the R bands 
and increase of the M band produced by heating, and (3) the photoconductivities measured for the R; 


and R, bands 


ERMAN, Wallis, and Wallis! have shown that the 

intensity ratio of the R, to Ry bands in colored 
potassium chloride is essentially constant over a wide 
range of conditions, They point out that if, as is 
currently accepted,’ the R, band is due to a transition 
of the /y* center and the R, band is due to a transition 
of the F, center, prolonged F-light irradiation and 
consequent production of conduction electrons would 
tend to increase the intensity of the Ry band and 
decrease that of the R,; band. Furthermore their theo- 
retical calculations indicate that the center composed 
of two electrons trapped by two adjacent negative-ion 
vacancies, called an /, center, might well be responsible 
for both R bands.‘ This suggestion is supported by a 
more detailed consideration of formation mechanisms. 


* Present address: Savannah River Laboratory, E. I. du Pont 
de Nemours Company, Aiken, South Carolina 

! Herman, Wallis, and Wallis, Phys. Rev. 103, 87 (1956) 

* F. Seitz, Revs. Modern Phys. 18, 384 (1946) 

*F. Seitz, Revs. Modern Phys. 26, 7 (1954) 

*At the Color Center Symposium held at Argonne National 
Laboratory October 31-November 2, 1956, J. Lambe and W. D. 
Compton described a temporary bleaching of the R, band in 
NaC] at 77°K by intense illumination in this band; the illumina 
tion did not affect the Ry band, thus indicating that two different 
centers may be responsible for these transitions. Nonetheless the 
remarks in this paper still seem pertinent to the attempt to 


The most direct mechanisms by which an F,* center 
could be formed by conduction electrons freed from F 
centers® involve clusters containing two negative-ion 
vacancies. The possibilities appear to be: (1) an electron 
is captured by two adjacent negative-ion vacancies, 
but such trapping centers should be very rare in the 
lattice. (2) An electron is captured by a neutral vacancy 
pair plus a negative-ion vacancy, but this forms an M 
center. (3) An electron is captured by a neutral vacancy 
quartet, followed by expulsion of a positive-ion vacancy, 
again forming an M center. Following either (2) or (3), 
the M center could trap another electron and expel 
another positive-ion vacancy, thus forming an F’; center. 
Positive ion vacancy expulsion processes have been 
suggested by Seitz?’ as a mechanism of F-center pro- 
duction when x-ray photoelectrons are trapped by 
neutral vacancy pairs. 

This mechanism of M- and F;-center formation is in 
accord with the observed initial increase of the M band 


understand the optical and thermal transformations of these 
centers and their photoconductive properties. 

®’ That such mechanisms are responsible for R- and M-band 
production, rather than transport of vacancy clusters to F centers, 
is indicated by the work of M. Ueta and W. Kanzig, Phys. Rev 
94, 1390 (1954), concerning the influence of plastic strain on 
R- and M-band formation. 
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Fic. 1. Variations of 
the R; and M bands and 
their sum (optical densi 
ties at the bands’ maxi- 
ma measured at 78°K) 
for an additively colored 
KCl crystal under F- 
light irradiation. The 
data are taken from 
Fig. 4 of reference 1. 
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followed by its decrease, together with the continuing 
increase of the R bands, during continued F-light 
irradiation,'’* If the vacancy clusters described in (2) 
and (3) above form slowly at room temperature, and 
if the M and R centers have approximately equal 
oscillator strengths, the sum of the M and either R 
band should approach a fixed maximum during F-light 
irradiation. If one graphs the sum of the R; and M 
bands from data of reference 1 (see Fig. 1), one does 
see such behavior for an additively colored crystal. 
A similar graph for an x-ray-colored crystal shows that 
the sum rises to a maximum value followed by a steady 
decrease. The final decrease can be explained by the 
normal thermal bleaching of an x-ray-colored crystal. 
Further support is given by Petroff’s measurements® of 
the early growth patterns of the Ry and M bands in 
additively colored KCl. His results (Fig. 19 of refer- 
ence 6) show an R, band growth rate which is directly 
proportional to the magnitude of the M band; this is 
exactly what the mechanism here proposed would imply. 

We have observed qualitatively the approximately 
constant ratio of the R, and R», bands in additively 
colored KCl. We have also observed that heating such 
a crystal to 125°C for 45 minutes causes a decrease in 
the R bands and a rise in the M band; a sample of such 
behavior is shown in Fig. 2. The M band rise could be 
due to the migration of neutral vacancy pairs to F 


® St. Petroff, Z. Physik 127, 443 (1950) 


PRODUCTION IN 


ALKALI HALIDES 


O04, 


a 








Ok rn 4 Ny n ‘ ‘ ‘ J 
1050 1000 950 850 600 750 4 650 
Wavelength (millimicrons) 


Fic. 2. Absorption curves (100°K) showing the behavior of 
the M, R,, and R, bands (a) after slight exposure to white light, 
(b) following prolonged F light, and (c) after the crystal has been 
heated to 125°C in the dark 


centers, On the other hand, the decrease in the RX bands 
can be most readily accounted for by the conversion of 
an F, center to an M center through acquisition of a 
positive-ion vacancy and loss of an electron, this 


process representing the reverse of the formation 
process suggested above. 

Photoconductivity measurements on additively col 
ored KCI crystals at this laboratory’ indicate that the 
room temperature quantum efficiencies (n) for photo 
electron production associated with the R, and R, 
bands are respectively 0.9 and 0.5 (4+ about 25%), 
The F band overlaps the RX bands at room temperature, 
and its contribution was subtracted on the basis of a 
smooth extrapolation of the /-band absorption curve. 
The results are necessarily approximate, but it is quite 
unlikely that the errors should be such as to invalidate 
an interesting conclusion, namely 9(R,)>n(R2). If the 
R,; and R» bands are indeed transitions of the same 
center, the higher quantum efficiency for the higher 
energy band is appropriate, 


7G. R, Cole and R. J. Friauf (to be published 
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Possible Interpretation of Cyclotron Resonance Absorption in Graphite* 


Benjamin LAx anv H., J. ZeiGer 
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 
(Received November 26, 1956) 


An interpretation of cyclotron absorption experiments in graphite is presented. Evidence is given for the 
existence of a majority and minority hole, and a majority and minority electron. The masses for the majority 
hole and electron are ~).07 my and ~0.05 mo, respectively. The masses for the minority hole and electron 
are 0.028 mo and 0.015 mo, respectively. Strong indications of second and third harmonic cyclotron resonances 
for the minority carriers, and weaker indications of harmonics for the majority carriers are noted. Based on 
the assumption that these lines are correctly interpreted as harmonics, selection rules for harmonics of the 
cyclotron resonance exclude certain positions of the band extrema in the Brillouin zone 


INTRODUCTION 


N a recent letter,’ Galt, Yager, and Dail (GYD) have 
reported some very fine observations of cyclotron 

resonance effects in graphite. Recent theoretical con- 
siderations,’ indicate a very complex system of bands. 
We should like to suggest a possible interpretation of 
the data of GYD, which might help to eliminate some 
of the many possible models of the graphite energy 
surfaces. 

Most of the features of the structure observed by 
GYD may be accounted for by assuming two types of 
holes and two types of electrons in graphite. The 
heavier holes and electrons, of mass ~0.07 mo and 
~0.05 mo, respectively, are majority carriers, The lighter 
holes and electrons, of mass 0.028 mo and 0.015 mo, 
respectively, are minority carriers, GYD! have already 
suggested that there are both minority and majority 
carriers present. In addition to the fundamental cyclo- 
tron resonance lines, there are strong indications of at 
least second and third harmonics for the minority 
carriers, and less distinct indication of harmonics for 
the majority carriers. This suggests that the minority 
carriers are strongly anisotropic, and the majority 
carriers are perhaps also anisotropic. In the next section, 
we shall try to justify these conclusions in some detail, 
and to show that harmonics selection rules may help to 
rule out certain possible locations of band extrema in 
the Brillouin zone. 


INTERPRETATION OF THE DATA 


The experiments of GYD were performed with a d« 
magnetic field perpendicular to the hexagonal! surface of 
the graphite sample, and with circularly polarized 
radiation. These conditions correspond to the con- 
figuration analyzed by Lax, Button, Zeiger, and Roth,’ 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the 
Massachusetts Institute of Technology 

‘Galt, Yager, and Dail, Phys. Rev. 103, 1586 (1956); also 
Yager, Galt, and Merritt, Bull. Am. Phys. Soc. Ser. IT, 1, 321 
(1956) 

*P. P. Nozitres, Bull. Am. Phys. Soc. Ser. II, 1, 321 (1956); 

M. McClure, Semiconductor Symposium, National Bureau of 
Standards, Washington, D. C., October, 1956 (unpublished) ; 
G. Koster (private communication) 

* Lax, Button, Zeiger, and Roth, Phys. Rev. 102, 715 (1950). 


using the classical treatment of electromagnetic absorp- 
tion in a metal, The direct absorption curves of GYD 
have the appearance of the theoretical curves for a 
system in which a hole and an electron of equal con- 
centration are the majority carriers. This indicates that 
the graphite sample used in the experiments is a very 
pure semimetal. 

Another striking feature of the experimental results 
in graphite is that the derivative of the power absorp- 
tion for the majority carriers is very similar to the 
classical result shown in Fig. 1, and indicates that at 
1.1°K, wr~3 for both the majority hole and electron. 
The position of the peak shifts to higher field as wr 
decreases. This effect was observed in bismuth,‘ and ap- 
parently occurs in graphite also, as the temperature in- 
creases, The position of the peak for circular polarization 
and wr>1 is given by the relation, w=w,.+ (1/V3)r“. 

The fact that the classical theory seems to apply 
indicates that the carrier mean free path in the direction 
of the hexagonal axis is shorter than the penetration 
depth. This is probably consistent with estimates which 
can be made from the de Haas-van Alphen data® for 
graphite, which give two masses in the hexagonal plane, 
of 3.6X10~* mo and 7X 10~? my, and masses along the 
hexagonal axis of ~ 10? mo; Fermi energies of ~ 2 10-4 
erg; and carrier densities of ~ 10'7—10'*/cc. From this 
data, one obtains 1.~3 X10" cm/sec, and v~5X105 





We me 


O/H larditrory mits 
co 
2 























we /w 


Fic. 1. Derivative of the absorption curve for a semi-infinite 
metallic slab, with the de magnetic field perpendicular to the 
surface, for a single isotropic carrier. 


*R. N. Dexter and B. Lax, Phys. Rev. 100, 1216 (1955). 
* D. Shoenberg, Physica 19, 791 (1953). 
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cm/sec, where ¢ and / refer to the hexagonal plane and 
hexagonal direction, respectively. The penetration depth 
6 for the case wr>1, is estimated from the carrier 
density, using the expression 6= (m*/ne*u)'~10~ cm, 
where m*=m,. The experimental value of r from the 
cyclotron experiments is, Texp~ 2X 10~" sec. The mean 
free path of carriers, normal to the surface of the 
graphite sample, is /~;r;, where 1; is the collision time 
along the hexagonal axis. Now a comparison’ of de 
Haas-van Alphen data® and galvanomagnetic data® in 
bismuth, indicates that r is highly anisotropic for such 
strongly anisotropic surfaces. Crudely, the bismuth 
data indicate that r:/r¢~ (mi/m,)'. Texp is a measure of 
the shortest 7, and is, therefore, roughly r,. Therefore, 
TI Texp(mi/m,)'~10~ sec, which is probably too high 
an estimate. From this, we find 1~5X10~™, which is 
comparable to 4, indicating that we are close to the 
classical limit. 

To support the idea of the presence of majority and 
minority carriers in graphite, Fig. 2 shows a theo- 
retical plot’ of dP/dH vs H, for a sample containing two 
kinds of holes, with majority to minority carrier con- 
centration 5:1, The majority and minority mass ratio 
is taken to be 3:1, and wr is assumed to be 3 for both 
carriers, The de H field is assumed perpendicular tothe 
sample surface, and the incident rf is assumed circularly 
polarized, corresponding to the experimental arrange- 
ment of GYD. The general shape of this curve strongly 
resembles portions of Fig. 1(b) of GYD, associated with 
the two peaks at 750 oe and 240 oe for holes; and 
— 550 oe and — 120 oe for electrons. 

In addition to the fundamental resonance lines for 
the minority carriers, the derivative data of Fig. 2 of 
GYD show pronounced peaks which are apparently 
second and third harmonics at 4 and 4 the field for the 
fundamental. A minor peak at +60 oe and a fainter 
one at —30 oe may possibly be fourth harmonics, 
There is also some indication of harmonics for the 
majority carriers, though these are much less pro- 
nounced. For the majority electron, there are indications 
of second and third harmonics at — 230 oe and — 150 oe; 
for the majority hole, there is a possible second harmonic 
at 330 oe, and the third harmonic, if it exists, could be 
buried under the minority hole structure. It is note- 
worthy that the harmonics of the minority carriers are 
quite intense. The derivative technique tends to sharpen 
and increase the intensity of lines occurring at lower 
fields. Nevertheless, the surfaces associated with the 
minority carriers would have to be very anisotropic to 
show such strong harmonics. 

If we assume that our interpretation of the existence 
of second and third harmonics for the minority carriers 
is correct, then we can apply the results of analysis 


* B. Abeles and S, Meiboom, Phys. Rev. 101, 544 (1956). 

7 The curve of Fig. 2 was obtained by Laura M. Roth in connec 
tion with a general theoretical study of cyclotron absorption in 
metals, The parameters are rough approximations to the situation 
in graphite. 
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Fic. 2. Derivative of the power absorption, as a function of 
magnetic held in normalized units, w, is the cyclotron frequency of 
the majority carrier. The mass ratio of minority carrier to majority 
is 1:3. The concentration ratio is 1:5. wr=3 for both carriers 
Note the sharpness and enhanced intensity of the minority 
carrier resonance, and the small shift in peak position, 


developed for cyclotron resonance of carriers on warped 
energy surfaces.* We shall assume that the energy 
surfaces associated with the carriers are warped, and 
very elongated ellipsoids, with major axes along the 
hexagonal axis. For the experimental configuration 
employed by GYD, a surface with a threefold axis of 
symmetry along the hexagonal axis will show no third 
harmonic [ Fig. 3(a) }; and a surface with two orthogonal 
planes of mirror symmetry intersecting along the 
hexagonal axis, will show no second harmonic [ Fig, 
3(b) ]. Then, the existence of both second and third 
harmonics rules out Point O, Point A, and Point B as 
positions of the minima or maxima of the energy 
surfaces in the graphite Brillouin zone [ Fig. 3(c) |. The 
remaining possibilities are that the extrema lie (1) along 
the zone edge; (2) along line OA; (3) along line OB; 
(4) at general points in the zone. [See Fig. 3(c). ] For 
cases (1), (2) and (3), the surfaces would have one plane 
of mirror symmetry. 

Similar arguments could be advanced for the majority 
carriers. However, the identification of harmonics in 
this case is less certain. 


DISCUSSION 


The current theoretical picture in graphite is some- 
what uncertain, Corbato’ has performed a careful 


* Zeiger, Lax, and Dexter, Phys. Rev. 105, 495 (1957); J. M 
Luttinger and R. R. Goodman, Phys. Rev. 100, 673 (1955); 
J. M. McClure, Phys. Rev. 101, 1642 (1956) 

°F, J Corbato, Doctoral thesis, Department of Physics, 
Massachusetts Institute of Technology, Cambridge, Massachu- 
setts, 1956}(unpublished), 
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Fic. 3. (a) Cross sections 
Ni of an energy surface in the 
hexagonal plane, with a 
threefold axis of symmetry. 
(b) Cross section of an 
energy surface with two 
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calculation of the band structure of a two-dimensional 
model of graphite. His that 
carriers at the Fermi level are located on two energy 


calculation indicates 


surfaces which touch with finite slope at Point A in the 


Brillouin zone. Noziéres,? McClure,’ and Koster? have 
considered group theoretical treatments of the three- 
dimensional graphite lattice. McClure and Koster have 
shown that the k- p perturbationt carried to higher order 
terms could lead to bands which cross at Point A, but 
have maxima and minima away from Point A. Koster 
finds that his analysis suggests all of the extrema could 
occur near the Point A, and rules out extrema along OB 
as less likely. These models are not inconsistent with the 
interpretation of the microwave data presented here. 

It would be desirable to obtain cyclotron absorption 
data, with surfaces other than the hexagonal plane 
exposed, Unlike the case of bismuth, graphite cleaves 
too readily along the hexagonal plane and cannot be cut 
in other directions. Microwave measurements with dc 
magnetic field in the hexagonal plane would be difficult 
to interpret, because of the superposition of all the hole 
and electron peaks. The use of doped samples, as 
suggested by GYD, to eliminate either holes or elec- 
trons, would probably result in greater scattering and a 
reduction of wr. However, at infrared frequencies this 
would not be a serious handicap, and measurements 

t Note added in proof.—The k-p perturbation method is that 
originally suggested by W. Shockley [Phys. Rev. 78, 173 (1950) ] 


for treating the problem of band shapes, and has been discussed 
most recently by E, O. Kane (J, Phys. Chem. Solids 1, 82 (1956) }. 


° orthogonal mirror planes of 
symmetry. (c) Cross section 
of the Brillouin zone of 
graphite, with possible loca- 
tions of band maxima and 
minima. 


(ce) 


with the magnetic field parallel to the hexagonal plane 
could provide useful anisotropy data.{ 

We should like to thank Dr. Laura M. Roth for help- 
ful discussions concerning cyclotron absorption. We 
have benefited from discussion of the graphite band 
structure with Professor G. Koster, Dr. F. J. Corbato, 
Professor J, C. Slater, and Dr. D. Polder. 


Johnston [Proc. Roy. Soc. (London) 227, 349, 359 (1955) }, and 
also Mrozowski and Chaberski [Phys. Rev. 104, 74 (1956) | have 
indicated that a four carrier model may be essential in explaining 
the observed Hall effect in the high temperature region. Johnston 
has shown that below about 100°K, the Fermi surface in graphite 
occupies regions of the energy surfaces where the interpretation 
of Hall effect becomes even more involved. Recent extensions of 
the band calculations for graphite by J. W. McClure (private 
communication) give a detailed model of the energy surfaces, 
which lend support to the conclusions of this paper. In particular, 
he finds that the surfaces associated with the light holes and 
electrons are located near point A, and along the line AB of 
Fig. 3(c). 

Further examination of the theory of harmonics for warped 
surfaces has indicated that under some circumstances harmonics 
of the hole resonance, as well as its fundamental, may occur on 
the electron side of the absorption vs magnetic field curve, and 
vice versa for electrons. However, we feel that this effect does 
not occur to any significant degree in the data of GYD. In addi- 
tion, the harmonic selection rules for hexagonal symmetry and 
electromagnetic propagation in the experimental configuration 
of GYD have been examined further. We find that with only a 
quadratic dependence of the energy on k, third harmonic reso- 
nances of holes cannot occur on the hole side of the resonance 
curves, and vice versa for electrons. Since the data of GYD 
indicate third harmonic resonance of the light holes on the hole 
side, and of light electrons on the electron side, the energy sur- 
faces in these regions must have a linear, cubic, or higher order 
dependence on k, as well as a possible k# dependence. 


} Note added in proof.—In papers on the Hall effect in Sif an 
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A set of two Auger-type processes has been found by which the trapping of a hole or electron can occur 
with the emission of an energetic hole or electron instead of a photon. A rough calculation is made of the 
cross section of the combination of the two processes as well as the cross section of the radiative process 
For a wide class of semiconductors, it is found that the combination of the radiationless processes will 
predominate over the radiative one under practically all operating conditions 


I. INTRODUCTION 


HERE seems to be increasing evidence in the 

study of semiconductors that minority and 
majority carriers can recombine without the emission 
of electromagnetic radiation. Thus far, the only possible 
process by which this could have occurred is one where 
there is a simultaneous emission of a large number 
(from 10 to 100) of phonons. Rough perturbation cal- 
culations, however, seem to show that such a multi- 
phonon process is highly improbable and thus will not 
be able to compete with the radiation process under 
most conditions. 

In this paper another nonradiative recombination 
scheme will be proposed which, according to the rough 
calculations to be presented here, may not only 
compete with but even overwhelm the radiative process. 
The recombination scheme will consist of two types of 
processes, each of which resemble the Auger effect in 
atomic physics since each process will allow a hole or 
electron to be trapped with the emission of another 
energetic free hole or electron instead of an infrared 
or light quantum. In each case, after emission, the 
energetic hole or electron will rapidly lose its excess 
kinetic energy through collisions with lattice centers 
and other free carriers until it is moving with only 
thermal! energy. Thus, it is seen that the excess energy 
in these trapping processes eventually will be converted 
into heat instead of a photon as in the radiative process. 

The recombination mechanism will be assumed to be 
a two-step process involving a deep trap as described 
by Shockley and Read.' The first step of this process 
(which will be referred to by the subscript e in all sub- 
sequent symbols) consists of an electron in the con- 
duction band jumping into an empty trap. The second 
step of the process (to be referred to by the subscript /) 
consists of an electron in a filled trap jumping into a 
vacancy in the valence band, (This is usually called the 
trapping of a hole.) 

In the subsequent sections, rough order-of-magnitude 
calculations will be made of the cross sections of all the 
radiationless processes as well as the radiative one. The 
treatment will be based on three main assumptions. 
These are: (a) the solid can be treated as a dielectric 
medium (having the static dielectric constant ¢o) in 


1 W. Shockley and W. T. Read, Phys. Rev. 87, 835 (1952). 


which mobile carriers move as though they were free 
particles having an effective mass m*, (6) a hydrogen- 
like model can be used for a deep trap, and (c) all 
quantum calculations can be done within the Born 
approximation. The justification of some of these as- 
sumptions will be dealt with in the subsequent sections, 

After calculating the cross sections, the probability 
of occurrence for each type of process will then be 
compared in both steps of the recombination process. 
Finally, some brief remarks will: be made on how the 
radiationless recombination described here 
should behave under various doping conditions and this 
will be compared with the Shockley-Read theory. 


process 


II. RADIATIONLESS PROCESS NO. 1 


This process will be treated in detail only for the 
second step of the recombination mechanism although, 
as will be shown subsequently, the calculation can 
easily be adapted to the first step. 

In the process to be considered, a free hole moving 
with thermal velocity will approach a filled trap when 
there are free electrons also near the trap. It will then 
be possible for a transition to occur where one of the 
electrons (i.e., either the electron in the trap or one of 
the free electrons) will annihilate the hole and the other 
electron will be ejected into the conduction band with 
a kinetic energy nearly equal to the energy difference 
(E7—y) between the trap energy, Er, and the top of 
the valence band, Fy. 

It should be mentioned that the foregoing recom 
bination process cannot occur when the free hole en 
counters two free electrons because it will not be pos- 
sible for momentum to be conserved. With one of the 
electrons trapped, the momentum deficiency can easily 
be absorbed by the trapping center which is a heavy 
atom. 

The general expression for a cross section can be 
found in various quantum mechanics texts and is of the 
form? 

w dnl) , 
da (b,e| Hy! fh) \* pr, (1) 
to 6 so 

4 See, for example, W. Heitler, The Quantum Theory of Radiation 
(Oxford University Press, London, 1947), second edition, p, 90 


The notation used in the remainder of this paper will follow that 
of Heitler, 
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where do is the differential cross section; L’ is the total 
volume of the semiconductor crystal; pr is the density 
of the final state and has the form 
pe= L'pm*da,/(2rhc)*, (2) 

where p is the momentum of the energetic free electron 
and m* is its effective mass; dQ, is solid angle of its 
emission direction ; 0 is the velocity of the hole. 

The quantity (b,e|H;| f,) is the matrix element for 
the process and has the form 


(b,e| H,| fh) J frst dttan(nndendrs (3) 


The process has been considered to be essentially a 
two electron interaction with the hole of the being 
viewed as a vacancy in a valence electron state. ry is 
the space coordinate of the free electron and ry is the 
space coordinate of the trapped electron, The space 
parts of the initial and final total wave function 4; (1),12) 
and t11(1),%), respectively, appearing in Eq. (3) have 
the form 


(4a) 
(4b) 


ty (0,82) (1/V2)[ ten 2 5) tn ( 2) te ty ( 12) en (1) |, 


44; (1),T2) (1 V2) [ tty (1 ;) tn ( 2) + uy (To), (1;) |. 


The (+-) or (—) sign occur in Eq. (4) above depending 
on whether the two electrons have antiparallel spins or 
parallel spins (i.e., on whether they form a singlet or 
triplet system). The functions, u», u,, uy, and uy, are the 
space parts of the wave functions, ¥, a, ws, and Pa, 
which will be in the form of reduced Bloch wave 
functions: 


B(bo) i AEY 7 
v»(r,1) exp ( Jb (01 )4 
(wa;')' he 2 
r t 
ti(Ee rz) )}. 
a he 
B(bo) | i AE 
exp ( )[bor— (20 : | 
Ls \\he/L 2 
i p'l - | 
(bee 
he 2m* ce 
B(bo) ( i )l ( =) 
‘xD o'r Eo t 
nth 2 
( i )| po'l 
} Pot 
he 


2m*c? | | 
B(bo) 1 AE 
exp} ( )I hor (01 ye} 
Li he 2 


B(bo) is the periodic block factor which is assumed not 


Vv, (4,1) 


Wn(¥,l) (5d) 
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to vary rapidly with bo; bo is the Brillouin zone mo- 
mentum vector, and Zp» is its corresponding mean 
energy value; AZ is the width of the energy band gap. 

y of Eq. (Sa) is the wave function of the trapped 
electron. The trap model assumed here is a hydrogenlike 
structure in a dielectric material with the effective 
dielectric constant, ¢, adjusted so that the ionization 
energy is equal to (Ec—Er). (Ec is the edge of the 
conduction band.) This means that the ‘“‘radius,’’ a;, of 
the trap is determined by the relation 


ay= [Er/(Ec— Er) }'an, (6) 
where Ex is the Rydberg energy of hydrogen and ay 
is the Bohr radius. 

¥, of Eq. (5b) is the wave function for the energetic 
free electron in the conduction band. 

y» is the wave function for the incident hole and y, 
is the wave function for one of the free electrons in the 
vicinity of the trap. (The thermal energy of the free 
electron has been neglected in this rough treatment.) 
Since a hole is to be assumed to be a vacancy in the 
valence band, ¥, corresponds to a valence band state 
of an electron, thus explaining the (/o—4A£Z) energy 
factor instead of (Ho+4A£). 

H, in Eq. (1) is the interaction energy, which will be 
chosen on the assumption that only the longitudinal 
components of the electromagnetic field contribute to 
the reaction. Thus, only the instantaneous Coulombic 
interaction between two electrons need be considered 
(since with the hole being merely an electron vacancy, 
this will be a two-electron problem). 

In order to obtain a finite value for the cross section, 
it will be necesssary for the Coulombic interaction to 
have a kind of screening radius only within which inter- 
action can take place between two free carriers in the 
semiconductor. Such a screening radius has been 
proposed by Pines’ on quite general grounds. The value 
of this screening radius was proposed to be the Debye 
length, Lp. 

Thus, ; will be assumed to have the following form: 


e 


H.=— 


€o| f1— Fo! 


(7) 


exp( - lrs— r, | /Lp), 


where ¢€o is the static dielectric constant.‘ 
When one uses the relations of Eq. (7) and equation 
sets (4) and (5) in Eq. (3), the matrix element can be 


*D. Pines, in Solid State Physics, Advances in Research and 
Applications, edited by F. Seitz and D. Turnbull (Academic 
Press, Inc., New York, 1955), Vol. 1, p. 377. 

‘It has been assumed in this and the subsequent sections that 
the effective dielectric constant of the Coulombic interactions 
between moving electrons and holes is nearly eo. This is felt to 
be justified because within the critical separation distance of 1077 
cm the two carriers would be moving past so rapidly that the 
interaction would be of the order of 10“ second. This, however, 
would have nearly all frequency components less than the critical 
value of (AE/h) (210"* sec) at which the effective dielectric 
constant starts to decrease. 
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shown® to have the form: 
(b,e| H;| fh) = 32m (e*/€9)(Lp*a,'/ L*) 
| F (pol.y) F*( = Po! ay) 
+- f'( p ” Po Lp) F*(poar) |, (8) 


where F(x) =([1+-27}"'. 

If Eqs. (2) and (8) are substituted in Eq. (1) and 
the result is integrated over dQ,, the expression for 
the total cross section, oy, will become: 


Tth (po) os 4a ( 16L p*/an )*(pm* / eo? pom) (aAN,) 
X LF? (poly) F"(par)+F?(pLp)F*( pas) 
— F (polp )F (pLp )F* (poa,) F* (pay) |. (9 ) 


The result of Eq. (9) has been averaged over electron 
spin directions, with a statistical weight of 1 being given 
to the singlet state and of 3 to the triplet state. 

Moreover, the parameter, N,, is the free electron 
volume density in the semiconductor and appears in 
Eq. (9) because of the fact that it is possible for any 
free electron in the semiconductor to be in the vicinity 
of the trap. Thus, the cross section for one electron 
must be multiplied by VL’. Since the cross section for 
one electron will contain the factor L~*, the L*’s will 
cancel and the result will be that of Eq. (9). 

Incidentally, from equation set (4), it can be deduced 
that the following energy relation: must be satisfied for 
energy to be conserved and, therefore, for the reaction 
to take place. 


pe'/2m*e— (Eo— Ex) + AE= p*/2m*c*. (10) 


It is also possible for a reaction similar to the one 
described above to take place in the first step of recom- 
bination. Here the role of holes and electrons would be 
reversed and an energetic hole would be given off 
instead of an energetic electron. The details of the cal- 
culation of the cross section, a,., would be very similar 
to those of o;,; and within the accuracy adopted here, 


(11) 


O16( po) =ao1n( po) Nr/Ne], 


N,, is the hole concentration. 

Incidentally, it should be mentioned that there is 
another process, similar to process No. 1, which can 
take place in the second recombination step. This 
process, instead of involving a free electron and a free 
hole near a trap, would involve an exciton (i.e., the 
solid state analog of positronium) coming within the 
vicinity of the trap and being annihilated. However, by 
using the calculation methods developed here, it can 
be shown® that this exciton process will ordinarily not 
be able to compete with the two radiationless processes 
presented here for the very low density of excitons 
usually present in most semiconductors. 

® See Appendix A for the details of the calculation. The con 
tribution resulting from the factor | B(b») |? being different from 
unity has been neglected 

* Exciton annihilation at a trap has been calculated by Y 
Toyozawa Progr. Theoret. Phys. Japan 12, 421 (1954) ] using 
entirely different methods. However, the two results seem to 
compare within an order of magnitude. 
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III, RADIATIONLESS PROCESS NO. 2 


This process will first be considered here in connection 
with the first step of recombination. The treatment of 
the second step will be shown to be very similar. The 
process consists of a free electron approaching an empty 
trap when there are other free electrons also near the 
trap. It will then be possible for a free electron to jump 
into the trap with the energy excess (He— Fr) being 
taken up in the kinetic energy of another free electron 
in the vicinity. As can be seen, the calculation can be 
made into a two-electron problem just as in Sec, IT and 
the details will be very similar to those of process No. 1. 

The actual value of the matrix element for this type 
of process will be quite different than that of process 
No. 1. Instead of equation set (4), «; and 1, will now 
have the following form: 


(12a) 
(12b) 


41 (11,02) = (1/V2)[ te ( 11) tn (ta) he ( Te) ty (Ts) |, 


t4y1 (1382) = (1/V2)[ ey (01) ty (2) ty ( 82) uy (1) J. 


Here u“,, % and uy have the same definitions as before. 
u,, representing the spare part of the wave function 
for the incident free electron, can be derived from y, 
which is of the form: 


B(bo) i AE 
y.(r,/) exp| ( JI». r («. { ) 
Li he 2 
po'l 


|. (13) 
2m* 


From equation set (12), Eq. (13), and Eq. (8) it can 
readily be seen that the matrix element, (e,n| /7,|b,f), 
for process No, 2 will have the same form as (b,n| H,| ,A) 
in Eq. (8) except that p must be substituted for py and 
po for p. By using this result and proceeding in a similar 
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manner used in process No. 1, the result for the cross 
section o2¢(po) can be obtained by substituting p for po 
in all of the F’s in Eq. (9), The expression for a2(po) 
will then be: 


h® \*7 pm* 
O26( Po) tn( 16 ) ( ) ae e(pa (14) 
pan €o Pom 


It has been assumed in deriving Eq, (14) that pLp>>1. 
In comparing the result of Eq. (14) with that of Eq. 
(9) it will be found that o2,(po) is, in general, much 
smaller than o,(po). This is due to the fact that 
F (pol.p) in Eq. (8) is much larger than the correspond 
ing F(pLp) in Eq, (13). 

For the second step of recombination it is possible for 
a process similar to the one just described to occur. The 
role played by the two free electrons before would now 
be played by two free holes. The details of the calcu 
lation of the cross section a2, would be very similar to 
those of 72, and within the accuracy adopted here, 


F2n( po) Ore( fo) (Ni/N,). (15) 





1472 LEON 

It will be noticed that in all the calculations up to 
now the wave functions for free particles were assumed 
to be plane waves (i.e., all of the calculations have been 
made only within the Born approximation). 

In the case of the wave functions for the emitted 
energetic free particles, the plane-wave assumption 
is obviously fairly good since here the particle kinetic 
energy is comparable to the ionization energy of the 
trap. It is also a good assumption for wave functions 
of low-energy incident particles where the trap is 
initially filled (i.e., in the calculation of 04, and aga), 
since then the trap site will be electrically neutral and 
there will be no interaction with the incident particle. 

It is only for low-energy incident particles where the 
trap is initially unfilled (i.e., in calculating o;, and 2.) 
that the plane wave approximation for the wave func- 
tions may not be valid since here there will be a 
Coulombic interaction between the incident particles 
with the kinetic energy of the particles far less than the 
ionization energy of the trap. It is not expected that 
this discrepancy will greatly affect the results of the 
calculation of o;,. The main reason for this is that the 
wave-function amplitude would deviate significantly 
from its plane-wave value only in a region of volume 
around the trap whose magnitude is about ra’. How 
ever, the significant contribution to the integral 
[written in Eq. (2A) ] which is involved in the matrix 
element of Eq. (8) will be from a volume region much 
greater than wa,’, and any corrections within the region 
of wa? can be neglected. 

The situation just described is not true for the matrix 
element integral in Eq. (13). Here nearly all of the 
significant contributions to the integral occur within a 
volume region of ra’. Thus, it can be expected that the 
local fluctuations in the incident particle wave function 
amplitude may greatly affect the result of o.,. However, 
the plane wave approximation will nevertheless be used 
here for the calculation of og, because, first (as will be 
seen later), an error in this cross section will not greatly 
affect the total lifetime. Second, in order to be able to 
make an accurate calculation which is to have any sig 
nificance, it is necessary to have an accurate model of 
a deep trap (the hydrogenlike model used here is obvi- 
ously not correct) and this is not known. It might be 
mentioned that if one uses the hydrogenlike trap model 
in an accurate calculation (which is closely related to 
the calculation of hydrogen ionization by electron 
impact), the result will be a cross section significantly 
lower than that calculated by the Born approximation. 


IV. RADIATIVE PROCESS 


In order to be able to compare the frequency of 
occurrence of the radiationless processes with the 
radiative one, it is necessary to calculate the cross 
section for the occurrence for the first and second steps 
of recombination with the emission of a photon. 

For the second recombination step, this is done by 
using the cross-section formula of Eq. (1), where v9 now 
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is the velocity of a free hole and py takes the form 
eo RAY 

rent é 

(2xhc)* 
where k is the energy of the quantum and d{, is the 
infinitesimal solid angle defining its direction of emis- 
sion, 

The factor eo! appears in Eq. (16) because, as stated 
above, the crystal is assumed to be a dielectric medium 
for radiation frequencies less than (AE/h). Thus, the 
wave vector will be (¢)'k instead of k as in free space. 
The interaction Hamiltonian will then take the form 

H = (eh/egmc)Ay:V. (17) 
The initial and final wave functions in the calculation 
of the matrix element will be of the form of Eq. (Sa) 
and Eq. (Sc), respectively. Making the appropriate sub- 
stitutions in Eq. (1), the details of the calculation will 
then closely resemble those of the photoelectric effect 
and can be found in standard quantum mechanics 
texts.’ The differential cross section do,, which is then 
obtained is 


Ce é \? 
doy,= (sax137)(—)/( ) 
Vo me 


(he/a,)*Lk ‘Eo I( by e,)"dQ, 
x , 
[ (he/a,)?+ (po — €0! ° k)? } 


where e, is the unit polarization vector of the quantum. 
After summing over the quantum polarization and per- 
forming the dQ, integration (assuming that po>>h), 
the total cross section a, is: 


: 1 hv*/e 2ka? 
ent p( )( )( )( (oa), (19) 
3 mec V6 €o!aghc 


where do is the atomic spacing so that bo3hc/ao and 
where it has been assumed that: 
k=Ec— Er. (20) 
The calculation of o,, will for the most part be very 
similar to o,, and it can be shown that 


Ec—Er 
Ore( Po) -( i Jora(p 


le—~ Ey 
V. COMPARISON OF THE PROCESSES 


If it is assumed that the percentage of empty traps 
(whose concentration is N,) is £, then it can be shown 
that the decay rate for electrons is: 


dN ,/dt=N &(1/tret+1/T ce), 


pr= (16) 


(21) 


(22) 
where 


£ 


2 vif £(po; T')v00re( po)d po, 


Tre 0 


1 


(23) 


=v.f g(Po; T)volore( Po) +o26( Po) \dpo. (24) 


Tee 0 


7 See, for example, reference 2, p. 122. 
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Here g(po; T) is the Maxwellian thermal distribution in 
po(=m*vo) corresponding to the temperature 7. 

Upon carrying out the integrations over po in Eqs. 
(23) and (24), the approximate result will be 


1/7, S=4N Dob re, (25) 


1 Lp Ny N, 
~ivad ( )( Jaut( Jan} (26) 
Tce Lo N rt N i 


where fio= (3k7'/m*)'; N, the intrinsic carrier concen- 
tration and Lp is the Debye length at intrinsic concen- 
tration. From Eqs. (9), (14), and (19) the definition 
for the various 4@’s are: 


tg h \* ¢m*c a?k 
(MEV Coo 
37 \ mc po 7 U(€) ache 
Lp 
neta H)(2)(2) 
ean” Po 


(“ 
(*) v. roa, (27b) 
Po 


soe=4e(160)"( \(" \(- ‘) 
ay *p Po 
x|(“ ‘9 Je(pa9. (27c) 
p 


The parameters fo, p, and k are defined from the fol- 
lowing approximate relationships 


x 


Po= m* io, (28a) 


p=(2m*(Ee- 
I Ky . Ey. 


Er)c* |}, (28b) 


(28c) 


To compare the frequency of occurrence of the 
radiationless processes with the radiative one, it is 
necessary to obtain the ratio (r,./Tce). When the ratio 
is greater than unity, the radiationless processes will 
predominate. To compute this ratio, it is necessary to 
know the cross-section ratios (@1./Gr.) and (G2/Gre). 
The cross-section ratio can be shown as a function of 
the various physical parameters by using equation set 
(27). The result is: 


G6 
( ) =3x4! 
Gre 


mo pay | =) 
egtkhe 


a; 


F* (pray) 
(5) * Sie 
Po F* (pas) 


real | (“) | (fia,) 
6 N, 
ehkay? F*(poa,) 


(29) 


(30) 
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Fic. 1. Radiative 
and nonradiative 
lifetime parameters 
vs doping for ger 
manium at 300°K, 
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Comparison of the various processes by means of 
numerical calculations will now be made for the case 
of germanium at 300°K. The values for the 
physical parameters used in the calculations will be: 
AE=0.7 ev; Ec— Er=0.3 ev; m*/m=0.3, a= 310°" 
cm; ao=1.7K10~° cm; Lp=3X10- cm; he/po= 1.7 
X10-7 cm, hc/p=5XK10-* cm; Ny= 3X10" cm, and 
€o= 16. When these values are used in Eqs. (29) and (30), 
it can be found that (@,/¢,.) is about 10* whereas 
(G2./Gre) i8 only about 5. The actual values of the 
cross sections found from equation set (27) are 
6 = 2K10-” cm*; 6 = 10-"* cm’? and 6&2 107'* cm? 
(which is about the value found experimentally*). 

As can be seen from Eq. (26), the nonradiative life 
time r¢- Will be a function of doping. The dependence is 
illustrated in Fig. 1 (by the solid line) and is based on 
the calculations performed above for germanium, In 
calculating values for the curves in Fig. 1, it has been 
assumed that Lp will depend on doping as given in the 
following relation: 


various 


Lp [ egkT 2re’(N e+ Ny) |! 


Ll 2N/(Ne+N,) }. (31) 

In studying the r,, curve of Fig. 1, it should be noted 
that the variation of r,. with doping when the sample 
is p-type is relatively small | varying only as (N,/N,)']. 
This is because in this range (where the No, 1 type of 
recombination process predominates) the variation of 
Lp with doping tends to counteract the variations of re. 

As the sample is made n-type, 7. will at first increase 
rapidly because now the variation of Lp with doping 
will be in the same direction as the variation of r,,. The 
increase in r¢- with doping will however change to a 
decrease for highly doped n-type samples when the 
No. 2 type of recombination process becomes dominant. 

The treatment for the second step of recombination 
is almost exactly the same as the first step and the 
results are very similar. 


* Burton, Hall, Morin, and Severiens, J. Phys. Chem, 57, 853 
(1953) 
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Instead of Eqs. (25) and (26), the following results 
for the second-step lifetimes 7,, and 7,4 can be obtained 


1/T rr ns EN Bob, (32) 


1 Lp N, Ni 
wad ( “)( Jou +( an (33) 
Teh Lo N, N, 


The forms of &,, &:, and 2 will be exactly the same 
as their counterparts @,,, 61. and @2, in equation set 
(27) except that the definitions for ~ and k will be 
changed, These will become: 


p=(2m*e(E7— Ey) }, (34a) 


k= (Ey—Ey). (34b) 


The dotted curve in Fig. 1 shows how r. will vary 
with doping. As can be seen, the r,, curve is just the 
Tee Curve rotated about the (NV,/N,=1) line. This 
means that r,, in the m region will behave similar to 
Tee in the p region (and vice versa) and the arguments 
for this behavior are the same as those for r,.. 

The long dashed line in Fig. 1 represents the curve for 
Ty, and 7,,. As can be seen, even at the most unfavorable 
points (corresponding to the “humps” in the r,, and 
Teh Curves), Tre and 7,, are about 300 times as great as 
Tee OF Ten. This means that the nonradiative recom- 
bination processes are always greatly predominant over 
the radiative ones. 


VI. GENERAL REMARKS ON THE THEORY 


In this section some very brief, descriptive remarks 
will be made on some of the physical aspects of the 
theory described above. 

The first question to be considered concerns the 
characteristics of semiconductors that would tend to 
favor radiative transitions over the type of nonradiative 
transitions described here. As can be seen from Eqs. 
(22), (24), (23), and (26), the rate of decay by a radi 
ative transition is linearly proportional to the carrier 
concentrations NV, or N, whereas the rate of radiation- 
less transitions will be proportional to the 4 power or 
second power of these quantities. Thus, it would appear 
that radiative transitions would be more prevalent in 
high resistivity material where V, and N, are relatively 
small. Moreover, from a study of Eqs. (29) and (30) it 
can be seen that the ratios (6:./¢,-.) and (@2./4,.) will 
decrease rapidly when pa,>1 owing to the factor 
F*(pa,) (Poa: is, in general, less than unity). Now, 
according to Eqs. (6) and (28b), pa, will be independent 
of the trap depth (Ze— Fy) in the first step of recom- 
bination. However, Eq. (6) is valid only for donor types 
of traps. For acceptor types, (2¢— Er) in Eq. (6) must 
be replaced by (/r— Ly). In this case, pa, will be pro- 
portional to the quantity [(2e—Er)/(Er—Ey) } 
which, for a given trap “depth” (Ey— Ey), will become 
larger as the band gap AZ increases. Thus, it seems 
likely that Pa;>1 and (6)./é,r-) and (4./é,.) can be 
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small only in wide-band-gap materials. By a similar 
argument it can be shown that this is also true for 
(Gi,/G,n) and (&/%,x). Therefore, it would seem that a 
wide band gap should be characteristic for semicon- 
ductors with a relatively high prevalence of radiative 
transitions. The fact that most phosphors are high- 
resistivity wide-band-gap materials seems to lend 
validity to the above remarks. 

The second question to be considered is how the 
recombination scheme described here would modify the 
Shockley-Read theory.! The only point of difference 
with the Shockley-Read theory is that the lifetime 
parameters r,, and 7,, are functions of doping whereas 
the corresponding quantities (1/C, and 1/C,) of the 
Shockley-Read theory are not. 

The difference in the two theories would show in the 
actual lifetime, r, vs doping characteristic (Fig. 2 of 
reference 1). 

From Eq. (5.5) of reference 1, the dependence of the 
lifetime, r, on various parameters will be 


r= ton(Not+N,)/(Ne+ Ni) 


-f- Teal Ni + N,), '(N, + Ni), (35) 


where N, and N, correspond to m; and p, (in reference 1) 
respectively. Upon using the results of Fig. 1 in Eq. 
(35), it can be seen that variation of r with doping for 
the nonradiative processes considered here should be 
quite similar to the characteristic illustrated in Fig. 2 


(of reference 1), The main reason for this is that when 
the sample is m type the first term in Eq. (35) will, in 
general, be dominant and in this range 7,4 will have 
only a small variation with doping (whereas in the 
Shockley-Read theory 7,0 was constant with doping). 
Similarly, when the sample is p type the second term 
in Eq. (35) will be dominant and in this range r¢,- will 
only vary slowly with doping. The variation of r¢. in 
the m region (and r,, in the p region) will not, in 
general, greatly affect the r+ vs doping characteristic. 
The difference between the two theories should show 
up mainly at high doping concentrations where in the 
Shockley-Read theory the lifetime, r, will be constant 
with the doping ratio (V./N,); whereas according to the 
theory presented here, there would be a slight falling 
off of the lifetime as the sample became more highly 
doped [ the variation would be as (NV ,/N,)' or (Ni/ Np)? ). 
From the existing experimental evidence,* it appears to 
be rather difficult to decide which condition actually 
prevails, 

In the above treatment the nonradiative recombina- 
tion process was compared only to the radiative recom- 
bination process involving traps. It is also possible for 
radiative recombination to occur involving a band to 
band transition. Under quasi-equilibrium conditions 
this latter type of radiative recombination has been 
calculated by several investigators to be very infrequent 
(corresponding to a lifetime of the order of one second 
in germanium). However, under conditions of large 
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concentrations of both types of carriers (such as in a 
p-n junction for large forward voltages), the band-to- 
band radiative recombination would be expected (from 
the above theory) to be more prevalent with respect 
to the nonradiative This is because the 
band-to-band radiative transition would vary as the 
square of the carrier concentration (actually as N.N,4) 
whereas the radiationless transitions would, in general, 
vary only as the $ power of the carrier concentration. 
Band-to-band radiation has actually been observed in 
a p-m junction under forward voltage by Haynes.’ 

It should be mentioned that the fact that the Auger 
effect could be important in recombination has pre- 
viously been stated by several authors.’ There has 
been no detailed calculation, but it would appear that 
only the processes corresponding to 2, or &2 (i.e., only 
the radiationless process No. 2) had actually been con- 
sidered. The calculations performed here, however, 
would indicate that, in general, it is only the radiation- 
less process No. 1 that is prevalent enough to be able 
to give rise to the observed semiconductor recom- 
bination. 


processes, 
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APPENDIX A 


By using Eqs. (9), set (4), and set (5) in Eq, (3), 
the matrix element can be shown to have the form 


(b,n| H,| fh) = (wae) LT (91/44; pora| pri) 


+1 (r;/a1; pors| pre) }, (1A) 


where 


. dr dr» 
I (1;/a; pora| pri) ff ’ 
|fi~ Ps 


1 shes ra! Lal ; 
xexn| (- ——=-- 1 po: Fo ivr) | (2A) 
he Lp aT 


Below, use may also be made of the relations 
I (r2/ a1; pors| pra) =I (ri/ae; poral pri), 
I (42/a4; pors| pri) =I (r/a4; pors| pra). 


There remains only, therefore, the problem of evalu- 
ating the integral /(7;/a:; por2| pri). The following sub- 


(3A) 
(4A) 


* J. R. Haynes, Bull. Am, Phys. Soc, Ser. IT, 1, 131 (1956) 
”L.. Pincherle, Proc. Phys. Soc. (London) B68, 319 (1955) 
"N, Sclar and E. Burstein, Phys. Rev. 98, 1757 (1955), 
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stitutions must be made in Eq. (2A): 
(SA) 
(OA) 


r= (1/v2)(u+v), 
ro= (1/V2)(u—v), 


so that d*ud*v= d*7,d"r9. (2A) will then 


become 


1 d* 1 v21 
t exp (iv2n. v ) f au 
v2 1 he Lp Ve 


Saad a 


1 i u-vV 
exp ( (po p):(u—v) | 
he v2 V2a, 


Since in the « integration v will act as a constant vector 


Equation 


(7A) 


and the integration is over all space, the substitution 
z=U-—V, dz du, 


can be made in Eq, (7A) and will become a product of 
two independent integrals. When one performs the @ 
angular integration in both integrals J will become: 


(2m)* = . v v2 
] | f edv f dx, exp (iv2por ) | | 
v2 0 i he Lp 
«a 1 
x | i) eds dx, 
0 1 


2 1 | 
exp (ii. px: )| , (8A) 
Vi he ‘ v2a, | 


cosd,, When one performs the 
x, and x, integrations, the result is: 


a v2v V2 pot | 
| f di exp( ) sin( ) 
p| 0 Lp he 
s Zz Po p\2 
x| f zz exp ) sin( )}. (9A) 
lJ, vV2a, V2 he 


When one performs the v and ¢ integrations, the final 
result is then: 


where x;= cos@; and x, 


(4ar)* 


V2 po! Po 


2(4m)* (hc)? 


r) 
i( ; Pos m) 
ay 


(he ‘Lp)? t po’ 


(he /a,)(he)* 
(10A) 
[ (he/a,)?+ | p— po? P 


When one uses the result of Eqs. (10A), (3A), and 
(4A) in Eq. (1A), the expression will then become that 
of Eq. (10) in the text. 
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On theoretical grounds, the critical single-domain size of a ferromagnetic particle is expected to be 
influenced by the interaction of other neighboring particles. Measurements of the coercive force of some 
y Ved): powders containing particles of different sizes and shapes at various concentrations provide exper 


imental evidence for the existence of such an effect. 


INTRODUCTION 


HE critical single-domain size of ferromagnetic 

particles is usually calculated' by considering an 
isolated particle. The calculation proceeds by comparing 
the free energy for the state of uniform magnetization 
with that for a state of nonuniform magnetization. It is 
found that there is some critical size for the particle 
below which the single-domain configuration has the 
lower energy. 

Experimentally one is almost never concerned with a 
single isolated particle but rather with a large number 
of particles in the form of a powder or a suspension. 
The interaction between the particles introduces an 
additional energy term which may be expected to 
influence the critical size. This communication presents 
the first experimental evidence for the existence of such 
an influence. 

Kondorskii? has made a theoretical investigation of 
this effect. It is found that for an isolated ellipsoidal 
particle the critical single-domain size depends on the 
polar and equatorial demagnetization factors of the 
particle, For a particle in a powder the demagnetization 
factors of an isolated particle may be replaced by 
effective demagnetization factors which take approxi- 
mate account of the magnetic interactions with neigh 
boring particles. Néel' found a relationship of the form 


D= Dy(1—») (1) 


for all values of v, where D is the effective demagnetiza 
tion factor for a particle in the powder, Do is the 
demagnetization factor for an isolated particle, and 
ve d/dy is the powder’s volume concentration, d being 
the powder density and do the density of the bulk 
material. According to Kondorskii, Néel does not take 
sufficient account of the effect of particles very close to 
the one considered, Kondorskii’s calculation for-elon- 
gated particles with random orientation gives the result 


D= Do(1— kov) for v- 1/ko, 
De0 for v2 1/ko 


'C, Kittel, Phys. Rev. 70, 965 (1946); L. Néel, Compt. rend 
224, 1488 and 1550 (1947); E. C. Stoner and E. P. Wohlfarth, 
Trans. Roy. Soc. (London) A240, 599 (1948); A. H. Morrish and 
S. P. Yu, J. Appl. Phys. 26, 1049 (1955); and W. F. Brown, Jr 
Phys. Rev. 105, 1479 (1957) 

* FE. Kondorskii, lzvest. Akad. Nauk. S. S. S. R. Ser. Fiz. 16, 398 
(1952). 


(2) 


with ko>3. For ellipsoids of revolution, 


4dr 2D,+D, 
( ), (3) 
3 DD, 


where D, is the demagnetization factor along the polar 
axis and D, is the demagnetization factor along an 
equatorial axis, for an isolated particle. 

These results lead to the following conclusions. 

(1) If the particles are single domains when isolated, 
they will remain so at all concentrations. 

(2) If the particles are multidomained but are close 
to the critical size, they may become single domains as 
the concentration is increased. 

Wohlfarth’ has investigated the effect of the inter- 
action between particles in a more rigorous manner than 
Kondorskii, but unfortunately his results apply only to 
certain special cases and cannot be readily compared 
with experiment. 

The basis of our experiment is the measurement of 
coercive force as a function of volume concentration 
for various powders whose particles have different mean 
sizes and shapes. For a powder containing ellipsoidal 
single-domain particles, the various theories lead to 
formulas of the form 


H, = Ho(i- kov— kyv*/*+ 7 e8, (4) 


where H,o is the coercive force at infinite dilution. Ac- 
cording to Néel, ko=1, k;=0. According to Kondorskii, 
ko is given by Eq. (3) and k,;=0 and the equation is 
valid only for v<1/ko. On the other hand, Wohlfarth 
finds H.oko=1oA and H.ok,= 1B, where J is the satura- 
tion magnetization and A and B are constants that 
depend on the interactions and geometrical arrange- 
ment of the particles. 

Multidomain particles are expected to show little or 
no change of coercive force with packing. Morrish and 
Yu' have obtained experimental evidence that confirms 
the predicted behavior of the coercive force for these 
two extreme cases. 


EXPERIMENT 


Four different samples of y-Fe,O; powders were in- 
vestigated. The mean particle size and shape varied 
from sample to sample. The powders were prepared 


+ £. P. Wohlfarth, Proc. Roy. Soc. (London) A232, 208 (1955). 
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AXIAL RATIO 


Fic. 1, Histograms of the particle shape distribution 
in four ferrite powders 


from the yellow pigment oxide FeO-OH by a cycle of 
dehydration, reduction, and oxidation in a manner 
described previously by Osmond.‘ The final product was 
99% y-FeO;, the impurity probably being mainly 
water. The pigment oxide particles were grown so that, 
by controlling the time of growth, samples were ob- 
tained having different mean particle volumes, The 
pigment particles were acicular and the y-Fe,O, par- 
ticles retained this shape. 

The shape distributions for powders 1 to 4 (Fig. 1) 
were determined from a series of electron microscope 
pictures, Measurements were made on about 50 par- 
ticles of each powder. The axial ratio plotted in Fig. 1 
was the ratio of the polar or long axis to the equatorial 
or short axis, the values being rounded off to the 
nearest integer. The figure also shows the mean axial 
ratio for each sample. This ratio ranged from 6.5/1 for 
sample No, 1, the most acicular, to 3.3/1 for sample 
No. 4, the least acicular, 

The distribution in length of the particles was also 
determined for each sample. It was found that the 
lengths ranged from 0,1 to 1.5 microns with a mean 
somewhere between 0.5 and 0.6 micron for each sample. 
Thus, the samples did not differ greatly in the lengths 
of the particles, only in the shape factor. 

(London) B65, 122 (1952) 


*W. P. Osmond, Proc. Phys. So« 
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Fic, 2, The coercive force as a function of concentration for 
four ferrite powders containing different particle sizes and shapes 
d= powder density; do= density of bulk material 


In analyzing the electron microscope pictures it was 
found that the particles tended to coalesce into large 
agglomerates and that this tendency increased as the 


particle size increased, ‘Thus, a bias may have been 
Further, the 


introduced in the statistical samples 
number of particles measured in each sample is not 
sufficient to give the size and shape distribution with 
great accuracy. However, there is little doubt that the 
mean axial ratio decreases as we proceed from sample 
No. 1 to sample No. 4. Measurements of the settling 
time of the powders were in reasonable agreement with 
the above data. 

. The coercive force, the value of the field for which 
the magnetization is zero, was measured by a method 
described by Morrish and Yu.' The concentration of 
the sample was increased by compressing the powder 
in a die. Typical results® for the four samples are shown 
in Fig. 2. For low concentrations there was a possibility 
that the measured coercive force was lower than the 
true value because of physical motions of the powder 
particles under the action of the reverse magneti 
field. To test this possibility, the powders were im 


mobilized in paraffin. The coercive force of these very 


* The results for sample No. 1 have been published previously 
by Morrish and Yu. See reference 1, 
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dilute samples is shown by the encircled points in 
Fig. 2. The evidence is therefore very strong that the 
measured coercive force was the true one even for the 
points of low concentration. 


DISCUSSION 


Comparison of the mean size and shape of the par- 
ticles of the four samples with theoretical calculations 
of the critical single-domain size for an isolated par- 
ticle leads to the following conclusions. At great dilu- 
tion, most or all of the particles of sample No. 1 are 
single domains. On the other hand, most or all of the 
particles of sample No. 4 are multidomained. Samples 
Nos. 2 and 3 contain particles close to the critical size. 

_ The experimental decrease in coercive force with com- 
pression for sample No, 1 and the constancy of the 
coercive force for sample No. 4, as shown in Fig. 2, 
lend support to the above conclusion. Sample No. 2 
also seems to consist mainly of single-domain particles 
although the behavior at low concentrations might indi 
cate the presence of a small percentage of particles 
above the critical size. Sample No, 3, on the other hand, 
behaved as though all or most of the particles are multi- 
domained until a d/dy=0.85 is reached 
when the coercive force begins to decrease with further 
packing. This change in the behavior continues until 
the relationship becomes almost linear, indicating that 


value of 1 


most of the particles have become single domains, The 
critical single-domain size has therefore been increased 
by the compression in agreement with the prediction 
of Kondorskii,.? The gradual change is explained by the 
fact that the sample contains a distribution of particle 
sizes and shapes. 

Kondorskii also suggested that the coercive force 
might increase as the transition point is approached. 
Our results show no such increase. However, this may 
be due to the distribution in particle size and shape in 
our powders 

The curves for samples Nos. 1 to 3 also show a de- 


AND ©. Av &. 


WATT 


parture from the linear decrease in H,, with compression 
at high powder densities. According to Kondorskii 
there should be a departure from linearity at »=1/ko, 
where ko is given by Eq. (3). If a/b=6 (approximately 
the mean value for sample No. 1), ko=8 and the 
critical value of v0.88. This large value of v is ob- 
viously in disagreement with the experimental results. 
It is possible that, with an improved model and fewer 
approximations, Kondorskii’s theory could account for 
the observed behavior. 

In addition, an increase in H, with compression could 
be caused by (1) the introduction of strains in the 
particles and (2) breakage of the particles. The fact 
that sample No. 4 also shows an increase in H, would 
seem to support these hypotheses. A further compli- 
cating factor is the possibility of bridge formation 
between the particles, with the subsequent formation of 
Bloch walls. This effect would decrease the coercive 
force. It is not possible at this time to decide which of 
these mechanisms are operative. 


CONCLUSION 


The experimental results show that the critical single- 
domain size of acicular magnetic particles contained in 
an assembly of particles depends on the concentration. 
The interaction between particles is found to increase 
the critical size, in agreement with a theoretical pre- 
diction of Kondorskii. 
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Current theories of “single-domain” ferromagnetic particles compare the free energy in a state of uniform 
magnetization with that in an arbitrarily chosen state of nonuniform magnetization. In this paper, the 
comparison is made between an initial uniform state and all neighboring states, uniform or nonuniform, 
as an initially large applied field decreases. The initial state becomes unstable when, for some choice of the 


varied magnetization, the second variation of the free energy changes from positive to negative 


rhis 


instability criterion leads to a boundary-value problem; the relative magnitudes of certain eigenvalues 
determine whether the deviation from the initial state occurs by uniform rotation or by development of 
nonuniform magnetization. Formulas for the critical radius are found in simple cases; they agree, except 


for a numerical factor, with formulas of Kondorskii. 


1. INTRODUCTION 


HE present theory of “single-domain” ferromag- 
netic particles is not rigorous. The usual pro- 
cedure’ is to compare the free energy of the uniformly 
magnetized state with that of some state of nonuniform 
magnetization; the latter is of arbitrarily selected form 
but contains one or more parameters, which are adjusted 
to minimize the energy for the chosen form. The state 
of lower energy is taken to be the actual one. Whichever 
way the calculation comes out, the conclusion is uncer- 
tain. If the nonuniform state has higher energy, there 
is no assurance that greater ingenuity might not have 
devised one of lower energy. If it has lower energy, 
there is no assurance that it is accessible from an initial 
uniform state; for there has been no investigation of 
intermediate states and of whether an activation energy 
is necessary for the transition. 

A sounder method is that of Kondorskii.® The class 
of nonuniform states considered by him includes the 
uniform state as a limiting case. This eliminates the 
second uncertainty but not the first; for the minimiza- 
tion is carried out with respect to only two parameters. 

The problem will be attacked here by a rigorous 
method. The energy of a specified initial uniform state 
will be compared with that of all neighboring states, 
both uniform and nonuniform. The conditions will be 
determined under which the initial state becomes 
unstable; and when instability occurs, the mode of 
deviation (whether uniform or nonuniform) will be 
determined. 

2. BASIC THEORY 


Consider a specimen with initially uniform mag- 
netization in a specified direction, and take the z axis 


1 William Fuller Brown, Jr., J. Appl. Phys. 11, 160-172 (1940), 
Eqs. (10) and (11). There the method was applied not to fine 
particles but to long thin specimens. 

* Charles Kittel, Phys. Rev. 70, 965-971 (1946). 

‘Louis Néel, Compt. rend, 224, 1488-1490 and 1550-1551 
(1947). 

4 E. C. Stoner and E. P. Wohlfarth, Trans. Roy. Soc. (London) 
A240, 599-644 (1948). 

P *E. Kondorskii, Doklady Akad. Nauk S.S.S.R. 82, 365-368 
(1952) ; Izvest. Akad. Nauk S.S.S.R., Ser. Fiz. 16, 398-411 (1952). 


along this direction. Then for a rigid specimen the free 


energy is** 


W ic fi (Va)?-+ (VB)?-+ (Vy)? dr 


| fw v,y,2,a,8)dr 


Jaf (Hos t+ HoB+Hory)dr+Wy. (2.1) 


Here dr is an element of volume, C is an exchange 
energy constant, J, is the magnitude of the spontaneous 
(assumed constant), (a,y) are its 
direction cosines, Hy= Hosi+-Hoyj+ Ho.k is the applied 
field intensity, w(x,y,2,a,8) is the anisotropy energy 
density expressed as a function of position and of the 


magnetization 


two independent direction cosines (a3), and Wy is the 
mutual energy of the poles that result from nonsole 


noidal magnetization” 


W 1, f (alld | BH, +yH,')dr 


(Sar) f H’dr. (2.2) 


space 


The field intensity H’ VV of the poles can be cal 
culated from a volume VJ and a 
surface pole density n-J by formulas (25) to (26) of 
reference 8; J=J,(ai+j+yk) is the vector magneti 
zation, and n is a unit outward normal to the bounding 
surface S of the specimen, 

hypothetical 


pole density 


state of magnetizatior 
(ao,Bo,yo), where ao, Bo, and youl 1—ay’?—Ao |! are 


specified functions of position. To find whether W is a 


Consider a 


*L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
169 (1935) 

™W.C. Elmore, Phys. Rev. 53, 757-764 (1938) 

* William Fuller Brown, Jr., Phys. Rev. 58, 736-742 (1940) 

*Charles Kittel, Revs. Modern Phys. 21, 541-583 (1949), 
Sec, 2 

“William Fuller Brown, Jr., Revs. Modern Phys, 25, 131- 
135 (1953), Eq. (14) 
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minimum in this state, we must consider neighboring 
states a=ao+ eu, B=Bo+ 0, y=[1—a’—f* }', where u 
and » are arbitrary functions of position and «¢ is an 
infinitesimal parameter. For given (u,v), let ®(€) be the 
value of W in the state (a8). Then sufficient (or with 
Zinstead of >, necessary) conditions that W be a 
minimum in the state (ao,4o) are that 


£'(0)=0, &(0)>0 (2.3) 


for arbitrary (u,v), 

We shall need ’(0) for arbitrary (ao,89) and ©’’(0) 
for ao=fo=0. The differentiation with respect to e is 
most easily carried out by expanding the integrands to 
the second order in the variations (eu,ev), In the ex- 
pansion of Wy, the following magnetostatic theorem is 
useful: if H, is the field intensity of poles due to mag- 
netization J,, then 


fs H.dr seta (49) f H,-Hodr. 


space (2.4) 


For arbitrary (ao,fo), 
Jag ay Oo OB 6 Bo Ovo 
”’(0) cf ( u-+ - v|dS 
on Yo On On Yo On 
ag 
( f Vao V0) 
Yo 


Bo 
+ (v% Pre) dr 
Yo 
{ fi tvu x,V,2,0t0,39) + wy (X,y,2,000,80)0 dr 
ay 
.) 
Yo 
Bo 
{ (4,- u,)» dr, (2.5) 
Yo 


Hy+H’ is the magnetizing force, evaluated 


where H 


with a=ay, 8= Bo. The exchange-energy term has been 


transformed by use of the divergence theorem. 
For ao= Bo= 0, 


(0) cf Lov + (Vv)* ldr 
tf (ous 2g120+ goe")drt 
+J, [1.00 +-y*)\dr-+- (4) f h’dr, (2.6) 


"F. Schlégl, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 1, pp. 262-281 
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where h is the field intensity of poles due to magnetiza- 
tion J,(iu+jv+k0O); the g’s may be defined as the 
coefficients in the expansion of w for small (a,{), 


w= wot grat go8+ 4 (gic? + 2gi208+ go") +°-+. (2.7) 


In order that #’(0) may vanish for arbitrary (u,v), 
the coefficients of u and of v in the volume and surface 
integrals in Eq. (2.5) must vanish separately. This 
gives two partial differential equations and two 
boundary conditions [Eqs. (29) and (30) of reference 
8 ]; they, together with the equations that determine V, 
must be solved in order to find functions (ao,8o) that 
make the first variation of W, eb’(0), vanish. The 
functions ao=fo=0 satisfy the boundary conditions; 
they will also satisfy the partial differential equations 
provided 


£:—JHe= f2—JHy=0. (2.8) 


If the specimen is homogeneous, so that w is inde- 
pendent of position, g; and g, are constants; if it is an 
ellipsoid in a uniform applied field (in arbitrary orien- 
tation), H, and H, are constants; if both these condi- 
tions are satisfied, then Eqs. (2.8) can be satisfied by 
adjustment of the applied field. We assume that the 
stated conditions are satisfied and the adjustment 
made; the applied field may still be varied in such a 
way as to change only H,. For all values of H,, the 
first of the two conditions (2.3) (the equilibrium con- 
dition) is now satisfied by ao=6o=0. We turn our 
attention to the second (the stability condition), which 
requires that ’’(0) as given by Eq. (2.6) shall be 
positive. 

A sufficient condition for positiveness of ©’(0) is 
that the quadratic form 7(u,v)= (g1:.+J,H,)u?+ 2g,.u0 
+ (g2+J,H,)v* be positive definite. In a homogeneous 
crystal the g,;’s are constants, and the « and y axes can 
be chosen so that gi2.=0; then the state is stable if 
~J,H, is less than gi; and goo. Earlier,” this theorem 
was used to show that the usual postulates of domain 
theory were not capable of explaining the observed low 
coercive forces of crystals. In discussing that result, 
Stoner" suggested that imperfections of structure or of 
shape might promote instability at smaller values of 

J,H,. Stoner’s suggestion can be made quantitative 
by introducing perturbations of homogeneity or shape. 
For the present, however, we are concerned with an 
ideal ellipsoidal crystal; we must therefore investigate 
values of H, for which T(u,v), even without such per- 
turbations, is no longer positive definite. 

Consider a definite (u,v), and begin with H, large 
enough to insure stability. If H, is now decreased, it 
must eventually reach a value H, at which, for the 
given (u,v), ®’’(0) vanishes; from Eq. (2.6), this value 


2 William F. Brown, Jr., Revs. Modern Phys. 17, 15-19 (1945). 
4 Edmund C. Stoner, Repts. Progr. Phys. 13, 83-183 (1950). 
See especially p. 116. 
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is given by 


—J,H.= Jo fc«vuy + (Vv)? ldr 


tf (su + 2g 20+ goo0")dr 
P 
+ (41) f wear / fw +v*)dr ' 
, QO 


space 


(2.9) 


If H, is decreased still further, Eq. (2.6) shows that 
©’’(0) will become negative. The state ay=fo=0 will 
then be unstable with respect to small deviations of the 
form (eu,ev). 

We wish to find the smallest value of —J,H, at which 
instability sets in for any (u,v). We therefore seek the 
(u,v) for which P/Q is a minimum. The requirement 
that the first variation of P/Q vanish leads, by a 
method analogous to that used in deriving Eq. (2.5), to 
the partial differential equations 


J he=0 
J hy =0 


—CV*ut (gir A) t+ gi 2t 


-CV*0+ gi2tt+ (g22—X)t 
and the boundary conditions 


Ov/dn=0: (2.11) 


Ou/ on 


here \= P/Q Je 

The boundary value problem (2.10)-(2.11) can be 
solved only if \ has one of a set of eigenvalues Ay. The 
corresponding eigenfunctions (#,,%,) are indeterminate 
by a constant factor. Figenfunctions corresponding to 
different eigenvalues are orthogonal in the sense that 


J (vate, +Umtn dT =bmn 


for m#¥n, and the functions are conveniently normalized 
by imposing condition (2,12) also for m=n. To find the 
smallest —J,H,, we must find the smallest eigenvalue 
of A; the corresponding (eu,,ev,) describe the mode of 
deviation with respect to which the state ao=fo=0 
becomes unstable at this value of —J,/H,. 

An arbitrary (u,v) can be expanded as a series in the 
functions (#,,0,) with coefficients c,. By substitution 
of the series in Eq. (2.9) and use of (210) and (2.12), 


we find 
>a Can! dn Cae 


J,H, can be as small as 
the smallest A, but We have therefore 
achieved the desired minimum, and investigation of the 


(2.12) 


JH, (2,13) 


Equation (2.13) shows that 
no smaller, 


second variation of P/Q is unnecessary. This assumes 
the completeness of the set of functions (1#,,0,). 

The partial differential equations and boundary con 
ditions obtained from Eq. (2.5) reduce to Eqs, (2.10) 
to (2.11), to the first order in ¢, if ag= eu and Bo= er, 
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and if for e=0 Eqs. (2.8) are satisfied. Thus, formally, 
we can find the \,’s and the functions (u,,v,) by seeking 
the (not necessarily stable) equilibrium first-order 


deviations from ao=8o=0. 


3. UNIFORM AND NONUNIFORM DEVIATIONS 


We can always find a solution “= const = uo, v= const 

v%. For this solution the boundary conditions (2.11) 
are satisfied, h, and h, are homogeneous linear functions 
of up and v (involving the demagnetizing factors of the 
ellipsoid and the direction cosines of its principal axes), 
and Eqs. (2.10) reduce to a pair of homogeneous linear 
simultaneous equations in # and v». The requirement 
that the determinant vanish leads, in general, to two 
eigenvalues of \. Let A» be the smaller, If there are no 


JH, 


reaches the value Xo, the system becomes unstable with 


other eigenvalues as small as Ao, then when 


respect to a uniform rotation of the magnetization 
vector. The behavior, for this particular orientation of 
the initial uniform magnetization with respect to the 
ellipsoid axes, is that of a Stoner-Wohlfarth particle.‘ 

Other eigenvalues correspond to functions (u,v) that 
vary with (x,y,z). Let A, be the smallest such eigen 
value. If A; is smaller than Ao, then when —J,H, reaches 
the value A), the system becomes unstable with respect 
to a nonuniform deviation of the form (ett;,ev;). The 
magnetization acquires a nonuniform character that 
may be described as an incipient domain structure 

Let the shape and orientation of the specimen be 
kept fixed and its size varied. In general A, will vary 
when the size varies, but Ao will remain constant. 
Which of the two eigenvalues is smaller will depend on 
the specimen size, and at some critical size the two will 
become equal. This is, for the given shape and orien 
tation, the critical size for existence of a “single-domain” 
particle. 


4. SYMMETRIC CASE 


We consider the special case in which the ellipsoid is 
one of revolution about Oz, and gu=g2=f, giaeO 
This is the case treated in reference 12. 

For uniform deviations (1,00), A, NJ to, hy 
~N»J,v, where Ny» is the transverse demagnetizing 
factor. Equations (2.10) A+ NS?) 
=(g—-A+N,J,*)to=0 and lead to a coincident pair of 
eigenvalues Ao= g+N>J,*. Instability with respect to 
uniform rotation develops at this value of JH, 

-J(Ho,—NaJ,), where N, is the longitudinal de 
magnetizing factor; the corresponding value of Ho, is 


become (g 


given by 


J Hoe gt (No Na) J’. (4.1) 


This is the Stoner-Wohlfarth formula.‘ 
For nonuniform deviations, Eqs. (2.10) give 


CV*u+ (g—dr)u 


CV*0+ (g—d)t 


J) he=0, 


J hy = 0. 
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To determine the whole spectrum of eigenvalues is 
difficult, We can find a solution with h=0 by taking, 
in spherical coordinates (7,6) or cylindrical coor- 
dinates (2,p,o), 


“= —- Uy sing, v 6u,/db=0; (4,3) 


+ ty COS, 


then the volume and surface pole densities vanish. 
If the ellipsoid is a sphere of radius b, 


uyg™=Ajalkr)P,'(cosd) (n>1), (4.4) 
where 


k?= (A—g)/C; (4.5) 


the notation is that of Stratton. The eigenvalues of 
k are determined by j,’(kb)=0 and are smallest for 
n= 1, Let x be the smallest root of j;'(«)=0, approxi- 
mately 2.08, Then the smallest eigenvalue of k is x,/b, 
and the smallest eigenvalue of \ is \;=g+Ch=g 
+Cx,;"/b*, within the set of eigenvalues corresponding 
to solutions of the form (4.3). If solutions of other 
forms yield no smaller eigenvalue, then the deviation 
from ag™=8o=0 occurs by uniform rotation or by the 
nonuniform mode (4.3) according as do or d, is smaller; 
for the sphere, Ny= 49/3, so that \o= g+49J,7/3. The 


deviation is therefore uniform or nonuniform according 
as the radius b is smaller or larger than the critical 
Ao, namely 


xy 3C 4 
b, ( ) : 
J, \4r 


value that makes A, 
(4.6) 


If the ellipsoid is an infinitely long cylinder of 
radius b, 


y= BI, Ck (4.7) 


u”)'b)=0 
0. Let x,’ be the smallest root 


p*)'p) cos (uz 5). 


The eigenvalues are determined by J,'((k? 
and are smallest for yu 
of J,;'(«)=0, approximately 1.84, Then by an argument 
like that just given, the critical radius is 


x,’ OF ‘ 

b, : 
J, \2Qn 

lor a prolate spheroid in general, we may guess that 

the critical minor semiaxis will be given by a formula 


(4.8) 


x," ' 
. ’ 

Ji N 6 
"es : : 
where x," is a root of a transcendental equation and is 


intermediate between 1.84 and 2.08, varying with the 
ellipsoid eccentricity, 


(4.9) 


4 Julius Adams Stratton, Electromagnetic Theory (McGraw-Hill 
Book Company, Inc., New York, 1941), pp. 404-406 
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For a powder of identical and identically oriented 
spherical particles, far apart, the coercive force Ho, is 
not smaller than the value of — Ho, at which the state 
ay=8o=0 becomes unstable. Therefore 


Hoc=g/J., b6<b,; 
> (g/J.)[1— (4 2/g) (1—b2/b*) ], 


The equality sign for b <6, is justified by a calculation 
by the Stoner-Wohlfarth method for finite (a,3), for 
hexagonal or cubic symmetry. 


b>b.. (4.10) 


5. COMPARISON WITH EARLIER WORK 


Kondorskii, for the case treated in Sec, 4, derived a 
formula equivalent to Eq. (4.9) with a'’=0.95/5 
= 2.13, larger than either of the values 1.84 and 2.08 
derived above. His two-parameter method overesti- 
mates the energy of the nonuniform state and therefore 
predicts uniformity over a slightly too large range of 
radii. Stoner and Wohlfarth [their Eq. (6.10)] have 
a;"'=, and N, instead of Ny. The formulas of Kittel 
and of Néel are not of the form (4.9). Kittel’s formulas 
contain the anisotropy constant, and Néel and Stoner 
and Wohlfarth believed that they were neglecting the 
crystalline anisotropy; but according to Kondorskii’s 
calculation and the present one, the critical radius, in 
the symmetric case of Sec. 4, is independent of the 
anisotropy constant. 

With Kondorskii’s values [10°C=7.97 (Fe), 3.52 
(Ni); J,=1720 (Fe), 500 (Ni); cgs emu], Eqs. (4.8) 
and (4.9) give for the critical radius in A: spheres, 167 
(Fe), 382 (Ni); cylinders, 120 (Fe), 276 (Ni). Néel’s 
sphere estimate for Fe was 160, Kondorskii’s 170. 

Kondorskii gives Eqs. (4.10) with equality signs, and 
with 4rJ,*7/3g written p and not explicitly evaluated. 


6. CONCLUDING REMARKS 


The following gaps in the theory should be filled. For 
the sphere and cylinder, the rest of the eigenvalue 
spectrum should be explored. For the prolate spheroid, 
the boundary-value problem should be solved with 
spheroidal wave functions.'® More general cases, e.g., 
with J inclined to the ellipsoid axes, should be inves- 
tigated. The completeness of the set of functions (14,,0,) 
should be established. 

What may be more fruitful, however, is the extension 
of the theory to nonellipsoidal shapes and nonuniform 
gi;’s. Such a study should improve understanding of 
domain nucleation and the coercive force. 


‘* Stratton, Morse, Chu, Little, and Corbaté6, Spheroidal Wave 
Functions (The Technology Press of Massachusetts Institute of 
Technology and John Wiley and Sons, Inc., New York, 1956). 
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Self-Absorption in the X-Ray Spectroscopy of Valence Electrons 
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(Received November 29, 1956) 


It is shown that target self-absorption has modified some Kf, emission profiles previously observed 
The effect has been to produce an exaggerated asymmetry, to depress certain satellites, and to produce 
an apparent coincidence of the absorption and emission edges 


INTRODUCTION 


ARGET self-absorption in x-ray production is a 

well-known and common phenomenon. Measure- 
ments on efficiency and absolute intensities must be 
corrected and this is done as a matter of course.’ 
However, self-absorption has been ignored by x-ray 
spectroscopists who have examined the emission spec- 
trum from valence electron—empty inner shell trans 
itions.? It has been assumed that the electron beam 
impinging on the target face is stopped so close to the 
surface that the self-absorption of the x-rays will be 
negligible. For the valence electron— inner shell trans 
itions, one is in the neighborhood of the absorption 
edge, and the abrupt change in the absorption coefficient 
could modify the emission profile if the radiation passes 
through a significant amount of target material. For 
studies of the 1-2 A region with which we are primarily 
concerned, the penetration depth of the cathode elec- 
trons into the anode is of the order of a few thousand A. 
When the radiation is observed at a small take-off 
angle, the x-ray path in the target is such that signifi- 
cant intensity differences are to be expected on the 
two sides of the edge. 

When care is taken to eliminate self-absorption, the 
true curves are different from some which are found in 
the literature which have previously been accepted as 
correct. The effect of the self-absorption is to produce 
an exaggerated asymmetry and to suppress the intensity 
of the satellites having energies greater than the K 
excitation energy. The reported coincidence in this 
energy region of the top of the filled bands and the 
bottom of the empty bands is not borne out in the new 
curves. It is likely, however, that satellite structure 
and relatively poor resolving power due to the width 
of the K state accounts for this, so that the solid state 
interpretations based on the original curves are not 
seriously in question. 


* Now at the Instituto Tecnologico de Monterrey, Monterrey, 
Mexico. 

1A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
p. 83. 

*J. A. Bearden and C, H. Shaw, Phys. Rev 
W. W. Beeman and H. Friedman, Phys. Rev. 56, 
See in particular Beeman and Friedman, p. 401. 


48, 18 (1935); 
392 (1939). 


EXPERIMENTAL 


Measurement of the KQs line of Cu and Fe and the 
LBs of W were made with commercial Philips x-ray 
tubes. The voltage employed was about 20 kv and the 
tube mounted that 
approximately 4.7°. A continuously-pumped x-ray tube 
was also used for measuring the AQ, line of Cr, Fe, Ni, 
Cu, and Zn, and the LAs line of W. Interchangeable 
target assemblies were used in which the angle of target 
take-off was 60°. With this steep angle the usual 
electrode geometry had to be modified, but it is felt 
that with this arrangement, the x-ray path in the target 
was no greater than the penetration depth of the 
electron. The 60° Fe, Ni, and Cu targets were silver 
soldered to a copper cylinder to form the anode. The 
W and Zn targets were made by vacuum evaporation 
onto the Fe target. The Cr target was produced by 


was so the take-off angle was 


electroplating onto the Cu 

The high voltage and current were obtained from a 
standard rectified and stabilized x-ray power supply 
The data were obtained with a commercial Geiger tube 
and scaling circuit. The calcite crystals in the two 
crystal spectrometers had a 1-1 width of about 0,9 volt 
at the W La line which is good enough to satisfactorily 
reproduce K edge structures previously observed in this 
energy range. The question of resolution could play a 
role in the interpretation of some of the results. In 
order to get good statistics a relatively high beam was 
used, but the calculated geometric resolving power was 
never poorer than 25 000, Our resolution was not quite 
as good as in the references cited, but the gross features 
that were obscured by self-absorption are well resolved 
by our apparatus. 


DISCUSSION OF THE CURVES 


The W Lin edge was measured by using a commercial 
tungsten target x-ray tube as the source of radiation 
with a 4.7° take-off angle. This edge structure, shown 
in Fig. 1(b), is much like that previously given by 
Bearden and Snyder® and the single-crystal work of 
Coster and Bril.4 The strong absorption peak, not 
usually found in metals, arises because of the role of 
the permitted 2p-+5d transition. Despite the metallic 
the individual atomic angular 


nature of tungsten, 


+ J. A. Bearden and T. M. Snyder, Phys. Rev. 59, 162 (1941) 
* D, Coster and A. Bril, Physica 10, 391 (1943) 
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Fic. 1. (a) The observed tungsten emission structure in the 
neighborhood of the W Li edge for a 4.7° target angle. (b) The 
W Li edge. (c) The tungsten emission structure near the W Li; 
edge with absorption corrected (dotted line) and absorption 
eliminated (solid line) 


momentum numbers must retain some significance in 
the partially filled d band. 

Of more direct interest for the present discussion is 
the plot of the emission [ Fig. 1(a) ] used for measuring 
the absorption edge. Three things are noteworthy about 
this curve: (1) The emission in region B is only two 
thirds as great as that found in region A, (2) the sharp 
dip in the emission curve occurs at precisely the same 
point as the maximum in the absorption, and (3) the 
observed Lf, line is apparently very asymmetric and 
the top of this emission apparently coincides with the 
inflection point in the leading edge of the absorption 
curve,’ which has been taken to be the top of the Fermi 
distribution.® 

The first two points make it rather obvious that the 
emission profile has been profoundly influenced by the 
target self-absorption of its own radiation. Furthermore, 
it raises the possibility that the third point is the result 
of self-absorption rather than any intrinsic character- 
istic of the W LAs emission line. 

Without any further information than the curves of 
Fig. 1(a) and 1(b) and the assumption that there is 


* The position of this inflection point is somewhat in doubt 
The curves of Bearden and Snyder have a slightly different shape 
on the leading edge and they place the inflection point at about 
three fourths the height of the main peak. Granting that their 
data pertaining to this point may be better than ours, the assump 
tions implicit in the theory of this inflection point do not seem to 
warrant selecting a point higher than half of the absorption 
jump as the top of the Fermi level. Furthermore, the recent 
discovery of Parratt that the asymmetric window of x-ray 
spectrometers can materially affect the absorption close to the 
edge must be considered 

* Richtmyer, Barnes, and Ramberg, Phys. Rev. 46, 843 (1934), 


HANSON AND J. 


HERRERA 


an effective depth of penetration of the cathode elec- 
trons, it is possible to calculate what the emission 
contour should be. This is done in the dotted curve 
Fig. 1(c). One observes that the corrected LAs is not 
very asymmetric if asymmetry can be measured here, 
and there is apparently some line structure (presumably 
a satellite) between Lf, and LAyw. The amount of target 
material traversed by the radiation calculates to be 
2.2X10~* cm, which from the geometry yields an 
effective penetration depth for the cathode electrons 
of 1.810~* cm. This figure is quite reasonable. 

In order to remove the uncertainties involved in 
employing the effective-depth concept, the same emis- 
sion structure was measured with a 60° target, but even 
so the intensity on the high-absorption side is several 
percent less than on the low-absorption side of the edge. 
The measured structure with this target angle is the 
full curve of Fig. 1(c). The agreement between the 
curve for which the absorption is corrected and the 
curve in which it was essentially eliminated is satis- 
factory considering the uncertainties involved. The 
observations made from the dotted curve are substanti- 
ated, and it is noted that the presumed top of the 
Fermi distribution as obtained from the absorption 
curve is not coincident with that obtained from emis- 
sion. However, this could well be a result of the width 
of the K state and the crystal width rather than any- 
thing more fundamental. 

Since the effect on the 18; emission contour in 
tungsten for a small take-off angle was quite severe, it 
becomes necessary to investigate the extent to which 
self-absorption has modified the Ks curves which are 
found in the literature. In these curves a high asym- 
metry is observed as is an apparent coincidence of the 


emission and absorption edges. These curves were taken 
with 12° take-off angles and apparently with voltage 


Fe contaminant 
KB,» ee, 





TENSITY 


Cu omicsion/ 





“180 “100 -$0 
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Fic. 2. Iron emission structure for a 4.7° target angle in the 
vicinity of the Fe K edge with copper emission as the reference 
level. 





SELF-ABSORPTION 
as high as 35 kv. Considering the various factors 
involved such as angle, voltage, density, and absorption 
coefficient difference, it seemed likely that self-absorp- 
tion did modify their results. 

A measurement was again performed on a commercial 
x-ray tube which had an iron anode (Fig. 2). The 
take-off angle was 4.7° and the voltage was 24 kv. The 
dotted curve is a reference curve taken with a Cu tube 
for purposes of establishing a base line which will 
account for intensity variations over the wide angular 
coverage. 

The effect of self-absorption in this extreme case is 
obvious. It should be noted that it is not so much that 
the structure is reduced to a certain fraction of its 
proper intensity which produces the erroneous result ; 
rather it is the increasing absorption due to the slope of 
the absorption edge which makes the tail of the KA, 
line appear to extend farther than it actually does, 
This causes one to make an improper correction for 
the K®, line such as the dashed line shown. A good 
correction for absorption can be made by making a 
simultaneous measurement on the absorption edge as 
was done in the case of tungsten. A similar study on a 
commercial Cu tube was not useful because we did not 
anticipate the structure on the low-energy side of the 
KB, line. The magnitude of the structure and its 
displacement is consistent with an explanation of this 
effect as Compton-shifted Kf, emission. 

Although the calculations based on effective depth 
are revealing, the measurements on high-angle targets 
must be made to insure reliable results. Studies were 
made using the 60° targets previously described, and 
the results are shown in Fig. 3. For comparison a few 
of the curves in the literature are plotted to the same 
scale. The general results are: (1) the K@’” structures 
are relatively more intense than the figures cited in the 
literature by orders of magnitude. In particular the 
Cr KB’’" which Bearden and Shaw state is nonexistent 
is actually a fairly intense structure found at energies 
corresponding to the high absorption side of the Cr edge. 
(2) The asymmetries quoted are not correct and, indeed, 
except in the cases of Cr and Fe they would be meaning- 
less to measure. (3) The theoretical solid-state discus- 
sions based on the asymmetries and the apparent 
coincidence of the top of the emission band and the 
beginning of the absorption band* rest on less firm 
experimental evidence than was previously thought. 
Furthermore, some of the effects observed in alloys of 
various concentrations seem explainable in terms of the 
amount of absorbing material the radiation had to 
pass through. 

7 The presence of the Cr K§’” is, of course, well established 
from the work of H. Beuthe, Z. Physik 60, 603 (1930) and others. 

*Y. Cauchois, Phil. Mag. 43, 375 (1952) has commented on 


one case at least in which such a coincidence is definitely not 
observed. 


IN X-RAY 


SPECTROSCOPY 
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Fic, 3. Emission in the vicinity of K edge with 60° target angles 
The units on the abscissas are electron volts 


On the basis of this study, one is entitled at least to 
raise the question whether self-absorption played a 
role in the classic experiments on light metals.’ In 
general these studies were performed with small target 
angles and low voltages. Assuming that the cathode 
electron has a depth of penetration at least equal to 
the mean free path of a valence electron, the possibility 
exists that some of these studies were not as conclusive 
as they appeared to be. Numerous bits of evidence 
seem to suggest that target self-absorption played a 
role of some importance and, indeed, it may be possible 
to understand some of the apparent anomalies in this 
light. For example, the excessive broadening of the 
emission edges at elevated temperatures may be parti 
ally the result of a concomitant broadening of the 
absorption edge. It may even be possible to explain 
the existence of many of the so called “tails’’ which go 
off almost indefinitely toward long wavelengths by the 
characteristic variation of absorption coefficient with 
wavelength on the long wavelength side of the edge. 
While one cannot seriously suggest that significant 
flaws exist in this body of information, it would seem 
to be advisable that further study show that self- 
absorption did not play a role. 
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Ultraviolet Absorption and Double X-Ray Reflections in Diamond 
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Strong correlation is shown to exist between the type of diamond as classified according to absorption 
in the ultraviolet, and the intensities of double x-ray reflections. The experimental results seem to imply 
that the mosaic blocks of Type II diamonds are bigger, but less aligned than those of Type I diamonds. 


— el al.’ have shown in 1934 that 
diamonds could be classified into two types 
1 and II 


properties 


which differ in many of their physical 
Many investigators have since tried to 
explain these differences. It is, however, not yet clear 
what the differences in structure between the two types 
are 

Optically, Type Il diamonds seem to be more 
perfect, being transparent in the ultraviolet down to 
2250 A, compared to absorption up to about 3000 A in 
Type I 
anomalous x-ray reflections, it seems that Type II 
specimens have a more pronounced mosaic structure,’ 


Qn the other hand, from the presence of 


while Type I was assumed to be more perfect. However, 
extra streaks and spots appearing in reflections from 
Type I diamonds indicate some internal disorder, the 
exact nature of which is yet unknown. 

Renninger’ observed multiple reflections in diamond, 
and Heidenreich,‘ summarizing results of many investi- 
gators, showed that the intensities of double reflections 
may depend on the size of the mosaic blocks which 
compose the crystal. It therefore seemed promising 
that an examination of the double reflections might 
add to our knowledge about the imperfections in the 
two types of diamond 

In the present work some 40 diamonds of good 
octahedral form, and about 3-4 mg each in weight, 
examined. Such 
because mixtures of ‘Type I and Type II are less likely 
in small specimens 

The double-reflection camera used has been described 
elsewhere.® In this camera the crystal and the cylindrical 
film rotate together around a common axis perpendic- 
ular to the (4,k,/) plane being investigated; the x-ray 
beam strikes this plane at the Bragg angle a. The (4,k,/) 
reflection then appears on the film as a line and, 


were small diamonds were chosen 


provided it is weak enough, double reflections may 
appear thereon. Using the Cu Ka line, double reflections 


were obtained as spots along the (2,2,2) forbidden 


' Robertson, Fox, and Martin, Phil. Trans 
463 (1934) 

*K. Lonsdale and H 
529 (1941); K. Lonsdale, Proc 
(1942) 

*M. Renninger, Z. Physik 106, 141 (1937) 

*R, D. Heidenreich, J. Appl. Phys. 20, 993 (1949); Phys. Rev. 
77, 271 (1950) 

* B.S. Fraenkel, Bull. Research Council, Israel 6A, No. 2, 125 
(1957) 


(London) A232, 


Smith, Proc. 
Roy. Soc. 


Phys. Soc. (London) 53, 
(London) A179, 315 


reflection line (Fig. 1). These spots result from pairs 
of combinations of reflections {1,1,1}, {1,1,3}, and 


te 








2 120° 


te) 
Fic. 1, Double-reflection spots on the (2,2,2) reflection line 
in different diamonds; intense spots appear only in Type II 
diamonds. 
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DOUBLE X-RAY REFLECTIONS IN DIAMOND 


TABLE [, Correlation between the ultraviolet cutoffs (column 3) 
and double reflection intensities (column 5) in diamond. Weight 


of specimen (column 2), and type (column 4) are also given. 


Weight 
in mg 


R25 2.9 
R27 43 
R28 
R36 


Double 


Cutoff 
A reflections 


Specimen 


2240 
2930 
2930 
2250 
R40 2950 
R47 2250 
R51 2900 
R62 2990 
ROO 2240 


strong 
weak 
weak 
strong 
weak 
strong 
weak 
Ww eak 
strong 


{1,3,3}) equivalent spots appearing with a periodicity 
of 60°. The camera was allowed to oscillate through 
120° about the axis of rotation, so that two equivalent 
sets of spots appeared on the film. Intensities of these 
spots were found to be strongly correlated to the type 
of diamond as classified according to the ultraviolet 
absorption edges. 

Many Type II diamonds showed some absorption at 
wavelengths above 2250 A, while some Type I speci- 
mens transmitted considerably below 3000 A. A full 
correlation between the double-reflection intensities of 
these intermediate cases and their ultraviolet absorption 
spectra necessitates quantitative intensity measure- 
ments; a modified camera will have to be constructed 
for this purpose. Therefore, the results of only a few 
typical Type I and Type II specimens are given now. 
Ultraviolet cutoffs for these specimens are given in 
Table I, and the corresponding double reflections are 
shown in Fig. 1. Two microphotometer traces, one for 
a Type I specimen (R27) and one for a Type II speci- 
men (R47) are shown in Fig. 2. The difference is 
striking; while for Type I diamonds the double-reflec- 
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Microphotometer traces for a Type I (R27) diamond 
upper trace 


Fic. 2 
lower trace, and for a Type IT specimen (R47) 


tion spots are almost invisible, they appear very strongly 
in the Type II photographs 

In addition, the spots in Type II specimens do not 
appear exactly on the (2,2,2) line, as those of Type I 
specimens do, and some of them even show duplication. 

It should be stressed that intensity ratios of the 
(2,2,2) reflections relative to the normal x-ray reflections 
remained constant for the specimens examined, within 
a factor of 1.5, which is a small variation compared to 
the variations in the intensities of the double-reflection 
spots. 

In conclusion, the high intensities of the double 
reflectious in Type II diamonds seem to imply that the 
perfect crystal blocks in these diamonds are bigger than 
those in Type I diamonds, whereas extension of the 
spots outside the (2,2,2) line might indicate that the 
mosaic blocks are badly aligned in Type II specimens 

The authors wish to thank Mr. Max Ryba of London 
for his efforts in sorting and supplying the diamonds 
for these investigations 
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Slow Spin Relaxation of Optically Polarized Sodium Atoms* 


H. G 
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Department of Physics, University of Washington, Seattle, Washington 
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In order to obtain as narrow as possible paramagnetic resonance 
signals, it is of importance to investigate the conditions under 
which long relaxation times can be realized. In the present experi 
ment on sodium atoms diffusing in argon gas, relaxation due to 
sodium-sodium collisions was minimized by employing very low 
sodium partial vapor pressures (about 10°’? mm Hg). While at 
lower pressures the argon is serving its function well to slow down 
relaxation by inhibiting wall diffusion, at about 10 cm Hg relaxa 
tion due to sodium-argon collisions becomes the decisive factor 
Nevertheless it was possible to realize a relaxation time of 0.21 sec 
for a 1-liter spherical bulb filled with 3 cm argon, About 0.02 sec 
was found for a 0.1-liter, 40 cm argon sample. In carrying out the 
experiments, optical pumping by circularly polarized resonance 
radiation was used to create an orientation of the sodium atoms 


which then was monitored by measuring the transmission of the 
pumping radiation through the sample. By suddenly reversing a 
small axial magnetic field, the polarization of the atoms could be 
made to reverse too. From the decay rates of this inverted polariza 
relaxation and continuing 


tion under the combined effects of 


optical pumping, the experimental relaxation times were deduced 
The strong signals obtained are indicative of available signal to 
reorientation 


A theo 
including the 


noise ratios in future radio-frequency resonance 
experiments using the transmission monitoring technique 
retical analysis of the optical pumping proce 
dynamic aspects and allowing for collisions with argon that the 
sodium atoms undergo while in the excited state, was carried out 


and used to describe the experimental data 


* Part of this research was supported by the United States Air Force through the Office of Scientific Research of the Air Research 


and Development Command 
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ECENT paramagnetic resonance absor plion experi- 

ments!:* on free atoms diffusing back and forth in 
an inert buffer gas have created some interest in the 
spin relaxation processes in these systems. Various 
mechanisms have been discussed by Wittke and Dicke.’ 
Hoping that under favorable conditions wall collisions 
are the only ones effecting relaxation, one would expect 
a relaxation time as long as the average time necessary 
for an atom to diffuse to the wall. This report will deal 
with experiments on sodium atoms which were con- 
tained in argon gas of a pressure between 1 and 40 cm 
Hg, while the partial sodium pressure was of the order 
of 10-7 mm Hg. Relaxation times as long as 0.21 sec 
were observed which in future radio-frequency reso- 
nance reorientation experiments should allow the obser- 
vation of extraordinarily narrow lines. 

The experimental arrangement was the following one. 
Sodium resonance radiation from a battery-operated 
GE sodium arc (Na 1) mounted in a Dewar was 
focused by a large condenser lens through a Polaroid 
circular polarizing sheet on a spherical absorption 
vessel. The volume of the thorougly baked, sealed off 
vessels containing some metallic sodium and the buffer 
varied between 0.1 and 1 liter. The vessels were 
generally heated to such a temperature (130-250°C) 
that about 50% absorption occurred. The transmitted 
light™ was focused upon a vacuum photocell whose 
output was amplified by a single-stage broad-band 
amplifier (0.05 to 1000 cps pass-band) and displayed on 
an oscilloscope. The earth field in the region of the 
absorption vessel was cancelled out and a small field of 
about 0.5 gauss was applied parallel to the light beam 
by means of a ring coil energized from a short-time- 
constant circuit, This arrangement now functioned in 
the following fashion: 

As sufficient numbers of circularly polarized quanta 
are absorbed, the more strongly absorbing magnetic 
sublevels of the sodium ground state are depopulated 
while the less absorbing ones are filled up at their 
expense until a saturation polarization is attained 
(optical pumping).*® Consequently, while this is going 
on, the initially transmitted light intensity J; will 
increase to a value /,4-AJ, If the axial magnetic field is 
now suddenly reversed, the polarization of the atoms 
due to its associated magnetization will follow adiabati- 
cally. This leads to a nearly instantaneous exchange of 
the population of the +m with that of the —m levels 
and now an overpopulation of the more strongly 
absorbing ones, The result is a sudden decrease of the 
transmitted intensity from /,4+A/ to /;— AJ. However, 
under the continued irradiation it will not take long 
before the original polarization pointing in the “right” 


| P, Wittke and R. H, Dicke, Phys. Rev. 96, 530 (1954). 


*H. G. Dehmelt, Phys. Rev. 99, 527 (1955). 

+ J. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956). 

* Compare H, C. Dehmelt, Phys. Rev. 103, 1125 (1956). 

‘A ss yhys. radium 11, 255 (1950); and Proc, Phys. 
Soc. (London) AG67, 853 (1954). 

*W. B. Hawkins, Phys. Rev, 98, 478 (1955) 
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direction is restored (Fig. 1). The time involved, if 
depolarizing relaxation effects are assumed to be insig- 
nificant, would be expected to be inversely proportional 
to the incident light intensity Jo. This state of affairs 
is found to prevail for the high-intensity oscilloscope 
traces. If one now reduces the light intensity further 
and further, there will come a time when the inverted 
polarization will also decay appreciably because of 
relaxation effects. Figure 2 shows a plot of “decay 
times” versus relative intensity. The values which were 
obtained from the oscilloscope traces by the construc- 
tion explained in Fig. 1, converge against a charac- 
teristic relaxation time 7. 

A brief, more quantitative description of the processes 
sketched above will now be attempted. The optical 
pumping is appreciably modified by collisions of the 
excited atoms with the buffer gas. Experimental® evi- 
dence indicates that about 5 mm of argon is sufficient to 
disorient largely the orbital angular momenta with 
respect to the spin and also a fixed direction before re- 
emission can occur. The situation at lower argon pres- 
sures, where only a few collisions in the excited state 
occur, is rather complex. However, studies of the 
optical pumping by investigating the polarization 
of the resonance fluorescence and an analysis of the 
collision process have recently been undertaken,’ In 
the present work, a greatly simplifying assumption will 
be made which, even in the pressure range of interest 
here, 1-40 cm Hg, should hold strictly only for suffi- 
ciently strong coupling between the sodium nucleus and 
the electronic momenta. The assumption is that the 
collisions bring about a completely random redistribu- 
tion of the populations of the 24 hfs magnetic sublevels 
of the excited *P state regardless of which of them had 
been excited originally. Under these assumptions the 
resonance fluorescence is completely depolarized and the 
rates at which the atoms return to any of the 8 hfs 
magnetic sublevels of the 7S, ground state will be 
identical and equal to § of the sum of the probabilities 
for all upwards transitions. The probabilities for leaving 
a given ground-state m level owing to Am= +1 transi- 
tions to the excited state under the combined influence 


Fic. 1. Oscilloscope traces of 
transmitted resonance light in- 
tensity /, versus time. The time 
axis runs from left to right, the 
scale being the same for all traces. 
The relative intensity /o of the 
applied resonance light increased 
for traces a to d from 4 over 16 and 
A to 160. The sudden intensity 
drop occurred when the magnetic 
field, to which the sodium absorp- 
tion cell was exposed, was instan- 
taneously reversed. The construc- 
tion shown—for trace b only— 
served to determine the experi- 
mental decay times r. 





*W. Lochte-Holtgreven, Ann. Physik 47, 362 (1928). 
7 Brossel, Margerie, and Kastler, Compt. rend. 241, 865 (1955); 
P. L. Bender, thesis, Princeton University (1956). 





OPTICALLY 


of the D, and D, radiation can be computed from 
standard formulas* for the transition probabilities and 
are denoted by P,. 

One obtains 


(P 1: Po: P_1) pai: (P iP 1: Po: Psi: P42) pmo 
= ((1+5R): (24+4R): (34+3R)): 
((4+2R): (34+-3R): (24+4R): (14+5R):6R), 


R denoting the ratio of the intensities for the D, and D, 
components of the radiation which is expected to be 
close to unity. The time dependence of the relative 
populations a,,(¢) of the m levels will then be described 
by the 8 simultaneous equations: 


am= — Onl nt b> a,P i+ (1, T)( 1- Om). 


The sum here is over the 8 sublevels of the ground 
state and a,,(0) has been put equal to 1. The last term 
takes into account the relaxation processes. For the 
saturation distribution, d,, follows with P,,—+* and 
lim(*%)=(: 
(G_4: 4g: 441): (9: _4:do: dy 4: dys) 

= (Pat: Po!: Py): 

(P 2 iP l 1: Po 1s Puy 1: Pus 1) 

= ((1—2):1:(1+8)): 

((1+-2é): (14+ @):1: (1—@): (1—28)). 

For the last line and in the following discussion it has 
been assumed that 


é= (R—1)/(2+4R)<1, 


Instantaneous population distributions a,,(/) are de- 
scribed in identical fashion as the saturation distribu- 
tion, except that for @ one has to substitute e() which 
obeys the relation 


és cl y(é- ¢)=- (1/T)e, 


c being a constant depending upon the P,,. The equi- 
librium value e7;, when the optical pumping is just 
compensated by relaxation, can be obtained by putting 
é=(): 
er= cloT @/(cloT +1). 
* E. U. Condon and G. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1935), Chaps. 9 and 16. 
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Fic. 2, Plot of the experimental decay time r of the spin 
polarization against light intensity /». The theoretical curve has 
been chosen for best fit and allows the determination of the spin 
relaxation time T as distinct from r, which still reflects reorienta 
tion due to impinging light quanta 


Immediately after the field reversal, we have 
(€@)o= clo(@+-er)+ (1/T)er; 
from this follows that 


2e:/(é)o@ r= T/(cloT +1), 


which, as A/(t) can be shown to be proportional to 
e(t), gives the justification for the determination of r 
from the oscilloscope traces, as described in Fig. 1, 

So far, quantitative measurements have been under- 
taken only on a 1-liter, 3-cm Hg argon sample and a 
().1-liter, 40-cm Hg argon sample. No dependence of 
the relaxation times on temperature, and consequently 
on sodium vapor pressure, was noticed in either case in 
the operating range. For both samples the relaxation 
times found were significantly shorter than the average 
wall diffusion times of about 0.4 sec and 0.9 sec, respec 
tively. The relaxation times observed, namely 0,21 sec 
for the 3 cm Hg sample and 0.02 sec for the 40 cm Hg 
sample are in qualitative agreement with a relaxation 
mechanism due to sodium argon collisions, which would 
be expected to be proportional to argon pressure. 

The author wishes to thank his colleagues E. A. 
Uehling and E, M. Henley for clarifying discussions, 
K. C, Clark and P. Higgs for advice and loans of equip 
ment. Mr. Y. Jonson built the various absorption 
vessels, 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 5 MARCH 1, 1957 


Ground State of the Helium Atom* 


Toicumeo KiNosHira 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received November 2, 1956) 


The energy level of the ground state of atomic helium is re- 
studied in detail. The nonrelativistic part is treated by the 
conventional Ritz variation technique. However, the trial func 
tions used are more general than the ordinary Hylleraas-type 
functions since they contain negative power terms in addition to 
the positive power terms. Linear combinations of up to 39 terms 
are employed in the numerical computation. The best approxima 
tion for the ground state energy of the nonrelativistic Schrédinger 
equation obtained go far is —2.9037225 atomic units. The precision 
of the variation result is estimated by the evaluation of lower 
bounds to the ground state energy. Our final result is about twelve 
times more accurate than the best published value. On the basis of 
these calculations, it is conjectured that the actual nonrelativistic 
energy will be lower than our best value by not more than 


1, INTRODUCTION 


ECENTLY Herzberg and Zbinden' have greatly 

improved the accuracy of measurement of the 
ionization potential of the He atom in its ground state. 
This result, together with the latest experiments on 
some other states of the He atom, has revived theo- 
retical interest in the study of two-electron systems. In 
the near future it will become possible to detect such 
small effects as the Lamb shift of the He atom and thus 
we would be able to whether the two-electron 
systems can be satisfactorily explained by our present 
knowledge of quantum electrodynamics which has been 
so successful in the case of the hydrogen atom. 

The necessity of improving the accuracy of theoretical 
prediction for the energy of the He ground state was 
pointed out a few years ago by Chandrasekhar, Elbert, 
and Herzberg.? They recalculated the energy of the He 
ground state by the Ritz variation method, making use 
of a trial function with ten adjustable parameters, and 
showed that their ground state energy, including the 
relativistic and mass polarization corrections, was about 
21.5 cm™ higher than the observed value while the error 
of observation was of the order of +5 cm™. Sucher and 
Foley’ have discovered some errors in previous treat- 


see 


ments of the relativistic correction and showed that the 
discrepancy between theory and experiment would be 
even larger (~30 cm “') if all relativistic corrections of 
order a’ ry are correctly taken into account. In order to 
identify the source of such a large discrepancy, 
Chandrasekhar and Herzberg‘ have extended their com- 


Mans eter by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission 

' See S. Chandrasekhar and G. Herzberg, Phys. Rev. 98, 1050 
(1955), footnote 12 

* Chandrasekhar, Elbert, and Herzberg, Phys. Rev. 91, 1172 
(1953) 

* J. Sucher and H. M. Foley, Phys. Rev. 95, 966 (1954) 

*S. Chandrasekhar and G, Herzberg, Phys. Rev. 98, 1050 
(1955). 


0,0000012 atomic unit. The accuracy of various approximate 
eigenfunctions is also estimated. It is thus found that the total 
contribution to our 39-parameter function from all the excited 
states will be of the order of 0.1%. Mass polarization and rela 
tivistic corrections are evaluated with various trial functions 
including our best ones. They seem to converge to certain limits 
with reasonable speed. We therefore believe that the mass 
polarization and relativistic corrections to the ionization potential 
of the He ground state will be very close to —4.78 cm™ and 

0.579 cm™, respectively. With these corrections, and also the 
Lamb-shift correction for the ground state of the He atom (—1.23 
cm”), the theoretical ionization potential becomes 198310.38 cm™ 
which is in a very good agreement with the best observed value 
198310.5+1 cm™, 


putation of the nonrelativistic energy up to 18 parame- 
ters and found that the theoretical ionization potential 
will be about 198310.4 cm™, which is only 0.1 cm™ less 
than the latest experimental value.’ It has thus been 
made clear that the large discrepancy between the 
observation and earlier calculations originates mostly 
from the poor convergence of the variation calculation. 

Though the measurement and theory have reached 
such a high precision, it is necessary to improve the 
accuracy further for a serious consideration of such 
details as the Lamb shift and other smaller effects. It is 
the purpose of this paper to improve the precision of 
theoretical calculation so that we can determine the 
ionization potential with narrower limit of errors than 
that of the latest measurement. We shall note here a few 
points about the calculation of Chandrasekhar and 
Herzberg. (1) They have used the relativistic correction 
evaluated by Sucher and Foley employing a 3-parameter 
function of Hylleraas type.’ It seems to be necessary, 
however, to evaluate it with more accurate functions 
since the relativistic correction is much more sensitive to 
the details of the wave function than the energy itself. 
(2) The correct value for the mass polarization correc- 
tion evaluated with the 6-parameter function of 
Hylleraas is —4.95 cm™'.® It is of course desirable to 
evaluate this with more accurate wave functions. (3) It 
has been pointed out by Wilets and Cherry’ that the 
mathematical lower bound evaluated with the 18- 
parameter function of Chandrasekhar and Herzberg is 
about 400 cm™ lower than the upper bound determined 


* Those trial functions which can be written in the general form 
(2.7) will be said to be of Hylleraas type. 

* This value was quoted incorrectly as —5.2 cm™ by H. A. 
Bethe, Handbuch der Physik (Verlag Julius Springer, Berlin, 
1933), second edition, Vol. 24, Part 1, p. 375. This discrepancy was 
noted and corrected by A. R. Edmonds and L. Wilets (unpub- 
lished) and by T. Kinoshita (unpublished). Chandrasekhar and 
Herzberg (reterence 4) have mistakenly quoted the value of 
Edmonds and Wilets as —4.1 cm™. 

7L. Wilets and I. J. Cherry, Phys. Rev. 103, 112 (1956). 
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by the ordinary variation calculation. Though it is 
likely that the ionization potential predicted by them by 
an extrapolation method is very close to the actual 
value, such a large limit of uncertainty is rather un- 
comfortable. At least, this is an indication that their 
trial function is not a very accurate approximation of 
the actual eigenfunction. 

These considerations indicate that it is necessary to 
improve the nonrelativistic part of calculation, the wave 
function in particular, to a considerable extent, in order 
to determine the ionization potential of the He atom 
with the desired accuracy. Before attempting such a 
calculation, however, it might be useful to ask whether 
it is reasonable to proceed by taking more and more 
terms of the Hylleraas expansion, in view of the enor- 
mous number of terms already involved in the calcula- 
tion of Chandrasekhar and Herzberg. 

At this point, it is interesting to remark that the 
Hylleraas series cannot satisfy the Schrédinger equation 
in a formal sense, however many terms one may take.* 
It is found, as is discussed in Sec. 2 and the Appendix, 
that this is simply because the Hylleraas series does not 
contain sufficiently many terms. Fortunately, when one 
adds to it certain terms containing negative powers of 
some of the variables, the new series is shown to satisfy 
the Schrédinger equation formally. 

Of course, the absence of formal solution may not be a 
serious defect of the Hylleraas series since it would be 
sufficient if one can approximate the actual solution 
arbitrarily well taking more and more of its terms into 
account. On the other hand, when we want to approxi- 
mate it with a function of finite number of terms, it 
would make a large difference whether our function 
belongs to an expansion which satisfies the equation or 
not. At least, the new expansion allows us more flexible 
selection of terms than the Hylleraas series and thus 
makes it easier to approximate the actual eigenfunction 
even in the close neighborhood of singularities of the 
potential where the Hylleraas functions behave very 
poorly. We have therefore decided to choose the new 
expansion as the basis of our variation calculation of the 
He ground state. 

Results of preliminary calculations, carried out em 
ploying few terms of negative powers, show that the 
accuracy is considerably better than that of the 
Hylleraas-type calculations involving the same number 
of parameters. On the other hand, it did not improve the 
accuracy of calculation to any large extent. We have 
therefore considered that it is better to use trial func- 
tions with as many terms as possible and minimize the 
energy with the help of an electronic computer. In this 
way, trial functions involving up to 39 parameters have 
been used. The relativistic and mass polarization cor- 
rections, as well as the mathematical lower bound for 
the energy of the ground state, are also evaluated with 
all of these trial functions. 


5 Bartlett, Gibbons, and Dunn, Phys. Rev. 47, 679 (1935) 
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In Sec. 2 the eigenvalue problem of the nonrelativistic 
Schrédinger equation for the He atom is described 
briefly. The properties of the Hylleraas expansion of the 
wave function are discussed and a new expansion is 
is much more general than the 


introduced which 


Hylleraas expansion and is designed to remove a difh 
culty of the latter. In Sec. 3, a number of terms of the 


new expansion are used in the variation calculation for 
the He ground state. The result is summarized in 
lable I. The lower bound of the energy of the ground 
state is discussed in Sec. 4. The estimated lower bounds 
for various trial functions are given in Table II. In 
Sec. 5 the actual position of the ground state eigenvalue 
is inferred by an extrapolation from available data, The 
accuracy of various approximate eigenfunctions is also 
discussed. In Sec. 6 the relativistic and mass corrections 
are evaluated with trial functions of various accuracy 
and the convergence of these quantities is discussed. The 
results of our investigation is summarized in Sec. 7. In 
the Appendix, some aspects of the new expansion are 
discussed from a more mathematical point of view, In 
particular, the existence of formal solutions of the He 
Schrédinger equation is demonstrated 


2. GENERALIZATION OF THE HYLLERAAS 
EXPANSION 


We shall first describe the Hylleraas method brietly 
and show how the new expansion is introduced 
The helium the nonrelativistic 
described (in atomic units) by the following Schrédinger 


atom in limit is 


equation 
) 


a 


B(Ai+- A.) +4 (2,1) 


rT; Ts Ti2 


¥=0, 


when the motion of the nucleus is neglected, r; and rz are 
the distances of the two electrons from the nucleus and 
ri iS the distance between the electrons, Choosing 


S=97i+72, U=F12, I rite, (2.2) 


as the three independent variables after separation of 
the Euler angles, Eq. (2.1) can be reduced to 


f) (WastWuurt Wit) { 2s(u? 
+4smp,+2(°—P), 
+ 8sup— (8? — P+ Eu(s? 


P Wout 2U(8* — 1? Was 
hulp, 


Pyy=O0, 


u(s* 
(2.3) 
for the S state. Since 7,, r,, and rj, are sides of a triangle, 
s, u, and ¢ satisfies the obvious relation 
ous iti. (2.4) 
The singular points of the potential of (2.3) form the 
following three surfaces: 
u=(), s=l, § f (2.5) 


Equations (2.1) and (2.3) by themselves are not 
sufficient to define the eigenvalue problem since they 
must be supplemented by a suitable boundary condi- 
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tion. It has been proved by Kato’ that, under the 
boundary conditions which may be written as 


f feents.< 2, 


ay 
Ox? 


2 
a 
|v tg<@o, 


Sf 


where x, represents any one of x, 1, 21, %2, Y2, 22, the 
Hamiltonian corresponding to Eq. (2.1) becomes self- 
adjoint in a mathematically rigorous sense and thus it 
has a spectrum of eigenvalues. In particular, the lowest- 
lying levels are discrete. There is therefore no question 
about the existence of solutions of our eigenvalue 
problem itself. 

On the other hand, the nonseparability of Eq. (2.3) 
makes it difficult to study the properties of its solutions 
in detail. We have not learned yet how to write down the 
solutions of Eq. (2.1) explicitly. We do not even have 
enough information about the analytical properties of 
solutions in the neighborhood of the singularities of the 
potential. Under such circumstances, the most powerful 
method developed so far is the Ritz variation method, 
first applied successfully to the He problem by 
Hylleraas.”"' On a basis of some qualitative arguments, 
Hylleraas assumed that the eigenfunction of (2.3) can be 
expanded into positive integral powers of s, u, and ¢ in 
the form 

6,0 


ote Fy Cun ote". 


ima 


Wv(s,u,l) (2.7) 


The remarkable accuracy of the energy value obtained 
making use of the first few terms of this expansion indi- 
cates that this is in fact an appropriate expansion for our 
problem, On the other hand, the rather poor values for 
the lower bound’ obtained with Hylleraas functions 
gives rise to some doubts about its adequacy in ap- 
proximating the eigenfunction itself. In this connection, 
it was asked a long time ago by Bartlett, Gibbons, and 
Dunn* whether expansions like (2.7) could be a reason- 
able starting point for the mathematical investigation 
of the Schrédinger equation. They found the curious 
fact that any series of the form (2.7) cannot be a formal 
solution of the Schrédinger equation since the corre- 
sponding recurrence relation for the coefficients ¢’;, m, » 
has no solution other than the trivial one: c’; ». ,.=0 (for 
all /, m, and n). From this, one might be inclined to con- 
clude that the actual eigenfunction cannot be approxi- 
mated by any Hylleraas series. As was pointed out by 


*T. Kato, Trans. Am. Math. Soc. 70, 195, 212 (1951). The 
boundary condition (2.6) is not mathematically rigorous. The 
correct definition is given by Eq. (11) of Kato’s first paper. 

“ E. A. Hylleraas, Z. Physik 54, 347 (1929) 

" Recently numerical methods of different kind have been de- 
veloped by J. H. Bartlett (Phys. Rev. 98, 1067 (1955) ] and L. H. 
Thomas (private communication), 
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Coolidge and James,” however, this does not necessarily 
follow from the absence of formal solutions. Coolidge 
and James tried further to prove that the actual solution 
can be approximated arbitrarily well by a Hylleraas 
series and the energy expectation value determined by 
the variation method converges to the actual eigenvalue. 
Their argument was not correct, however, because of an 
improper treatment of a double series which appears in 
their proof.“ Thus, up to this moment the question 
whether the Hylleraas series (2.7) is a reasonable ex- 
pansion or not has remained unanswered. 

Even if it turns out that the Hylleraas series can be 
used to approximate the actual solutions as closely as 
we like, the absence of formal solutions might well be 
responsible for the slow convergence of the lower bound 
estimation. It would therefore be desirable to have an 
expansion which has no such difficulties. It must be 
recalled here that the expansion of form (2.7) was 
written down more or less arbitrarily. At first sight, 
(2.7) seems to be the most general expansion which 
remains finite everywhere, or, more precisely, satisfies 
the condition (2.6). It turns out, however, that the 
Hylleraas series is not the most general expansion 
satisfying the boundary condition (2.6), even if we 
restrict ourselves to power series expansions, because of 
the peculiar situation that we are treating functions of 
many variables whose domains are not independent of 
each other, as is obvious from (2.4). 

We shall show this by constructing directly an ex- 
pansion which is more general than (2.7) but still 
satisfies the same boundary conditions (2.6). For this 
purpose, let us introduce the new set of variables 


s,p=u/s, q=t/u, (2.8) 


instead of s, u, and ¢, and construct a series of the form 


Oe 
ot Ff Cpa nt'P"e"* (2.9) 


l.m.n 


in analogy with the Hylleraas series. Since the domains 
of these variables are (0, ~), (0, 1), (—1, 1), respect- 
ively, they are now independent of each other. Indi- 
vidual terms of (2.9) are finite everywhere. Further- 
more, it can be easily seen that each term is subject to 
the boundary condition (2.6) only if the following 
condition, 

for (2.10) 


C1.02n=0 nO, 


is satisfied. If one goes back to the original variables s, u, 
and /, (2.9) is equivalent to the expansion 
0,@ 


ce) thaw err". 
imn 


(2.11) 


Obviously the Hylleraas series is a subseries of (2.11) 
characterized by 12m2n. Thus we have an expansion 


A. S. Coolidge and H. M. James, Phys. Rev. 51, 855 (1937). 
8 See footnote 21 of the second paper of reference 9. 
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which is much more general than the Hylleraas ex- 
pansion and yet satisfies all requirements which the 
latter is supposed to satisfy. We can of course construct 
even more general expansions if we do not confine 
ourselves to power series or do not attempt to approxi- 
mate the solution by a single expansion in the entire 
domain of variables." 

Though (2.11) is a rather simple generalization of the 
Hylleraas series, it is found to be general enough to 
contain (infinitely many) formal solutions of the Schré- 
dinger equation (2.3) as is proved in the Appendix. Of 
course, the existence of formal solutions by itself is not 
very significant unless it can be shown that some of 
them converge to the actual solutions. For the purpose 
of numerical computation, however, the new expansion 
seems to have an advantage over the ordinary Hylleraas 
series since the former permits us much more flexible 
selection of terms than the latter, especially of the 
lowest order terms which are mainly responsible for the 
behavior of the wave function in the neighborhood of 
singularities of the potential energy. We therefore de- 
cided to carry out the variation calculation of the 
ground state energy of the He atom choosing trial 
functions of the form (2.11) rather than the more 
conventional form (2.7). 


3. CALCULATION OF THE GROUND STATE 
ENERGY OF He ATOM 


According to Hylleraas, we shall replace Eq. (2.3) by 
the following variation problem : 


(—L+M)/N=): 


minimum, (3.1) 


where 


L-f asf in f di(8su-—9+P)y, 
0 0 0 


+25(18@—P Wut 2l(s?— 0 Wid: |, 


v= f asf auf ditu(s?—P WP. 
0 0 0 


To accelerate the convergence of calculation, it is 


(3.2) 


4“ In particular, it has been suggested by J. H. Bartlett [Phys 
Rev. 53, 661 (1937) ] that formal solutions of the He Schrédinger 
equation may be expanded in powers of logarithmic terms. Re 
cently V. A. Fock [Izvest. Akad. Nauk. S.S.S.R. Ser. Fiz. 18, 161 
(1954) ] has also obtained formal solutions as an expansion in a 
power series of logarithmic terms. It is to be noted that the 
logarithmic terms are not necessarily required by the structure of 
the Schrédinger equation itself. What is needed to construct a 
formal solution is a sufficient number of free parameters to 
manipulate, and the logarithmic expansion happens to fulfill this 
requirement because it contains more terms than the expansion 
without logarithmic terms. Whether the logarithmic terms are 
important in the actual numerical computation or not is, of course, 
a quite different matter. See the recent work of E. A. Hylleraas and 


J. Midtdal (Phys. Rev. 103, 829 (1956) ] in this connection. 
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customary to introduce a parameter & and define a 
function ¢ by 

(ks, ku,kt) 


Vv (s,u,1) (3.3) 


Then the variation problem for g(s,u,/) is written as 


(—kL+hM)/N= (3.4) 


minimum, 


where 1, M, and .V are now functionals of ¢ instead of 
y. In accordance with the argument of the last section, 
we shall assume that the function ¢(s,u,/) can be ex 
pressed as 


cv > (3.5) 


¢(s,u,t) Comat "4" 


Then the integrations in (3.2) can be carried out easily 
and L, M, and N are expressed as bilinear forms of 
Cim,n» Assuming that only a finite number of terms of 
(3.5) do not vanish, the variation problem (3.4) is 
approximated by a finite algebraic problem, This prob 
lem may be treated in two different ways. One is to 
vary (3.4) with respect to the Ci m,9’8 keeping the re 
maining variable k unchanged and reduce it to a secular 
equation. Then the secular equation may be solved by 
any of the standard methods. The calculation may be 
repeated several times for various values of & until the 
best result is obtained. The other approach is to mini- 
mize (3.4) with respect to & first and solve the resulting 
problem : 

L?/(4MN) = 


minimum (3.6) 


The parameter k may be determined by the relation 
k=L/2M after \ is minimized. A variant of the relax 
ation method has been found useful to solve the non 
linear variation problem (3.6).!° It has the advantage 
that it permits us to maintain a very high accuracy 
throughout the numerical work and moreover the pre 
cision is practically independent of the number of 
parameters involved. On the other hand, the rate of 
convergence of this method is extremely slow so that it 
will be necessary to use a reasonably good starting 
function selected by some other methods 

Making use of either or both of these two approaches,'* 


‘We have tried to solve the variation problem (3.6) in the 
following way: First take an arbitrary point x,°, where the 
parameters ¢€;, m,, under consideration are regarded as components 
ot a vector x;. Then one can easily compute A(x,°), the height of the 
energy surface at x;°, and (AA/dx;)e; «<4, the direction of its 
steepest gradient. By a suitable choice of the constants a,, one can 
then determine a next point 2,' = x/°+a,(0/dx,°) which gives a 
lower energy value than x,°, This procedure can be repeated as 
many times as one wants. The minimum of energy is attained 
when 04/Ax,=0. If we choose a, to be independent of i, we obtain 
the so-called method of steepest descent. To accelerate the con 
vergence, we have found it better to use different a,'s for different 
i’s. In the determination of our a,'s, the curvature of the energy 
surface is taken into account 

'* Preliminary computation with a 10-parameter function was 
done by the first method by using an electronic computer at the 
Princeton Institute for Advanced Study. Effectiveness of the 
relaxation method in our problem was tested by a CPC-IBM 
machine at Cornell, The major part of the computation was 
carried out mainly by the second method using the AEC-UNIVAC 
at New York University 
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Tape I. The constants of various ground state wave functions of helium containing negative-power terms. The only exception is the 
1%-parameter case which is obtained from the function of Chandrasekhar and Herzberg by applying our relaxation method. Expansion 
coeflicients listed are 10'ci m, , and Co,o,o is normalized to 1. 


No, of 
parameters 18 22 “4 38 39 


2.9036261 2.9037150 2.9037142 2.9037223 2.9037225 2.9037225 
3.459149% 38892119 3.7078208 3.7133871 3.7204746 3.7211124 
775338944 708204634 55.4500389 55.7506367 56.2837996 56.3337661 
11.2070737 91047319 74774433 7.5067096 7,5640619 7,5094792 
461838658 474281727 35.4027276 35.6479843 36.0575857 36.0957835 


(100) 0.520987 0.061877 0.221064 ~ 0.242959 — (0.234487 —().233872 
(110) 1.212836 1.066306 1.266177 1.258703 1.256856 1.256979 
(120) 0.237663 0.201470 0.133887 ~0.132299 —0.132234 


(112) 0.057465 0.024224 0.003643 0.003471 
(122) 0.074288 0.117951 0.087396 0.081032 0.080887 


(200) 0.22709% 0.201815 0.328272 0.415123 0.417629 0.418083 
(210) 0.314547 0.586598 | 0.222515 0.056239 0.057689 0.058346 
(220) 1.034044 0.202738 1.173334 ~ 1.159792 ~ 1.159635 
(230) 0.078207 0.557818 0.553048 0.553037 
(240) 0.114848 0.092967 —0,095915 ~ 0.096000 


(212) 0.118920 0.090652 0.014641 0.014958 
(222) 0.548619 1.418009 0.689095 1.671338 1.636562 1.636927 
(232) 0.146695 - 1.146609 ~ 1.121680 — 1.121438 
(242) 0.107252 0.286687 0.286673 0.286830 


(300) 0.042400 0.114389 ~0.225558 ~0.226038 —~ 0.226212 
(310) 0.237343 0.047030 0.041420 0.041297 
(320) 0.560729 0.559791 0.559480 
(330) (0.818139 0.005333 0.282002 0.282496 0.282068 
(340) 0.244042 —().247148 ~0.247617 


(322) (0.531984 (0.246469 0.421915 0.430056 0.429969 
(332) 2.236430 0.085977 0.101488 0.101338 
(342) 0.072563 0.070063 0.069747 


(400) 0.026402 0.007215 0.053802 0.053455 0.053479 
(410) 0.014174 0.010048 0.013036 0.013121 
(420) 0.133344 0.121417 ~0.121398 
(430) 0.005797 ~ 0.005826 
(440) 0.445197 0.425197 0.417059 0.417101 
(450) 0.302063 0.294998 0.294975 


(422) 0.157459 0.309865 0.305348 0.305219 
(442) 1.991624 0.077528 0.161768 0.165892 0.165445 
(444) 0.028853 0.029019 0.028951 


(540) 0.019751 ~ 0.019203 
(550) 0.099651 0.170186 0.185206 0.185827 
(560 ~ 0.134784 ~0.132279 ~0.131580 


(522) ~ 0.034092 0.028227 ~ 0.027977 
(552) 0.896542 0.140588 0.149057 ~ 0.148548 


0.159351 0.037981 0.039775 0.039703 


(662) 
-0,000861 


(600) 


the energy of the He atom in the ground state has been may be roughly compared with calculations with 10 and 
evaluated with various trial functions. In Table I the 18 parameters of positive powers only. Our 38-parameter 
PAFAMELETS C1, m, ny k, the energy expectation value \, function is chosen in such a way that all terms of the 
etc., obtained in this way are given for 10-, 22-, 34-, 38-, 22-parameter function as well as all 18 terms of 
and 39-parameter trial functions of the form (3.5). Our Chandrasekhar and Herzberg are included. The 34- 
relaxation method is also applied to the 18-parameter parameter function is obtained from the 38-parameter 
function of Chandrasekhar and Herzberg. The improved one by dropping the four least important terms. The 
result is included in column 3 of Table I. The 10- and —34-, 38-, and 39-term functions of Table I look similar to 
22-parameter calculations are carried out to estimate each other. This should not be regarded however as an 
the effect of inclusion of negative power terms. They indication that our calculation is converging. Rather 
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this is simply because all these functions are derived 
from the same starting function and we have not 
iterated our relaxation procedure sufficiently many 
times to make them look different.'’ We should there- 
fore consider that these three cases represent more or 
less identical physical situation. 
The best energy value obtained so far is 


\= — 2.9037225 atomic units, (3.7) 


which is better than the corresponding quantities in 
Table III and Eq. (17) of Chandrasekhar and Herzberg 
(4) by 3.55 cm™~'and 1.42 cm™, respectively.* Though this 
is a considerable improvement over previous results, the 
variation method itself cannot determine how close our 
value (3.7) is to the actual energy. In the following 
section, we shall therefore estimate the mathematical 
lower bound for the ground state energy, making use of 
trial functions given in Table I. 


4. LOWER BOUND FOR THE GROUND 
STATE ENERGY 


The ordinary variation method gives only an upper 
bound of the energy level considered. To estimate the 
accuracy of such a calculation, it is necessary to know 
some other quantities like the lower bound. For this 
purpose we shall use a lower bound formula first given 
by Temple.'* Though this is the best formula we know 
of, the distance between the upper and lower bounds 
estimated by this formula turns out to be unrealistically 
large when applied to the He ground state. One might 
therefore say that Temple’s formula is not suitable for 
our purpose. It seems, however, that this is a fault of our 
trial functions rather than that of the formula itself. In 


any case the lower bound estimation would be useful for 


the comparison of relative accuracy of various trial 
functions. 

First we shall give a simple derivation of Temple’s 
formula. Let H be any self-adjoint Hamiltonian whose 


'7Jn particular, the 39-parameter function is included in 
Table I (and also in Tables II and ILI) to show the effect of an 
additional term u* on the 38-parameter function after a relatively 
few number of iterations. It is expected that the last parameter 
C69 becomes much larger in magnitude after a sufficient number 
of iterations and the energy value will be improved somewhat 
accordingly. 

* Note added in proof.—The value of 3.55 cm™' quoted above 
refers to the energy eigenvalue obtained by S, Chandrasekhar 
and G. Herzberg directly from the best of the trial wave functions 
which they had computed, The better value of 1.42 cm™ refers 
to their best energy value [ Eq. (17) of reference 4] derived by an 
interpolation method. Unfortunately, they did not obtain a wave 
function corresponding to this energy since the interpolation was 
done with the energy value only and not with the wave function. 
J. F. Hart and G. Herzberg (to be published) have recently 
extended the calculation to a trial function of 20 parameters and 
obtained a wave function together with a minimized energy value 
(—~2,9037179 atomic units) which is about 1 cm™'! apart from our 
value (3.7). We would like to thank Professor Herzberg for his 
clarifying communications and sending us their manuscript before 
publication. 

4*G, Temple, Proc. Roy. Soc. (London) A119, 276 (1928). See 
also reference 20. 
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eigenvalues and eigenvectors are £, and y,, respectively. 
Then the following inequality, 

((H— Eo), (H— Ey) 20, (4.1) 
holds for any normalized function ¥ that can be ex 
panded as 
(4.2) 


y Yaw. 


Rewriting (4.1), one easily finds an inequality 


, g 
Ko2X- ’ 


EB N 


(4.3) 
if Fk; —A>O0, where 


A= (py, 7p), (4.4) 


and 

o=(Hy,Hy)—. (4.5) 
Namely, the actual energy Eo cannot be smaller than 
the right-hand side of (4.3). Equation (4.3) is Temple's 
formula for the lower bound. It is to be noticed that it 
may not be useful when the level spacing E,— Eo is too 
narrow. 

To evaluate the lower bound by the formula (4.3), it 
is necessary to know the energy £, of the first excited 
state (having the same symmetry property as the 
ground state). Since F, d will be much larger than o 
here, a rough approximation for £;, will be sufficient. We 
shall therefore use an experimental value 2, * 2,146 
atomic units. 

The quantity o has been evaluated by an electronic 
computer, In Table Il are given the values of lower 
bounds for various trial functions. Some of the results 
obtained by Wilets and Cherry are also included for 
the convenience of comparison. As is seen immediately, 
the lower bounds obtained with trial functions con 
taining negative powers (10- and 22-parameter fun 
tions of Table I) are much better than those without 
negative powers (10- and 18-parameter functions of 
Chandrasekhar and others) though their upper bounds 
are not much different. The distances between the upper 
and lower bounds, called AA, for our 34-, 38-, and 39 
parameter functions are about ten times smaller than 
that of the 18-parameter function of Chandrasekhar and 
Herzberg. The best estimation of Ad is about 33 em™ 
which is still very large compared with the accuracy of 
experiment, 

As was shown by Stevenson and Crawford,” it is 
possible to formulate a variation problem for o or some 
similar quantity independent of the ordinary one. By 
this method one will be able to reduce a considerably 
Of course the accuracy of the corresponding upper 
bound will be somewhat sacrificed. If one uses the two 
variation methods alternatively, however, it would not 
be difficult to achieve a higher accuracy than the 


A. F, Stevenson and M. F Rev. 54, 375 


(1938) 


Crawtord, Phys 
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Tasie II. The upper and lower bounds for the ground state energy of helium (in atomic units) and the accuracy of various trial func- 
tions. The reference numbers refer to footnotes in the text. Data without references were obtained by using functions of Table I. 9; and 


na were obtained by using formulas (5.11) and (5.10), respectively. 


No. of 


parameters 


Keter 


ence 


A 


2.90324 
2.903003 
2.903626 
2.9037009 
2.9037063 
2.9037150 
2.9037142 
2.9037223 
2.9037225 
2,9037225 


o = (Hy Hy) - 
0.01690 
0.007580 
0.004005 
00020500 
0,0013572 
0.0009222 
00907225 
0,0001223 
0,.0001152 
0.0001146 


6 
10 
10 
14 
18 
18 
22 
4 
$4 
i) 


a,b 
c, b 


d,b 
d,b 


* See reference 10 
» See reference 7 
* See reference 2 
4 See reference 4 


present one in the estimation of both upper and lower 
bounds, 


5. ESTIMATION OF THE GROUND-STATE 
ENERGY BY EXTRAPOLATION 


Let us assume that there is a function y which ap- 
proximates the normalized ground-state eigenfunction 
Yo. One may then write as follows: 


v= (1-9) Wot, (5.1) 
where 

(W Wo) 0, 

Vwv)=1 
is a parameter to measure the deviation of ¥ from Yo. If 
one computes an expectation value of H with such a y, 


(5.2) 


one obtains 


= (yy) 
(y HY) 


In the same way, one finds 


Ko + an’, 
Eo 


(5.3) 
a 


(a*+-b)n?— a’*n', 
(Ay AW) — (Ww AW’). 
From (5.3) and (5.4), the following relation is obtained: 


h— Ky 


0 


b 


(5.4) 


oa(a’+b) .. (5.5) 


when the n* term of (5.4) is negligibly small compared 
with the y? term. Since the coefficient of a in (5.5) is a 
functional of a quite arbitrary function ¥’, \ can in 
general assume infinitely many values for fixed values of 
o and vice versa. 

Since y’ is orthogonal to the ground state, the quan 
tity a satisfies the inequality 


a2 E,— Eo( 0.758), (5.6) 


where the equality holds when and only when WY =y,. 
The quantity } is always non-negative and it vanishes 
only if ¥ is one of the eigenstates y¥, of H. Thus, one 
obtains 

0<ala’+b)y'sa's (E, 


Eo)'= 1.320. (5.7) 


AL 


2.92556 
2.913608 
2.908913 
2.9064004 
2.9054974 
2.9049321 
2.9046678 
2.9038837 
2.9038745 
2.9038737 


Ba wAmAL 


0.02232 
0.010005 
0.005287 
0.0027055 
0.0017912 
0.0012171 
0,0009536 
0,0001614 
0,0001521 
0,0001512 


4A (in em™') 


4900 
2200 
1160 
594 
393 
267 
209 
35.4 
33.4 
33.2 


m 


0.169 
0.114 
0.083 
0.060 
0.049 
0.040 
0.035 
0.015 
0.014 
0.014 


This means that the point (¢,\) corresponding to any ¥ 
is confined to the shaded region of Fig. 1 when 7*<1. If 
a(a*+6)~ is close to the upper limit of (5.7), one may 
say that y is a linear combination of several lowest 
states. On the other hand, if a(a*+6)"'*<<1 ora+ba ">, 
either or both of the relations a>1, b6>1 must hold 
because of (5.6). When a>>1, / must have contributions 
from highly excited states in the positive energy 
continuum. When b>1, ¥ would be a mixture of large 
number of states which must contain states of large 
positive energy, too. 

In Fig. 1 the points (o,\) are plotted for several trial 
functions listed in Table II. At each of these points, one 
may draw a straight line with a slope (Z,—£,)™! 
««(E,—\)~. The intersections of these straight lines 
with the \-axis are the corresponding lower bounds \,, to 
Eo. Thus the lower bound obtained in the last section 
corresponds to the extreme case ¥/=y,. The rapid 
improvement of the lower bounds with the increased 
accuracy of our trial functions indicate that our y’ is 
actually a mixture of many highly excited states rather 
than a linear combination of the few lowest states. 

It is interesting to observe that all points (o,,) 
plotted in Fig. 2 lie in the neighborhood of a dashed 
straight line though these points could be scattered in a 
much wider region as is suggested by Fig. 1.” This leads 
us to a speculation that the y’’s corresponding to our 
plots (o,\) are more or less similar to each other having 
similar slopes a(a*+-6)~' at each point. If this is the case, 
different points (0,\) are distinguished by different 
values of 7 only. The dashed line intersects with the }- 
axis at the point (0,A*), where 


\* = —2.9037237 atomic units. (5.8) 


This is 0.0000012 atomic unit or 0.26 cm™ lower than 
the value (3.7) for our 39-parameter function. If our 


® Actually trial functions of Hylleraas type seem to give smaller 
gradients than those of the form (2.11). Thus, to be more precise, 
we may have to draw at least two lines with slightly different 
slopes in Fig. 2. But the essential feature of the following argument 
may not be changed. 
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d L 
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aes 07 Odd! 002 00038 0004 
oe(Hy,HW)-(w, Hy)? 


Fic. 1. The expectation value of energy \=(y,Hy) versus 
o= (Hy,Hy) —». For any y, the corresponding point (¢,) will be 
confined to the shaded region. The boundary of this region consists 
of two straight lines, with gradients 0 and (£, — Ey)", respectively. 
Both lines must go through the point (0,£). Note that these lines 
are drawn only for the sake of illustration, They are not known 
exactly because of uncertainty in the value of 9. The small circles 
indicate the location of (¢,A) corresponding to some of the trial 
functions listed in Table II. At one of these points, a dashed 
dotted line is drawn with a slope (Z,—£,)~'. The intersection, of 
this line with the \ axis gives the lower bound, Az, of Eo. 


considerations are on a right track, the value (5.8) 
would be a very good approximation to the actual 
energy Eo. 

It is likely, however, that the above argument is a 
little oversimplified. In fact, if one studies all the 
available data more carefully, one finds a trend indi- 
cating that the dashed line should probably be replaced 
by a curve which is slightly convex downward. Thus the 
linearly extrapolated value (5.8) might be too low 
compared with the actual energy Zo. At this moment, 
however, we have not enough material to make a better 
estimation of Zo. Therefore we shall simply express our 
belief that the actual position of the energy Fo will be 
very close to and perhaps slightly higher than the 
value (5.8). 

It would also be interesting to estimate the accuracy 
of our trial functions directly.” For this purpose, let us 
first notice the obvious inequality : 


(V, (H— E,W) + (E:— Eo) (1—1") 
= ¥ (E,—E,)a220. 


#22 


(5.9) 


As is easily seen, this formula can be rewritten as 


WS (A\— Eo)/(E1— Eo). (5.10) 
If Ey and £; are known, this formula can be used to 
evaluate the accuracy 7 of Y. When Fp is not known very 
accurately, (5.10) can be replaced by the weaker 
formula 

*% T. Kato, J. Phys. Soc. Japan 4, 334 (1949) ; Phys. Rev. 77, 413 
(1950). 
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~2.90370, 


Leiy,H) 1 


~2.90371 


~2.90372 





4 i i A J 


ON02 





G00 
o+(HW,HW) ~(W,HW)* 

Fic, 2. A portion of Fig. 1 is magnified by a large factor (espe 
cially in the vertical direction) in order to show the details clearly 
Two more points corresponding to the 18- and 22-parameter 
functions obtained in the intermediate stage of our iteration 
procedure are added. The calculated points are scattered in the 
neighborhood ot the dashed line. The intersection of this line with 
the \ axis may be used to obtain an approximate value of the 
actual energy Eo 

0 
"ss , (5.11) 
(,— A)? +a 

which follows from (5.10) and ‘Temple’s formula (4.3) 
In columns 8 and 9 of Table II are given the quantity n, 
evaluated by making use of the formula (5.11) and 
(5.10), respectively. In the latter case it is assumed that 
Eo is given exactly by our extrapolated value (5.8) 
This will be a quite reasonable assumption for the 
relatively simple trial functions. Even for our best trial 
functions, it is likely that (5.10) gives a closer estimation 
than (5.11) of the accuracy of wave functions 


6. RELATIVISTIC AND MASS POLARIZATION 
CORRECTIONS 
According to Sucher and Foley,’ the expectation value 
of the relativistic correction in the ground state is given, 
correct to the order a’, by 
Eve) . (ky } E,"’ | E,!" { EK, | | PAY ry, 


where 
kA 


Ey’ ” ((A19,41¢) t (Ary,A.¢) |, 
4N 


(6.1) 


Ey": = L(v,4(11) )+(v,4(t2) ¢) |, 


2rk* 
. y (¢,4(ri2)¢), 


kt | 
(« [V,Vet (nV) (nV2) ), 
N u“ 


: 2k,", 


N= (¢,¢) fof auf dtu(s?—F) ¢’, 
6 0 6 


ke 47 
“i 


Ey’ 


1D 3" 
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Tasix IIL. Relativistic and mass polarization corrections evaluated with various trial functions. The reference numlsers refer to 
footnotes in the text. Data without references were obtained by using trial functions of Table I. Ejo,(= —4.000a? ry) is the relativistic 
correction for the ground state energy of He'*. Figures are given in the units a* ry except for the last two columns. 


Meter No. of 


parameters 


4B, 


1.20 
0.73 
0.70 
0.69 
0.683 
0.6735 
0.6732 
0.6725 
0.6693 
0.6094 
0.6693 


Ek,’ 


20.30 
26.71 
27.25 
27.209 
26.978 
27.0218 
27.0367 
27.0226 
27.0507 
27 0A61 
27.0459 


ki” 


19.20 
22.00 
22.83 
22.74 
22.727 
22.7408 
22.7486 
22.7424 
22.7545 
22.7523 
22.7521 


ence 


1% 
1% 
22 
54 
$% 
9 


* See reference 4 


& See reference 10 
hee reference 2 
1 See reference 4 


and ¢ is given by (3.5). Sucher and Foley evaluated 
these corrections with the Hylleraas 3-parameter fun 
tion, leading to 

Evei (6.3) 


Eion= 9.3207 ry, 


where Ejon 4.0000 ry is the relativistic correction for 
the ground state of ionized helium. 

At first sight, one might think that the relativistic 
correction can be evaluated with enough accuracy using 
a relatively simple trial function since it is small 
It is to be noticed, however, that Ey.) 
itself 13.5 times larger than the difference 
(6.3). Moreover, the relativistic correction will be much 
more sensitive to the details of the wave function than 
the energy itself since the former contains higher 
derivatives of the wave function than the latter. Since 


numerically 
is about 


the accuracy of expectation values of quantities like 


(6.2) will be proportional to the accuracy of the wave 
function itself, not to its square, it 1s necessary to 
evaluate them with a function which is accurate to the 
desired degree, 

We have also to notice that it is not known whether 
the relativistic correction can be bounded from above 
and below. This makes it hard to find how close the 
computed value is to the actual value. For these reasons, 
we have decided to compute it with various trial 
functions and see whether its value will converge to a 
certain limit when the accuracy of the trial function is 
improved, In Table III are given the values of the 
relativistic correction evaluated with various functions 
up to 39 parameters. Similar calculations are arried out 


for the mass polarization correction 


k? 
(Vig,Vee) (atomic units), 


Mite N 


m 
(6.4) 


and the results are also included in the last column of 
Fable II 

It will be seen that the expectation values fluctuate 
considerably for the trial functions of up to 10 parame- 


Evet — Bios 


inccm * 


24.0 
1.87 
0.06 
0.362 
0.882 
0.666 
0.624 
0.606 
0.556 
0.571 
0.570 


Ea 
(in em" 
0 
5.34 
4.95 
4.799 
4.591 
4.789 
4.788 
4.790 
4.786 
4.786 
4.786 


Ey’ Eve 
4.10 
0.32 
0.01 
0.062 
0.151 
0.1139 
0.1068 
0.1139 
0.0951 
0.0977 
0.0976 


Evon 


0 

0.30 
0.29 
0.283 
0.281 
0.2790 
().2788 
0.2788 
0.2784 
0.2783 
0.2783 


: 


ters. For the functions with more than 18 terms, how- 
ever, the fluctuation is pretty small and indicates that 
the expectation values are really settling down to 
limiting values. The accuracy of E,, and Ey may be 
estimated in terms of the accuracy. of approximate 
eigenfunctions used to evaluate them. Obviously the 
accuracy of correction terms is proportional to ». It 
must be noticed, however, that nothing is known about 
the actual magnitude of the proportionality constant so 
that an absolute estimation of accuracy is impossible. 
From these arguments, we may conclude that the 
relativistic and mass polarization corrections are 


Eve ee Eion 


0.579+0.05 cm™! (6.5) 


and 


F,=4.7864+0.01 cm™ (6.6) 


’ 
respectively. The accuracy is derived from m2 listed in 
Table Il. If one uses n, instead of 2, one obtains of 
course much broader limits. As was mentioned above, 
however, the limits of errors of (6.5) and (6.6) are given 
in a more or less arbitrary manner and therefore they by 
no means have an absolute significance. Nevertheless it 
is plausible that these limits of errors are of the correct 
order of magnitude. 


7. DISCUSSION 


When one includes the mass polarization and rela- 
tivistic corrections (6.5) and (6.6), the nonrelativistic 
energy (3.7) obtained with our 39-parameter function 
leads to the ionization potential 


198311.61 cm™! (7.1) 


for the ground state of He atom. This value does not 
include the Lamb shift and other smaller corrections. If 
one adds to this the best estimation of the Lamb shift, 

1.23+0.3 cm™', evaluated with the 6-parameter 
Hylleraas function,” the final theoretical prediction for 

™P. K. Kabir and E. E. Salpeter, Bull. Am. Phys. Soc. Ser. II, 
1, 46 (1956). The quoted error of +0.3 cm™ comes largely from an 


estimate of the order of magnitude of some quantum electro 
dynamical correction terms, which have not yet been calculated. 
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the ionization potential (1.P.) becomes 
LP theory = 198310.38 cm™, (7.2) 


which agrees remarkably well with the present experi- 
mental value! 


I.P..xp= 198310.54+1 cm™. (7.3) 


As was shown before, the mathematical limit of errors 
of the nonrelativistic energy is still very large. Thus the 
value (7.1) could be as large as 198345 cm™'. But it is 
plausible from the argument of Sec. 5 that our value 
(7.1) is smaller than the correct value by only 0.3 em™! 
or less. If one accepts that argument, our final results 
(7.1) and (7.2) will have to be increased by this amount. 
It is therefore likely that the correct ionization potential 
is very close to 198310.64 cm™'. Its uncertainty will be at 
most of the order of +0.5 cm™. 

The accuracy of our calculation will therefore be 
better than that of the present experiment. It will not be 
sufficient, however, for the purpose of serious compari- 
son of theory and experiment in the near future. It is 
therefore highly desirable to improve the accuracy of 
theoretical calculation still further. Though it will be 
possible to improve the energy value by varying our 39- 
parameter trial function further, since it has not 
minimized the energy yet, it might be necessary to add 
many more terms to our trial function before we can 
achieve a substantial improvement. At this stage, it 
might be more efficient to use a variation method for 
(Hy, Hy) — (b,y)? rather than the ordinary variation 
method, as was mentioned in Sec. 4. More accurate 
evaluation of the Lamb-shift correction and higher 
order radiative corrections will also be required. 

In this paper, we have deviated from the customary 
approach by introducing negative-power terms as a 
possible form of trial functions. Advantages of such 
functions have been emphasized in Sec. 2 and also in the 
Appendix. The real criterion for the usefulness of 
negative-power terms can be obtained, however, only by 
evaluating their effectiveness in the actual numerical 
calculation of energy and wave function. The result of 
our calculation with 10- and 22-parameter functions 
may be regarded as an indication that the negative 
terms are in fact useful for our purpose (see Table II). 
On the other hand, the remarkable improvement of 
accuracy in the cases of 34 or more terms might have 
been obtained simply by the large flexibility of trial 
functions resulting from the tremendous number of 
terms involved. It would be interesting to notice, 
however, that some of the formal requirements on 
Cimn, such as (A.15) and (A.16), are satisfied to a 
- better extent by trial functions containing negative- 
power terms than by those with positive powers only. 

Finally we shall refer to other recent approaches 
to the eigenvalue problem of the He ground state. 
Schwartz” has used trial functions involving fractional 


1H. M. Schwartz, Phys. Rev. 103, 110 (1956) 
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powers of the variables and obtained a remarkably good 
energy value with using a 13 
parameter function. Unfortunately, however, it is difh 
cult to see whether it is physically significant or not, 
since the expectation value (//y,//~) diverges loga 
rithmically for his trial function at w= 0. For the same 
the relativistic term £)' 
divergent.“ Hylleraas and Midtdal®” have carried out a 
variation calculation using a trial function with 24 
terms out of which three are negative power terms and 
one is a logarithmic term. The energy value obtained 


a variation method 


reason correction becomes 


seems to be about 1.3 cm”! better than our best result 
(3.7). If this were true, it would upset our argument 
about the linear extrapolation and make our value (5.8) 
unreliable, On the other hand, the result of Hylleraas 
and Midtdal will lead to a theoretical ionization po 
tential which is more than 1 cm™! too large compared 
with the present experiment 
very profitable to investigate further trial functions of 
the type used by Hylleraas and Midtdal. 


In any case, it would be 
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APPENDIX. FORMAL SOLUTION OF THE He 
SCHRODINGER EQUATION 


A. Existence of Formal Solutions 


First, we shall show that we can construct infinitely 


many formal solutions of the He Schrodinger equation 


* Closely related to these troubles is the fact that Schwartz's 
trial functions do not satisfy Kato’s boundary conditions (2.6) 
Nevertheless, we have been able to convince ourselves that his 
energy expectation value will not become lower than the actual 
energy. This is quite interesting since it suggests that the expecta 
tion value of the Hamiltonian might converge to the correct limit 
under less stringent boundary conditions than (2.6) 


* FE. A. Hylleraas and J. Midtdal, Phys. Kev. 103, 829 (1956). 
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(2.3) if we assume that ¥ can be expanded in the gener- 
alized form (2.11). To prove this, let us introduce the ex- 
pansion (2.11) into the left-hand side of (2.3) and 
rearrange the resulting expression into the power series 
of s, u, and t. Requiring that all coefficients of this series 
vanish, one obtains the following recurrence formula 


for cy m,n 


n(n—1)C1, mat (m—n+2)(m+-n— 1)C1, m, n-2 
+ (L—m—n+4) (L+-m— n+ 3)C1, m2, n~2 
(m—n-+-2)(2L—-m—n4+-7)C1, m~2, n~4 
(l—m+-4) (1 
(l—n—5)e1 1, m2, at (m n+ 2)c; 1, m—2, n—4 
Cit, m8, n~47t (l—m+ 3)c1 1, m4, n—4 


+ (E+4) (C12, m2, 0-2 


M+ 3)C 1, m—4, 2-6" C11, m1, a~8 


(A.1) 


C12, m—4, n—4) * 0, 


Altogether there are ~* equations to determine »# 
x | 


Quantities C7, m, n- 
Let us call the set of indices (1,m,n) larger than the 


other set (l',m’n’) when 

l'>1, 
or [' =|, 
or I! =], 
Equation (A.1) has such a structure that the first term 
Cim.» can be determined for n#0 when the Cv, m’, .’8 are 
known for some of the smaller indices. Therefore, if the 
coefficients Cy, m,, are determined successively, starting 


from those of smaller indices, no inconsistency occurs in 
0, one 


(A.2) 


m> mm, 


m=m', n>n’. 


general among the equations of (A.1). For n 
obtains 


061, m,0= 9, (A.3) 


so that ;, m,o can be chosen arbitrarily for all values of / 
and m. Furthermore it is not difficult to show that all 
quantities Ci,m,.("22) can be expressed uniquely as 
linear combinations of parameters ¢;, »,o. We have thus 
seen that Eq. (2.3) has formal solutions of the type 
(2.11) with * arbitrary parameters, 

It is to be noticed that the existence proof of formal 
solutions given here depends on the procedure of con- 
struction of Ci, m,. Starting from quantities of smaller 
indices. It will, of course, be possible to construct formal 
solutions in different ways. However, if some of the 
quantities having larger indices are determined before- 
hand, one usually encounters some inconsistency and 
the whole process of construction of ¢;, m,. breaks down. 
In particular, it is because the restriction, 


0 unless l2m2n, (A.4) 


Clhmn 


is imposed on the coefficients that the Hylleraas ex- 
pansion cannot lead to any formal solution of Eq. (2.3). 
B. Kato’s Theorems 


Before discussing some properties of formal solutions 
of Eq. (2.3), it will be useful to mention briefly Kato’s 
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theorems.”* Kato has recently given rigorous proofs for 
the following two theorems about the properties of 
solutions of the Schrédinger equation for atomic sys- 
tems. They have been assumed as obvious in many 
applications but have not been justified before. 

1. Eigenfunctions of a Schrédinger equation are con- 
tinuous everywhere (even at the signularities of the 
potential energy) if the potential has no stronger 
singularities than the Coulomb potential. 

2. First derivatives of the eigenfunctions at the 
singularities of the potential satisfy the following 
relations 


)-- 
((~) ) =(s.09), 
UT uno! m 


where the left-hand side of these relations are averages 
of first derivatives over spheres of small radii whose 
centers are r;=0 and u=0, respectively. 

When the first theorem is applied to our expansion 
(2.11), one finds the following results: 


(A.5) 


u=l=72), 


(A.6) 


(A.7) 
(A.8) 


C102=0 for n#0, 


C6, ™m, ,a=0 for (m,n) # (0,0). 


This is because terms corresponding to these coefficients 
have finite discontinuities at u=0 and s=0, respectively, 
and therefore must be removed from the expansion 
(2.11). Equation (A.7) coincides with (2.10) which 
follows from the boundary conditions (2.6). ‘This is also 
obtained by solving the recurrence formula (A.1) for the 
case m=Q(, It seems, however, that the relation (A.8) 
does not follow from any requirement other than 
continuity.”” 

Applying the second theorem to our expansion (2.11), 
we are led to the following relations between the 
coefficients : 


(A.9) 


> (l—m—n)ci,m,n=0 for all 1, 


D (n+1) C4, 1, n=O.5e1-1, 0, 0. (A.10) 


It is interesting to notice here that, for m=1, the 
recurrence relation (A.1) is simplified to 


(A.11) 


n(n—1)o11,.n—2(— 3)C1, 1, n—2—C1-1,6, n-2= 0. 


** T. Kato, New York University, Research Report No. CX-25, 
1956 (unpublished). 

7 As is easily seen, a discontinuity of the wave function y at 
u=( is ruled out by the boundary condition (2.6). On the other 
hand, at s=0, a discontinuity (or even a logarithmic singularity) 
does not contradict (2.6). This is because the integration domain in 
the immediate neighborhood of s = 0 is 6-dimensional while that at 
u=( is only 3-dimensional. 
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Solving this set of equations, one finds 
(A.12) 
(A.13) 


C412 Cu, ot 0.5c; 1, 0, 0» 


ChLiin™= (n—1) lena for n= 2. 


If one substitutes (A.13) into (A.10), the following 
relation is obtained : 


O.5¢41,a+ C4, 1,0 0.5¢, 1, 0, 0+ (A.14) 


Obviously this is consistent with (A.12) only when the 
following relations hold: 


(A.15) 
(A.16) 


€11,0 0.5¢, 1, 0, 0» 


Cuin=0 for #22. 


(A.15) and (A.16) are valid for arbitrary values of /. In 
the numerical computation, where only a finite number 
of parameters are used and therefore the recurrence 
relation (A.1) cannot be satisfied exactly, the relations 
(A.9)-(A.16) may not have to hold strictly. We have 
therefore preferred to keep in our trial functions a few 
terms which are supposed to vanish according to (A.16) 
and watch their behavior when they are allowed to vary 
freely in the variation calculation. The result of our 
calculation seems to confirm the relation (A.16) since 
the parameters ¢),;,2 and ¢»,;,2 of our 38- and 39-term 
functions are among the smallest terms. 


C. Some Properties of Formal Solutions 


Since Eq. (A.1) is very complicated, it is not easy to 
investigate the properties of its solutions in detail. As is 
seen from (A.11), however, some of the lowest order 
recurrence relations contain only a few nonvanishing 
terms and thus we can learn a little about the behavior 
of the solutions. In the following we shall outline some 
aspects of formal solutions. 

(i) l=0. Because of the continuity condition (A.8), 
the only nonvanishing parameter is Co, o, 0. 

(ii) /=1. The case m= 1 is already included in (A.15) 
and (A.16). For m= 3, one finds 


3(n+2) 
C1, 4, 0- 


1)(n—3) 


C1 an 
2(n- 


Therefore the sum 


¢ 


ps 1,4 n 


m4) 


(A.18) 


diverges logarithmically. Similarly the sum )on 1, m,n 
diverges for any fixed odd m. Since a sum like (A.18) 
may be regarded as the limit of a certain partial sum of 
our expansion (2.11), it leads to the divergence of 
(2.11), at the regular points of the potential u= +1. If 
we wish, we may avoid such trouble by assuming 
C1, m.0=0 for all odd m (2 3). 
For even m (and n), we obtain the following result : 


0 if n2m-+2. (A.19) 


c lLmn 
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Thus there are at most (m-+-2)/2 nonvanishing terms 
for each even m. It is not known whether the series 
ym Sono” C1, m,n converges (conditionally perhaps) or 
not when summed over all even m.** If it diverges, it 
would lead to a singularity of the expansion (2.11) at 
the singular points s= wu of the potential energy. 

(iii) In the general cases, one will have to treat 
various kinds of divergent partial sums. Divergences of 
some types may be removed consistently in the same 
manner as in the case of (A.18). If we try to eliminate all 
the divergences by removing them from our expansion, 
however, we might get into trouble of the same kind as 
that of the Hylleraas expansion, On the other hand, it is 
rather questionable whether one may remove me 
chanically all divergent partial sums of ¢;,»,,, since our 
expansion (2.11) may be a conditionally convergent 
series, if it converges at all. 

Thus it seems to be very hard to construct an actual 
solution starting from formal solutions, Meanwhile it 
would be equally useful if one could show that the actual 
eigenfunction can be approximated arbitrarily well when 
more and more terms of (2.11) are added to our trial 
function. To answer such a question, however, it is 
necessary to carry out a complicated mathematical 
analysis and it is not known yet whether the Hylleraas 
expansion (2.7) or our expansion (2.11) can lead to such 
a result or not.’ For the moment, we therefore cannot 
tell which of the following alternatives will turn out 
valid: (a) Both (2.7) and (2.11) can approximate the 
actual eigenfunction arbitrarily closely. (b) Only (2.11) 
gives arbitrarily accurate approximations. (c) None of 
them work. In the last case, we may have to look for a 
totally different approach. On the basis of numerical 
computations, however, we are inclined to believe that 
the case (a) is valid. If this is true, we may have to 
determine why it is advantageous to introduce an ex 
pansion (2.11) when the simpler expansion (2.7) is 
sufficient. 


D. Relation between the Hylleraas Expansion and 
Our Expansion 


It is known” that the Hylleraas expansion (2.7) 
forms a complete set of functions in the domain of 
integration OS |t} SusSs<@ with the weight function 
u(s’—f). Since our expansion (2.11) contains the 
Hylleraas expansion as one of its parts, it is obvious 
that (2.11) is also complete in the same sense. One 
might naturally ask whether (2.11) contains more 
terms than necessary. 

In order to understand the situation, let us first 
consider a set 


(A.20) 


defined on an interval (0,1). As is well known, (A.20) 
forms a complete set of functions in this interval, Now, 
if one removes the first few terms from (A.20) and 


™ However, it is easily seen that a partial sum like Ly €;, m, m 


diverges for even m, 
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considers a new set 


r"; n=MNo, Not 1, not2, : (A.21) 


it can be shown easily that this is also complete.” We 
have therefore two complete sets where one is a subset 
of the other. Such a situation may occur because the 
«”’s of (A.20) are not orthogonal to each other and thus 
the removal of some x"’s does not necessarily diminish 
the dimensions of the Hilbert space constructed on the 


set (A.20), 


™ The completeness of the set {x*; n=O, 1, 2, } may be ex 
pressed as follows: If fi) {(x)x"dx=0 for n=O, 1,2, --+, f(x) must 
be identically zero. Therefore, to prove the completeness of 
(A.21), we have only to show that th) 20 derives from the rela 
tion fol f(x) x"dx=0 for n= no, no+1, no +2, «++. Now, since this 
relation can be rewritten as fo) {(x)x™x"dx=0 for n=0, 1,2, ---, 
we obtain f(x)x”=—0. Thus {(x) =0 for x#0. We may not have to 
worry about the value of /(x) at x=0 since it does not contribute 
to the integral 
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The orthonormal complete sets constructed from 
(A.20) and (A.21) may, however, look quite different. 
Thus a function f(x) may be expanded in different ways 
in the different sets. Which set is more convenient will 
depend on the function we want to expand. It will be 
obvious however that the set (A.20) is more convenient 
than (A.21) when we expand a function which may be 
approximated easily by a linear combination of x" with 
nNSNo. 

As is seen immediately, the relation of the Hylleraas 
expansion to our expansion is quite similar to that of 
(A.21) to (A.20). Thus the above argument suggests 
strongly that the actual eigenfunction of He atom will 
be approximated more easily and quickly by the 
generalized expansion (2.11) than the ordinary Hylleraas 
expansion (2.7), if it is possible at all. 
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An improved microwave spectrograph has been developed which permits measurements of electric field 
intensity to one part in ten thousand. The instrument is employed to make precise Stark effect measure 
ments. A method is also given for measuring the polarizability of polar molecules in a given rotational state 
The transition J = 1-+2, AM =O for the ground vibrational state of carbonyl sulfide (OCS) was studied and 
the electric dipole moment was determined to be (0.7124+0.0002) Debye units. In addition the polariza 


bility anisotropy (a, 


@,,) was measured and found to be (2.4+3.0)K10™™ cm? 


Effects caused by the fourth-order term in the perturbation expansion for the Stark Effect were observed 


and found to be in good agreement with theoretical predictions 


I, INTRODUCTION 


HIS work was motivated by the need for improve- 

ment of the precision of Stark effect measure- 
ments in microwave molecular spectra in order to study 
higher order effects. The splitting of degenerate rota- 
tional energy levels through the Stark field interaction 
with nonvanishing electric dipole moments is in general 
many times greater than that caused by other Stark 
field interactions. Consequently, Stark displacements of 
rotational spectral lines are taken to be the result of 
dipole interactions even though other interactions are 


recognized and known to be present. For the most 


* Part of a dissertation submitted by S. A. Marshall in partial 
fulfillment of the requirements for a Ph.D. at the Catholic Uni 
versity of America 

t Present address 
Illinois 


Armour Research Foundation, Chicago, 


part, these weak interactions present no serious prob- 
lems to the determination of electric dipole moments 
because of their very small effects; in addition the 
determination of field strengths in most microwave 
Stark cells is not sufficiently precise to establish their 


presence conclusively. 

Because of its uncomplicated rotational spectrum 
and its lack of nuclear quadrupole coupling, carbony! 
sulfide (OCS) has in recent years been the object of a 
number of microwave investigations.’~* Dakin, Good, 
and Coles! reported the first microwave Stark investiga- 
tion of the molecule and later, Shulman and Townes* 
investigated its various vibrational state electric dipole 
moments. By using a set of carefully selected Stark 

! Dakin, Good, and Coles, Phys. Rev. 71, 640 (1947). 


? Strandberg, Wentink, and Kyhl, Phys. Rev. 75, 270 (1949). 
*R. G. Shulman and C. H. Townes, Phys. Rev. 77, 500 (1950). 
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wave guide celis, the latter investigators were able to 
report dipole moments of OCS having probable errors 
of the order of 0.004 Debye unit. Precision measure- 
ments of the dipole moment will enable subsequent 
workers to use a particular molecule as a standard in 
order to calibrate new spectrographs where cell dimen- 
sions and field configurations are not known or are 
difficult to measure. 

Molecular polarizability interaction with an electric 
field produces rotational energy level splitting which is 
quadratic in the field and several orders of magnitude 
below the splitting caused by electric dipole moments. 
To detect this effect in the class of molecules having the 
linear Stark effect would indeed be a formidable task. 
However, in molecules exhibiting a quadratic Stark 
effect the dipole splitting of energy levels is small 
enough to make an attempt at polarizability deter 
minations feasible. 

Molecular dipole moment determinations involve the 
measurement of electric field strengths and frequency 
shifts of spectral line components. It would be desirable 
if these two measurements could be made to within the 
same degree of precision. For example, OCS exhibits a 
second-order Stark splitting with part of its rotational 
spectrum in the 24 000 Mc/sec region. Assume electric 
field strengths of the order of 20 statvolts/cm to cause 
OCS spectral line displacements of roughly 50 Mc/sec. 
Present techniques make it possible to measure fre 
quencies of lines to 1 part in 10’, so that it is not un 
reasonable to say that Stark shifts of the order of 50 
Mc/sec can be determined to within a few parts in 
10‘. To put electric field strengths and spectral line 
displacements on a nearly equal footing of measure 
ment, we would like to be able to determine field 
strengths to within 1 part in 10* or better. 

Wave guide absorption cells having Stark septums 
are clearly undesirable in attempting this order of 
precision because of the nonuniformity of wave guide 
dimensions and the field uncertainties associated with 
edge and corner regions of the septum and guide. In 
an effort to reduce these uncertainties, a special silver- 
coated polished glass microwave absorption cell has 
been put into operation. Two sets of plates separated 
by quartz spacers give the configuration of a plane 
parallel plate transmission line. The separation of the 
plates is 1 millimeter having a uniformity of 1 part in 
10* over a four-foot absorption path length, and the 
plate width is six inches. 

Using this cell* and a frequency standard having a 
stability of 1 part in 10°, we have measured the dipole 
moment of OCS in its ground vibrational state by 
observing the Stark splitting in the J=1—+2, AM=O, 
rotational transition. The observed energy level split- 
tings indicated the need for approximations to be 

* The electromagnetic horns discriminate against radiation from 


the edges of the cell. No line broadening due to edge effects 
was observed at field strengths up to 7500 volts per cm 
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carried out to fourth order in the Stark perturbation and 


for the inclusion of effects due to molecular polarizability 


II, APPARATUS 


The instrument used in this investigation is a Stark 
square wave modulated spectrograph.’ The cell is 
inclosed in a six-foot steel vacuum chamber fitted with 
vacuum tight flanges. One of these flanges is used to 
bring in the Stark voltage through a glass-to-metal 
seal and two other flanges have accommodations for 
bringing in the microwave radiation. The radiation 
oroginates from a 2K33 klystron oscillator and is 
coupled to the absorption cell by means of an electro 
magnetic horn having a 6-inch H-plane flare with a 
one millimeter £-plane opening matching the separa 
tion of the cell plates. A more detailed description of 
the instrument will be given elsewhere 

The sper trograph has two os¢ illoscope displays, one 
for the presentation of the absorption and another to 
monitor the oscillator mode pattern. This second dis 
play makes it possible to locate the absorption line on 
a flat region of the mode 

A saw-tooth sweep generator used to frequency 
modulate the klystron oscillator is equipped with an 
inverting stage of amplification having a gain adjust 
able to unity. The oscillator can thus be swept in a 
forward and reverse direction for the purpose of averag 
ing out errors due to time delay in the frequency 
measurements, By sweeping in both directions and at 
the same time keeping the frequency and amplitude of 
the sweep voltage as low as possible, we were able to 
reduce time delay errors to less than the uncertainty in 
placing a frequency marker on the peak of the absorp 
tion line. 


Ill, EXPERIMENTAL PROCEDURE 


Stark frequency displacements for a rigid linear rotor 
without nuclear quadrupole couplings are given by a 
relation having the form 


Av=A(J,M)wE*/h'vo, (1) 


where yw is the permanent electric dipole moment, F is 
the Stark field strength, vo is the frequency of the 
undisplaced rotational line, Av is the frequency dif 
ference between the Stark displaced and the undis 
placed line, A is Planck’s constant, and A(J,M) is 
given by’ 


3M?*(16J? 4-32) +10) — 8S (J +1)?(J +2) 


1)(2J-+1)(2S-+3)(2S-+5) 


T(J +2)(2J 


The selection rules are J-»/+1 for the angular mo 
mentum quantum number and 4M = 0 for the magnetic 


"ROH Phys. Rev. 71, 562 
(1947) 

*J. W. M. DuMond and E. R 
25, 691 (1953) 


TR. de L. Kronig, Proc 


Hughes and E. B. Wilson, Jr 


Revs. Modern Phys 
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quantum number when the Stark and microwave elec- 
tric vectors are parallel as is the case here. 

Following Shulman and Townes,’ we apply a Stark 
field to the cell which is the sum of a dc bias field 2° 
and a smal! 100-ke square-wave field E’ for modulation. 
From Fig. 1 we see that when E° and E£’ are first 
turned on, the field applied to the cell for the first 5 
microseconds is (£°4+-E’) which produces a Stark fre- 
quency displacement in the OCS spectrum given by 


yw 
Av, =A(J,M)-——( +E’)? 
h? 


Vo 


During the next 5 microseconds, E’ changes sign, caus- 
ing a slightly different displacement given by 


we 
Av_= A(J,M)——~(E— BE’ 


h* vo 
Taking the average of these two displacements, we get 


Av= A(J,M) (yw? E°/h*vo)*| 14+ (E'/E°)*). (3) 


“ 


Although both Ov, and Av— vary linearly with £’, 
their average cancels this dependence and reduces 
considerably inevitable uncertainties associated with 
the square-wave field. If now the ratio (2£’/E”) is main- 
tained in the neighborhood of (1/100), then fluctua- 
tions in &’ amounting to as much as 10% will affect 
the correction term [1+ (4’/E°)*] by not more than a 
few parts in 10°, provided £° is held constant. 

The simple geometry of the cell makes it possible 
to define the field within the interior regions by the 
relation E= V/d, where V is the potential difference in 
statvolts® applied to the plates of the cell and d is the 
plate separation distance, Since the width is six inches 
and the separation is one millimeter, the inhomogeneous 
field regions near the edges of the cell plates can be 
shown to cause only a slight broadening of the absorp- 
tion line with no observable shift in the peak. For the 
quadratic Stark effect the broadening increases linearly 
with the field strength, and it is interesting to note that 
the plate separation in this particular instrument was 
sufficiently uniform to cause less than a 50-kc increase 
in the line breadths for field strengths of up to 25 
statvolts/cm, 

In determining the dipole moment of OCS, frequency 
displacements for the two Stark components M =0 and 
M = +1 were measured for a number of electric field 
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strengths. The frequency of the undisplaced line was 
taken to be 24 325.921 Mc/sec.* 

Frequency shifts for each of the Stark components 
were measured individually since the dipole moment 
measurements for the two M states were expected to 
differ slightly. This prediction was based on an esti- 
mated frequency displacement resulting from polariza- 
bility interaction. 

IV. THEORY 

The energy level splitting in a rigid linear rotor 
resulting from second order electric dipole Stark field 
interaction is given by’ 


22 


~F(J,M), 
B 


(4) 


Ky u’=-- 


where B is the rotational constant defined as 4/8n°/, 
I is the moment of inertia about the molecular axis of 
rotation and 


F(J,M)=[3M?—J(J+1) // 


[J (J+1)(2J—1)(2J4+3)]. (5) 


We now consider another second order field-depend- 
ent energy contribution, that arising from the inter- 
action of molecular polarizability with the Stark field. 
Classically, the energy of an electric dipole induced by 
a field E operating on a charge distribution is given by 
— ha’ EF’ cos’@ where a’ is the effective polarizability of 
the distribution and 6 is the angle between the space 
fixed electric vector and the direction of the induced 
dipole moment. In OCS, the three elements of the 
diagonalized polarizability tensor are given by a,zz=ay,y 
and a,, so that the classical energy due to polarizability 
is given by 

K= —4(a,,—a,,) EF cos*d — ha,,F". (6) 
From this expression we can find the energy contribu- 
tion due to polarizability by calculating the average of 
cos’@ over the rigid linear rotor wave functions. This 
energy is 
—haF’G(J,M)—}a,.F, 


Ky, um*= 


TABLE I. Experimental values of u,? vs &* for the two states 
M-=0 and M=+1 with E measured in statvolts/em and y, in 
Debye units. 


Ad 


479 
425 
383 
339 
310 
253 
211 
177 


wet (M = +1) 


0.50657 
0.50675 
0.50670 
0.50081 
0.50684 
0.50696 
0.50711 
0.50725 


ue? (M =O) 


0.499609 
0.50057 
0.50110 
0.50204 
0.50281 
0.50324 
0.50427 


* Microwave Molecular Spectra Tables, National Bureau of 
Standards Circular 518, 1952. 
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J?—M 
wie) 

(2J+1)(2J—1) 
and a=a,,—a,, is the polarizability anisotropy term. 
From here on, the term —4a,,£ is dropped since it 
does not contribute to energy level differences. 

For fields of sufficient intensity, higher order electric 
dipole interaction terms become necessary to interpret 
the data properly. Since third-order terms can be 
shown to yield a vanishing energy contribution,’ the 
next highest nonvanishing energy contribution is a 
fourth order term. Second-, fourth-, and sixth-order 
perturbations in —yE cosé for the rigid linear rotor 
have been worked out in a dissertation by Brouwer."° 
Hughes," has confirmed most of this work and has 
applied it to a molecular-beam investigation of cesium 
fluoride. 

The rotational energy level expressions given by 
Hughes (Brouwer’s work was unavailable) appear as 
series expansions in even powers of the Stark field, the 
second term of the series being just what one would get 
by substituting the numerical values of J and M in the 
function F(J,M) of Eq. (5). The third terms in the 
expansions vary as FE‘ and are given by (u‘E*/h'B') 
XK(J,M), where the values of the function K(/,M) 
are given by"? 


where 


Gum) =( 


(J+1)?—M? 
(2J+3) (2 +1) 


K (1,0) = —73/7000, 
K (1,41) = 19/56 000, 
K (2,0) = 1/3000, 
K (2,41) = — 1/3000, 


Combining Eqs. (4) and (7) with this fourth-order 
electric field-dependent term, we get 


PD 
Ky w= ———F(J,M)—hal?G(J,M) 
IhR 


7 wks 
+——K(J,M). (8) 
h BS 


This equation gives us the Stark splitting in the 
rotational energy levels resulting from second and fourth 
order perturbation due to electric dipole interaction 
and the second order perturbation due to polariza- 


TABLE II. Parameters of Fig. 2. 


Parameters M #0 M=+l 
0.224 «10 


0.2144001) x10 


0.0172 x10" 
(0.0205 40,004) x10 


Theoretical slope 
Experimental slope 
Intercept (based on 
theoretical slope) 
Intercept (based on 
experimental slope 


(0.50756 +0,00006) X10°% (0.507435 +0,00009) x10" 


(0.50732 40.00006) *10°" (0.50754 40,00009) *10°* 


*S. Golden and E. B. Wilson, J. Chem. Phys. 16, 669 (1948) 
” F, Brouwer, dissertation, Amsterdam, 1930 (unpublished) 
" H. K. Hughes, Phys. Rev. 72, 614 (1947) 

“H. K. Hughes, Phys. Rev. 76, 1675 (1949). 
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Fic. 2. Plot of the square of the effective dipole moment versus 
the square of the Stark field 


bility interaction. Taking energy differences for the 
transition J-J+1 and AM=0, using the Bohr fre 
quency condition, and clearing the yw? term in the final 
result by dividing through by its coefficient, we get 


G(J+1,M) 
F(J4 od 


wil? 7K (J,M)—K(J+1,M) 
2 ( ), (9) 
WBN F(J,M)—F(J+1,M) 


G(J,M) 
ue Me } ahB( 
F(J,M) 


(2°)14+ (F/B)? | and uw? (the effective 
dipole moment) is defined by 


2°B Av 
n=( ) 
F(J,M)—F(J+1,M)/7 i? 


Since Eq. (9) is a linear relation between y,? and EF’, 


where 


one can determine the sum of the first two terms on the 
right by extrapolation of yw,’ vs &* data to E=0, This 
sum, which is the yw,’ intercept, will of course depend on 
the quantum numbers J and M so that its determina 
tion for two different 
enable one to solve for both yw? and a. This is our method 
for determining the polarizability of polar molecules. 
In order to determine p’* and a, two sets of uw? vs 
data were taken, one for the transition J «1-2 with 
M=0 and another for J/=1-—»2 with M=+1. The 
data were taken for nearly equal intervals of ? and 


values of either J or M will 


best linear fits were determined by least squares (see 
Table I and Fig. 2). Table II gives the two sets of 
slopes and intercepts along with their probable errors 
and the slopes theoretically predicted by evaluation of 
the coefficient of EF’ in Eq. (9) 
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V. DISCUSSION 


The absorption cell used in this investigation has 
made it possible to obtain data of sufficient reliability 
to establish a linear relation between y/ and & which 
is interpreted to be the result of a fourth-order electric 
field term in the interaction Hamiltonian. Using this 
relation, the dipole moment of OCS in its ground vibra 
tional state has been measured to be (0.7124+0.0002) 
Debye and the agreement between experimental and 
theoretical fourth-order field dependence is shown to be 
5Y and 16% for the M=0 and M=-+1 components. 
The dipole moment reported here is somewhat higher 
than that reported in earlier investigations; this is 
interpreted to be a consequence of the fact that yu,’ is a 
decreasing function of £*. If the fourth-order contribu 
tion to uw,’ were averaged out by simply taking the mean 
of the M=0 and M=+1 values of yw? near a field 
strength of say 15 statvolts/cm the value of 4» would 
turn out to be roughly 0.710 Debye units which is in 
fair agreement with the value (0.7085+0,0040) Debye 
units obtained by Shulman and ‘Townes.’ 

Figure 2 represents a curve fitting for 7 and 8 groups 
of 12 observations for the components M=0 and M 

t1, respectively. The lengths of the short vertical 
lines in the figure correspond to the dispersion of 12 
observations which have a common value of electri 
field strength. In determining the £’=0 intercepts of 
ue’, the theoretical slopes to the straight lines (solid 
lines in Fig. 2) were used in preference to the experi- 
mentally determined slopes (dashed lines). This choice 
was made because, in the writers’ opinion, the theory is 
sufficiently adequate to give better slope values than 
can be obtained from these experimental measurements. 
As Fig. 2 shows, the theoretically predicted slopes are 
contained within the probable errors of the experi 
mental slopes. The differences in the yu,’ intercepts, 
which result from the theoretical slope curve fitting of 
the data, lead to a polarizability anisotropy having the 
value (2.443.0)X10™ cm* for OCS which is in fair 
agreement with the results obtained in the Appendix. 

If the data were subjected to a statistical analysis 
assuming no theoretical information for the slopes, the 
order of the uw intercepts would reverse (see Fig. 2) 
and cause the anisotropy to take the value (— 4,143.0) 
«10°" cm*. Although the order of magnitude of this 
value is reasonable, its negative sign would imply that 
ay, i8 greater than a,, which is not consistent with 
known data for CO, and CS». This lack of agreement in 
the two methods of treating the data is a result of the 
fact that this measurement depends on the difference 


, 


AND J. WEBER 

between two quantities evaluated by extrapolation 
treatment, the yu,’ intercepts. Since these quantities are 
very nearly equal, a small percentage error in their 
determigation can lead to a large percentage error in 
their difference and hence in the value of the anisotropy. 
For this reason, a less ambiguous determination of the 
anisotropy will require more precise measurements of 
ywé than have been carried out here. 

In conclusion, the authors wish to acknowledge the 
stimulating discussions and valuable advice from the 
late Dr. C. H. Schlesman, Dr. R. K. Wangsness, and 
Dr. E. C. Noonan. 


APPENDIX 


An approximation to polarizability originating from 
distortion of electronic distribution in the OCS mole- 
cule can be made by either a direct calculation’* based 
on bond moment interactions or by use of molar refrac- 
tion and depolarization factor data. The two methods 
give nearly the same results a,,=8.7X10~" cm* and 


ay,= 4.0K 10 cm’, which are intermediate to the corre- 


sponding polarizabilities’ of CO, and CS». Another 
polarizability contribution (atomic polarization) origi- 
nates from internuclear bond distortion. A relation for 
this polarization'® based on a one dimensional! oscillator 


is given by 


P= (49N/q)(e/f), (10) 


where N is Avogadro’s number, e is the charge of the 
oscillator, and f is the force constant. If we assume e to 
be the same for both bond bending and bond stretching 
vibrations, the ratio of the two polarizations becomes 
the reciprocal of the ratio of the force constants. These 
constants are 13.710° dynes/cm for stretching and 
0.49 10° dynes/cm for bending so that the bending 
polarization is roughly 28 times greater than the 
stretching polarization. If we now arbitrarily assume e 
to be one electronic charge unit and make use of the 
relation P=(4/3)rNa along with Eq. (10), we get 
1.6X10~™ cm’ for the bending polarizability. This in- 
creases the value of a,, from 4.0 to 5.6K10~*% cm’. 
Since the bond stretching polarizability is 1/28 that of 
bond bending, the value of a,, will remain practically 
unchanged. ‘These approximate calculations combine to 
give a value of 3.1 10~™ cm* for the anisotropy of OCS 
which is roughly 20% above the value obtained by the 
treatment in the text. 

‘SF. Matossi, J. Chem. Phys. 19, 1007 (1951) 

“H. A. Stuart, Die Struktur Des Freien Molekuls (Springer 
Verlag, Berlin, 1952), p. 439 


°C. P, Smyth, Dielectric Behavior and Structure (McGraw-Hill 
Book Company, Inc., New York, 1955), p. 417 
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Correlations between the Neutron Multiplicities and Spontaneous 
Fission Modes of Californium-252 
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Radiation Laboratory, University of California, Berkeley, California 
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The numbers of prompt neutrons associated with specific fission modes of Cf* have been measured. The 
average number of neutrons per fission depends largely upon the total kinetic energy of the fission fragments, 
decreasing by at least 0.06 neutron per fission for an increase of 1 Mev in the total kinetic energy. A less 
marked variation with the ratio of fragment masses is observed. 


I. INTRODUCTION 


ECAUSE of the complicated nature of the fission 

process, the most promising theoretical ap- 
proaches'~* at the present time are of a semiempirical 
nature. Existing experimental data that can be in- 
corporated in or used as tests of such theories in- 
clude spontaneous-fission half-lives,’ nuclear-mass 
surfaces,"'* relative probabilities of fission modes 
(including the kinetic energy’ '* and mass-ratio'?:!* 
distributions of the fission fragments), average num- 
bers'**' and energies of prompt neutrons,” energies of 
prompt gamma rays,” and average probabilities of 
prompt-neutron emission from spontaneous or low- 


1K. Way and E. Wigner, Phys. Rev. 73, 1318 (1948) 

2R. Present, Phys. Rev. 72, 7 (1947). 

4 Coryell, Glendenin, and Edwards, Phys. Rev. 73, 337 (1949) 
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®*R, Leachman, Phys. Rev. 83, 17 (1951); 87, 444 (1952) 

*P. Fong, Phys. Rev. 102, 434 (1956). 

™W. J. Swiatecki, Phys. Rev. 101, 97 (1956) 

*R. Leachman, Phys. Rev. 101, 1005 (1956) 

* A. Ghiorso, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Paper No. 718, Vol. 7, p. 15 
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"E. Pennington and H. Duckworth, Can. J. Phys. 32, 808 
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16 Smith, Friedman, and Fields, Phys. Rev. 102, 813 (1956). 
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The Fission Products (McGraw-Hill Book Company, Inc., New 
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(1956). 

2K. Boyer and C. Tettle, The Science and Engineering of 
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Paper No. 592, Vol. 2, p. 193. 
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energy-induced fission.'?”:** The work described here 
was performed to determine the neutron multiplicities 
as functions of fission modes; such numbers are closely 
related to the distribution of excitation energy at the 
time of fission. To provide ease cf handling and low 
backgrounds, we used the spontaneously fissioning 
isotope of Cf*, Preliminary results have been reported.”* 

The mass equation of neutron-induced binary fission, 
which holds just after the fission has occurred but 
before the emission of neutrons, is 


M(A$,Z)+E,+ B= M(A" 6",Z") 
+M(A"6",2")+Ex+E,, 


where the atomic masses M are functions of the atomic 
number A, the charge 7, and the even-odd parameter 6 
of the semiempirical mass formula, The superscripts 1 
and H refer to the light and heavy fragments, respec 
tively. Ex is the total kinetic energy, and EZ, the total 
excitation energy of the two fragments. Fy, the kinetic 
energy of the incident neutron, and B, the neutron 
binding energy, are absent in spontaneous fission, but 
we include them here for the sake of the later discussion 
For a given mass ratio My/M,, a distribution in Ex 
is observed which is due to a real distribution (caused 
primarily by a small charge fluctuation) and dispersion 
from (a) the momentum distribution due to the recoil 
of the fission fragments when neutrons are emitted, 
(b) the rather poor energy resolution of fission cham- 
bers, and (c) ionization defect. From the true distribu 
tion in Ex, the distribution in #, can be determined 
immediately from the mass equation of fission, if it is 
that 
does not 


assumed the small charge distribution that is 
observed affect the total 
From the distributions in £,, the 


energy released 


neutron-emission 


probabilities can be determined by use of neutron- 


evaporation theory 

From a comparison of fission-chamber measurements 
and chemical fission-product data, Leachman’ has 
attempted to correct for the dispersions caused by (b) 
and (c). Normalizing his calculations to the measured 


average numbers of neutrons per fission, he proceeded 


“J. Hammel and J. Kephart, Phys. Kev. 100, 190 (1955) 

* Hicks, Ise, Pyle, and Choppin, Bull. Am. Phys. Soc, Ser. I, 
1, 8 (1956). The fission-fragment kinetic-energy calibration has 
been changed since this abstract was published, 
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as outlined above*® to obtain the probabilities P(y) 
the v neutrons are emitted in a fission event, for three 
particular mass ratios. When averaged to correspond to 
an actual mass-ratio distribution, these results agree 
well with experiment. The measurements reported here 
will make it possible to extend the comparison between 
theory and experiment to specific fission modes. 


Il. METHOD AND APPARTAUS 


The neutron-detection apparatus is a tank of 
cadmium-loaded liquid scintillator 30 in. in diameter 
and 30 in, high, viewed by photomultipliers distributed 
over the curve surface. A 3-in.-diameter well allows a 
small double (‘‘back-to-back’’) fission chamber to be 
placed at the center of the detector.” The arrangement 
of the apparatus is shown schematically in Fig. 1. A 
pulse from one side of the back-to-back fission chamber 
triggers the sweeps of two oscilloscopes, and the pulses 
from the two sides of the fission chamber are displayed 
on one oscilloscope. The prompt gamma rays and 
proton recoils from the fission neutrons produce a pulse 
at the beginning of the trace of the second oscilloscope, 
which is followed by the neutron-capture pulses. Both 
sweeps are photographed on a single strip of con- 
tinuously moving film (Fig. 2). 

The fission chamber is of the double Frisch-gridded 
type, operated at 25 |b above atmospheric pressure. The 
gas was composed of 95% argon and 5% nitrogen. All 
fission fragments were stopped in the regions between 


ra eee a x 


Fic, 2. Sweeps triggered by a fission-chamber pulse. Top 
prompt-y and recoil-proton pulse on the right, {otlowed by 
neutron-capture pulses. Bottom : pulses from the two sides of the 
fission chamber. Parts of the traces have been reinforced with ink. 
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the source and the grids. An amount of Cf*™ sufficient 
to give 100 spontaneous fissions per minute was evapo- 
rated onto a 5-ug/cm* VYNS film flashed with 5-yg/cm* 
gold. The foil was in contact with a 10%-transmission 
Lectromesh grid, which served as a collimator for the 
fission fragments. Pulses from the collimated side of the 
fission chamber are used to trigger the recording 
apparatus. 

The oscilloscope sweeps were projected and read, and 
the data obtained in this way were sorted on an IBM 
Type 650 computer. Resolution and background cor- 
rections were introduced into the neutron-multiplicity 
calculations in the manner described in reference 20. 
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Fic. 3. Fragment-energy spectra (corrected for ionization defect) 
from both sides of the back-to-back fission chamber. 


Ifl. RESULTS AND DISCUSSION 


Sixteen thousand spontaneous fissions were recorded 
and analyzed, Although the electronic pulse amplifi- 
cations from the two sides of the fission chamber were 
approximately equalized with a calibrated pulser, it was 
later necessary to adjust all the pulses from one side by 
a constant multiplicative factor of about 1.07 to make 
the peaks of the energy distributions coincide. The 
energy scale was obtained from the back-to-back 
fission chamber data of Smith ef al.'* by multiplying all 
corrected pulse heights by a constant (the same for all 
pulses) to make the peaks of our number-vs-energy 
distribution coincide with theirs, namely at 100 and 
77 Mev.*** The ionization-defect correction was then 

* Tonization-chamber measurements by Harry R. Bowman 
(private communication) indicate peaks in the Cf energy 
distribution at about 67 and 92 Mev before correction for ioniza 
tion defect. Fragment-velocity measurements are now in progress 
at several] laboratories. 


* Note added in proof.—Alan B. Smith (private communica 
tion) has remarked that our fragment energy distributions are 
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obtained from an extrapolation of Leachman’s velocity- 
selector measurements, and 5.0 Mev and 6.5 Mev were 
added to pulse heights in the high- and low-energy 
groups respectively. The resultant fission-fragment 
energy distributions from the two sides of the fission 
chamber are shown in Fig. 3, and the relative proba- 
bilities of the fission modes are shown in the contour 
diagram of Fig. 4. 

Because of the necessary restriction on the fission 
chamber size, the gas pressure in the chamber was high, 
and as a result the energy resolution was poorer than 
that obtained by Smith ef al., as can be seen by com- 
paring the fission-mode probability contour diagrams. 
However, the ratio of the high- to low-energy peaks is 
1.36, in agreement with the results of Smith et al. 


ENERGY OF THE LIGHT FRA 


MENT 


Fic. 4. The observed relative probabilities of the fission modes 
Lines of constant total energy and constant mass ratio are shown 
also. 


The observed average number of neutrons per fission, 
pb, and the number distribution of fission events as 
functions of the total kinetic energy are shown in Fig. 5 
The events that have total energies less than about 140 
Mev are suspect for two reasons: (a) the measurements 
by Smith and by Bowman with Cf and by other 
workers with various transuranic elements do not show 
such events, and (b) the values of # obtained in this 
region approach the average for all fission modes, 
probably indicating that these counts arise from a large 
dispersion. 

If we consider only the events with total energies 
greater than about 160 Mev, a strong linear correlation 


characteristic of sources which may be thin when averaged over 
the total area, but on which the fissionable material is deposited 
in clumps. More recently, H. Bowman has prepared Cf™ sources 
by the same technique as used for the present one and obtained 
fragment energy peaks at 73.5 and 97.6 Mev. We conclude that 
our source was indeed thick to the fission fragments. 
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Fic, 5. Observed average numbers of neutrons per fission with 
standard errors, and the number distribution of fission events as 
functions of fission-fragment total kinetic energy (corrected for 
ionization defect) 


of » with total kinetic energy is observed: in particular, 
di/dE=0.039 observed neutrons per fission per Mev 
The observed average number of neutrons per fission 
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F 16, 6. Absolute numbers of neutrons per fission for three mass 
ratio intervals as functions of fission-fragment total kinetic 
energies. The standard errors do not include the uncertainty in 
the neutron-detector efficiency, 
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Taste I. The calculated variation with total fragment kinetic 
energy, Er, of the average number of prompt neutrons per 
spontaneous fission of Cf, 160 Mev <E7<230 Mev. Aw the full 
width at half-maximum of the assumed Gaussian total-energy 
resolution function 
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averaged over all fission modes is 2.69, and a com- 
parison with the previously determined true value, 
b= 3.82+0,12,” gives a neutron-detection efficiency of 
70.44 2.2%, for these measurements (the efficiency had 
fallen from a previous value of about 80% because of 
the deterioration of the scintillator solution). The value 
of dv/dE, corrected for efficiency but still not corrected 
for energy resolution, is therefore dv/dEé~0.055. As a 
further refinement of the data, we plot the values of 
b vs total energy, corrected for the neutron-detection 
efficiency, for three different mass-ratio bands in Fig. 6, 
and it is seen that there is an inverse correlation between 
the mass ratio” and the average number of neutrons per 
fission for any given total energy. 

It is difficult to correct our measurements for energy 
dispersion, because this effect is a function of the mass 
ratio and therefore is not constant within any kinetic 
energy interval, In an attempt to learn the type of effect 
that the energy dispersion has on di/dE, we assume that 
the dispersion does not vary with mass ratio or total 
kinetic energy, and that it can be represented by a 
Gaussian with a full width 4 at half-maximum. After 
the unfolding of this dispersion, the values of di/dE 
shown in Table I are obtained for several assumed 
values of A. Leachman® has obtained an approximate 
value for the dispersion in the U™* fission-chamber 
measurements by Brunton and Hannah” by comparing 
their results with his measurements of fission-fragment 
velocities. With the aid of Cf and U™® fission-fragment 
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Fic. 7, Observed average numbers of neutrons per fission 
(standard errors) and numbers of fission events as functions of 
the ratio of fragment kinetic energies 


From conservation of momentum, we have Ey/E,=M1./Mua. 
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energy distributions measured by Bowman,” we have 
obtained a crude estimate for the energy dispersion in 
our measurements from Leachman’s conclusions. This 
value, A=13 Mev, gives di/dE~0.06, but this figure 
may be low by perhaps 30% or more, depending upon 
the manner in which the dispersion varies with the 
fission mode. 

Fowler** has observed that the experimentally deter- 
mined average kinetic energy of the fission fragments 
from neutron-induced fission does not depend on the 
energy of the neutron causing fission, showing that the 
neutron kinetic energy is distributed as excitation 
energy. He and Leachman have calculated the variation 
in ’ with the energy of the incident neutron. Leachman* 
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Fic, 8. Absolute numbers of neutrons per fission for two total 
kinetic-energy intervals as functions of the fragment-kinetic- 
energy ratios, The standard errors do not include the uncertainties 
in the neutron-detector efficiency. 


has obtained a value for dv/dE,, of about 0.13 neutron/ 
fission Mev for a nuclear temperature of approximately 
1.4 Mev. This energy dependence is in good agreement 
with measurements by Fowler, by Terrell, and by 
Diven, Martin, and Terrell. From an examination of 
the mass equation of fission, one is tempted to assume 
that the dependence on kinetic energy in spontaneous 
fission might be similar (as indeed it seems to be from 
our measurements), but inasmuch as the total available 
energy depends on mass ratio, it is not possible to 
explain the dependence of # on Ex in such a simple way.f 

* J. L. Fowler, quoted by R. Leachman, Proceedings of the 
International Conference on the Peaceful Uses of Atomic Energy, 
Geneva, 1955 (United Nations, New York, 1956), Paper No. 592, 
Vol. 2, p. 193. 

t Note added in proof.—R. B. Leachman and C. S. Kazek, Jr. 


[Phys. Rev. (to be published) ] have now calculated the value 
0b/dF = —0.116 for Cf™. 
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The dependence of the average numbers of neutrons 
per fission on the ratio of masses or kinetic energies of 
the fragments is given in Fig. 7. It is seen that there is 
at most a small variation with mass ratio when no 
discrimination is made on the basis of total energy. 
However, when the fissions are first divided into two 
roughly equal groups with total kinetic energies greater 
than or less than 180 Mev, there is an obvious de- 
pendence on mass ratio (Fig. 8). The effect of the energy 
resolution of the apparatus has not been subtracted 
from these data. 

Finally, the variation of the mean total kinetic energy 
of the fragment pairs with mass or energy ratio is given 
in Fig. 9.f 
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quantitative agreement with this work 
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FRAGMENT ENERGIES 


RATIO OF 


Fic. 9. The mean total kinetic energy of the fission-fragment 
pairs as a function of the ratio of kinetic energies of the fragments 
Errors are statistical rather than absolute 
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Mr. Charles Stableford for help with the numerical 
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Neutron Emission from Fission Modes* 


R. B. LeEAcHMAN 


AND © 


S. Kazex, Jr 


Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received November 19, 1956) 


The number and energy of neutrons and the average energy of prompt gamma rays emitted from various 
fission modes are estimated from the excitation-energy distributions of fragments from these modes. These 


excitation-energy distributions are derived from the mass equation of fission and the measured kinetic 


energies of the fragments. Simple considerations of neutron boil-off are used with these excitations. 
For the most probable mass ratios of fragments, the variation in the average number of neutrons b with 


the total kinetic energy Ex of the fragments is found to be di/dEx = 
0.116 Mev * for spontaneous fission of Cf, The spectra of neutron energies resulting 


fission of U™ and 


0.121 Mev™ for thermal-neutron 


from this analysis are found to have negligible change with Ex, but the neutrons from Cf fission are 
more energetic than those from thermal-neutron fission of U™*. The average energy E, of prompt gamma 


rays from Cf** fission is found to be 4.0 Mev, with a variation dE,/dEx 


mass ratios of fragments 


INTRODUCTION 


HE number and energy of neutrons emitted from 
fission depend in a complex manner on the 
excitation of the fragments, the nuclear identity of the 
fragments and the channels through which the excita 
tion is expended. As an aid to understanding the 
detailed observations' of multiplicities of fission neu- 


* Work performed under the auspices of the U. S$. Atomic 
Energy Commission 

1K. W. Geiger and D. C. Rose, Can. J. Phys. 32, 498 (1954); 
J. E. Hammel and J. F. Kephart, Phys. Rev. 100, 190 (1955); 
Diven, Martin, Taschek, and Terrell, Phys. Rev. 101, 1012 
(1956); Hicks, Ise, and Pyle, Phys. Rev. 101, 1016 (1956); 
Feynman, de Hoffmann, and Serber, J. Nuclear Energy 3, 64 
(1956). 


0.0167 for the most probable 


trons, calculations’ have been made from a greatly 
simplified model of fission involving a statistical ap 
proach to the determination of the excitation and to 
neutron emission. In this analysis, empirical data of 
the energetics of fission fragments and the masses of 
to determine the distribution i 


nuclides were used 


total excitation energy shared by the two fragments, 
and then statistical assumptions were applied to esti 
the of the 
individual fragments and the neutron emission. The 


O, vel 


mate distributions of excitation energy 


estimates of the probabilities ?, of emitting v 


*K. B. Leachman, Phys. Rev. 101, 1005 (1956) 
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Fic, 1, Neutron emission probabilities for all modes of the 
spontaneous fission of Cf**, Calculated probabilities are given by 
lines 


y= 2-+-» neutrons from fission from this analysis agreed 
satisfactorily with measurements. 

In the present work, the same method of analysis as 
in reference 2 is used, but the results of neutron emission 
are sorted for particular fission modes. In this manner, 
neutron emission data are estimated for fissions result- 
ing in certain ratios of fragment masses and certain 
intervals of the kinetic energy Ex of the two fragments. 
These results for the spontaneous fission of Cf* are 
compared with the recent measurements by Hicks ef al.* 


RESULTS 


To facilitate the sorting of results into those of 
particular fission modes, a Monte Carlo calculation of 
neutron emission from fission as described in reference 
2 was made on IBM digital computers at Los Alamos. 
For the thermal-neutron fission of U™® the same data 
of fission energetics are used. However, the recent data 
of Smith ef al.‘ for the energies of fragments are used 
to determine the excitation-energy distribution for the 
spontaneous fission of Cf’. As was previously dis- 
cussed,” a dispersion D(Ex,F,) relating the observed 
kinetic energy E£; and the true kinetic energy Ex of 
the fragment pairs is to be removed from the data. 
The dispersion width « in 


E;— Ex\? 
D( Esk) exp] ~( ) (1) 
u“ 


has not been determined for these data, but a width 
u=5,.2 Mev was estimated from ion-chamber calibra- 


* Hicks, Ise 
[ Phys. Rev. 1 
‘Smith, Friedman, and Fie 


Pyle, Choppin, and Harvey, preceding paper 
, 1807 Sep 
ds, Phys. Rev. 102, 813 (1956). 
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tions® and from considerations of fragment recoil during 
neutron emission. 

These data in the Monte Carlo analysis for all fission 
modes of Cf result in the neutron multiplicities shown 
in Fig. 1 when the “temperature” 7'=1.4 Mev is used 
in the neutron boil-out relation 


n(e)«<eexp(—e/T), (2) 


where n(e) is the emission probability for neutrons of 
energy ¢. In this analysis, the reported total energies 
of the fragments were all decreased by 4.6 Mev to 
result in a calculated #=3.82. The agreement with 
experimental data of P, is considered to be satisfactory. 

A sorting of fissions of mass ratios near the most 
probable R, into intervals of kinetic energy Ex results 
in a linear relation of # as a function of Ex, as given in 
Table I. The dependence of # on Ex for U™® fission is 
shown in Fig. 2. In the Monte Carlo calculations, a 
sufficient number of fission trials were made to result 
usually in more than 3X10‘ fissions satisfying the 
interval requirements. It can be shown that the calcu- 
lated di/dEx is insensitive to the value of u used in (1). 


TABLE I. The variations of the average number of neutrons ¥ 
with the kinetic energy Ex of the fragments for the most probable 
mass ratios Ry of fission. The “temperature” of neutron emission 
is given by T. 


7 di /dEx 
Fission case Ra (Mev) (Mev) 


141/95 1.4 ~0.121 
1.0 ~0.130 
145/107 1.4 0.116 


U**+thermal neutrons 


(faa 


In the case of Cf fission the calculated di/dEx 

—0.116 Mev is considerably greater than the 
—0.055 Mev observed by Hicks ef al.,’ implying a 
large dispersion in their observations of fragment 
kinetic energies. As pointed out by these authors, a 
dispersion of u=12 Mev in their measurements of E, 
combined with the inherent distribution in Ex would 
account for this difference in di/dEx values. The 
calculated = 4.27, += 3.82, and >= 3.49 for mass ratios 
near R,=139/113, R4=145/107, and R,=154/98, 
respectively, and for all Ex values are not inconsistent 
with these measurements. These di/dEx results differ 
from the nearly constant # as a function of Ex deduced 
by Fraser and Milton® from measurements of the 
energies of U™ fission fragments and neutron emission 
probabilities. 

In the calculations, the neutron emission energies ¢ 
are transformed to the laboratory system through the 
use of an assumed isotropic angular distribution. As 
was previously discussed,’ this method of estimating 
the fission-neutron spectrum is sensitive in the low- 
energy region to the angular distribution assumed and 
in the high-energy region to the low-energy tail of the 


* A. B, Smith (private communication, 1956). 
* J. S. Fraser and J. C. D. Milton, Phys. Rev. 93, 818 (1954). 
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fragment kinetic energies. Thus, the results are con- 
sidered to be reliable only for comparing the spectra 
resulting from fissions of one type of nucleus and not 
for comparing the spectra from different types with 
their different measurements of fragment energies. 

In Fig. 3 are shown the resulting spectra for various 
fragment energy intervals for the most probable mass- 
ratio region of Cf* fission and thermal-neutron fission 
of U™*, In the calculations, an isotropic angular distri- 
bution of neutrons from the moving fragments was 
used. Also, 7= 1.4 Mev was used, although 7 = 1.0 Mev 
has been shown’ to result in better agreement with 
measurements. The similarity of the spectra of each 
case is to be noted. Although not shown in the figure, 
the composite of the calculated neutron spectra from 
all modes of fission of each nucleus is the same as for 
the selected modes. Qualitatively, the observed’ 9% 


i ee ee 


y2s 
T+ 4 MEV 


Ryei4i/95 








150 190 
Ex 
Fic. 2. Calculated average number of neutrons P from thermal 
neutron fission of U™* for modes resulting in intervals of kinetic 
energy Ex. Calculations are for ratios of fragment masses near 
the most probable mass ratio 


higher energies of neutrons from Cf*™ fission than from 
neutron-induced fission of U™® are to be expected from 
the larger velocities and greater excitations of the 
fragments. The calculations indicate the average energy 
of neutrons from Cf?” is 21% greater than from thermal- 
neutron fission of U*, In the present analysis, the larger 
energies of Cf*” neutrons might also be due to the 
distribution in the excitation energy used. The wide 
calculated distribution in P, in Fig. 1 indicates that 
the E£, data of Cf require a larger value of the dis- 
persion width u, the use of which would result in fewer 
high-energy neutrons. 


7 Hjalmar, Slitis, and Thompson, Arkiv Fysik 10, 357 (1956). 


EMISSION FROM 


FISSION MODES 


NEUTRONS /MEV 


IO 
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“ 
NEUTRON ENERGY (MEV) 


Fic. 3. Calculated neutron spectra for modes of spontaneous 
fission of Cf* and thermal-neutron fission of U™® with mass ratios 
near the most probable mass ratios. As discussed in the text, all 
the difference between the U™* and Cf™ data is not necessarily 
real 


As in the previous calculations,’ the average energy 
E, of the prompt gamma rays from fission is determined 
from the residual excitation energy after all the neutrons 
have been emitted. For Cf fission this results in 
E,=4.0 Mev, which is low compared to measurements 
of 8 and 9 Mev,* This difference is outside of the stated 
be eliminated by 


variables 7 


experimental errors and cannot 
reasonable variations in the calculation 
and wu. If real, this difference implies the necessity for 
a significant change in the neutron emission expression 
(2) or in the binding energy of the last neutron. In 
this connection, Milton’ has mentioned the possibility 
of gamma rays competing favorably with neutron 
emission from the distorted nuclei of the fragments 

A small variation of #, with the Cf fission modes 
145/107 is found in the 


calculations. This variation is dE,/dEx 0.0167 


for mass ratios near Ry, 
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Electron-Capture Decay of Am’** and Am?*°t 
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(Received November 26, 1956) 


The conversion electron spectra arising from electron-capture decay of Am™ and Am™ have been studied 
with a 180° photographic spectrograph at ~0.1% resolution. The Am™ spectrum and the multipolarity 
data obtained therefrom are similar to those observed from the beta decay of Np™, but the electron intensity 
data indicate somewhat different relative populations of the Pu™ excited states in the two cases. An 
attempt to assign the spin and parity of Am™ from /t values by the use of A/ and AK selection rules does 


not give a consistent explanation 


The energies of the first two excited states of Pu™ are accurately measured, and from these values 
(42.874-0.04 and 141.7740.2 kev) the constants in the Bohr-Mottelson two-term rotational formula are 


evaluated 


I, INTRODUCTION 


HE level structure of the Pu” nucleus has been 

defined as the result of several investigations of 
the Np™ beta decay,"* the Cm alpha decay,** and 
Pu™ Coulomb excitation.® 

Two rotational bands in Pu™ are seen from Np™ 
beta decay,’ an “anomalous” K=Q=1/2 band based 
at the ground state and a “normal” K=Q=5/2 band 
based at 286 kev; the ground-state band has also been 
observed® from Coulomb excitation of Pu”. In addition 
to the rotational levels of these bands, an /=5/2 or 
7/2— state has been seen at 392 kev and an /=5/2 
or 7/24 state is found at 512 kev. 

In the interpretation of the beta decay groups from 
Np™, serious difficulties are encountered in attempting 
to reconcile the experimental logft values with the 
measured’ spin of 1/2 for Np™. These difficulties may 
be summarized as follows: 

(1) Beta transitions to levels of the ground-state 
rotational band are very slow (log /t>9), whereas the 
ground-state to ground-state beta transition would be 
expected to be in the allowed (A/=0, no) or first for- 
bidden (AJ =0, yes) classification. 

(2) Beta transitions are observed to take place to 
levels of 5/24 (286 kev) and 5/2— (393 kev) with 
log ft 7.0 and 6.5, respectively. This is clearly an incon- 
sistency with fundamental beta-decay selection rules, 
since one or the other of these two transitions would 


t This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

* Now at Indiana University, Bloomington, Indiana 

t First Lieutenant, U, S. Air Force; assigned to the Radiation 
Laboratory under the auspices of the U, 5S. Air Force Institute 
of Technology, Civilian Institutions program 

' Freedman, Wagner, Engelkemeir, Huizenga, and Magnusson 
(private communication, November, 1952) 

* Hollander, Smith, and Mihelich, Phys. Rev, 102, 740 (1956 
This paper will hereafter be referred to as HSM 

*D. Engelkemeir and L. B. Magnusson, Phys 
(1955) 

*I. Perlman and F. Asaro, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157 

* Newton, Rose, and Milsted, Phil. Mag. (to be published). 

* J. O. Newton, Nuclear Phys. (to be published) 

‘0 G. Conway and R, D, McLaughlin, Phys. Rev. 96, 541 
(1954) 
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A@=716+0.01 kev, B=0.005+0.002 kev 


have to be in the second forbidden (A/=2, no) clas- 
sification and would have a very long lifetime. 
If the interpretation of the Pu” level scheme as pro- 
posed by Newton ef al.** and HSM? is correct, the spin 
of Np” cannot be 1/2. The latter group of investigators 
suggest that the spin of Np” may be 3/2 or 5/2, with 
5/2 preferred because such an assignment would make 
all beta transitions to the ground-state rotational band 
K-forbidden and hence slow. 

The electron-capture decay of the 12-hr isotope 
Am™ also populates the excited states of Pu, but the 
decay properties of this isotope had not previously 
been studied by means of techniques of high-resolution 


beta spectroscopy. In the interest of examining the 
energy levels of Pu™ populated from the electron- 
capture side and hence forming a more nearly complete 
picture of all radioactive decays leading to levels of 
Pu™, and also in an attempt to shed light upon the 
nature of the beta decay processes occurring here,we 
have prepared Am™ and studied its conversion electron 


spectrum at ~0.1% resolution using the Berkeley 
permanent-magnet beta spectrographs.* 

The sample of Am™ used in these experiments was 
prepared by a (d,2n) reaction upon Pu™, using 20-Mev 
deuterons from the Crocker 60-inch cyclotron, Since 
the longer-lived (~ 50 hr) isotope Am* is also produced 
under these conditions by the (d,n) reaction, it was 
also possible to study its conversion electron spectrum 
as the Am™ decayed and hence to examine at high 
precision the energy levels of the even-even isotope 
Pu™. The first excited state of Pu had previously 
been measured® as 42.88+0.05 kev from alpha decay 
of Cm™, 


Il. EXPERIMENTAL PROCEDURE 


One of the flat 180° permanent-magnet beta spectro- 
graphs, of effective field strength 99 gauss, was used to 
record photographically the conversion lines upon glass- 
backed Eastman No-Screen x-ray plates. A description 
of these instruments and of their calibration has been 
given by Smith and Hollander.* In addition to the 


*W. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 
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previous calibration, a small amount of Am™ was 
introduced into the sample to serve conveniently as an 
internal standard, since the lines of the Am™ gamma 
rays (whose energies have been determined to better 
than 0.1% by Day*) become predominant as the Am™ 
and Am™ decay. As a result of this internal calibration, 
we feel that the values of the low-energy transitions 
obtained in the present study should supersede those 
reported from the previous study* of Np™ (although 
in no case do the results deviate by as much as 0.2%). 

The americium fraction was purified from the target 
material and fission products by the following pro- 
cedure: The PuO, target was dissolved in nitric plus 
hydrochloric acids, and lanthanum added as a carrier 


TABLE I. Conversion electron data for Am™ 


Intensity 
(densi 
tometer) 


Visual 
intensity 
estimate* 


44.73 vw 
44.66 vvw 


Transition 
energy 
{ kev ) 


Electron 
energy 
(kev) 


21.63 
22.41 


23.10 
27.20 
31.41 
43.48 
43.94 
44.98 
48.10 


49.46 w 

49.47 w-m 

49.47 w-m 

49.41 vvw 

49.50 Ww 

49.54 vw-w 

vvw broad 


= 
oS 
> 


34.17 

35.05 

39,29 

51.78 

52.75 

55.91 Nu 
56.20 Nin 
57.06 Oo 


~ 


VVWw 
m-S 
m-s 
m 
m 
w 
vw 
vw 


nS 


ve 


ww rn ewe oer 
oo 


7 
” 
7 
5 
/ 
+ 
/ 
7 
7 
7 


5 
. 
5 
5 
5 
5 
5 
5 


67.94 ms 

67.91 m 

67.91 w-m 

67.90 w-m 
~68.0 w broad 
~68.0 vw broad 


45.09 Li 
49.43 Lin 
62.35 M iy 
63.34 Mii 
66.79 N 
67.81 O 


59.92 K 
158.8 Ly 


181.7 m 
181.9 Ww 


209.7 8 
210.1 

210.0 vw 
210.0 vw 


87.92 K 

187.0 Li 
187.7 Li 
204.1 M, 


104.6 K 
203.6 Ly 
220.7 VM 


226.4 
226.7 
226.6 


228.2 
228.4 
228.4 
228.3 
228.4 


106.4 K 

205.3 Ly 
206.1 Li 
222.4 M, 
226.8 Ni 


~ 


155.9 K 
254.5 Ly 
255.3 Lu 
271.6 My 


ho bh hh 

sn 

~~ ss 
aS 
as 


an 


* 9 strong, m @moderate, w @ weak, v @ very 
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Level scheme of Pu™ 


for americium, After separating the Am(III) and rare 
earths from Pu(IV) by means of a Dowex A-1 anion 
exchange column at ~13M HCl, Lak, and La(OH), 
precipitations were made as purification steps. Ameri 
cium was then separated from the lanthanum carrier by 
means of an alcoholic-HCl Dowex-50 cation-exchange 
column according to the procedure of ‘Thompson ef al.'" 

The hydrochloric acid solution was evaporated to 
dryness and the americium activity dissolved in 0.5 ml 
of NH,HSO, plating solution,*® from which the activity 
was electroplated upon a 10-mil platinum wire and then 
placed into the spectrograph camera 


III], EXPERIMENTAL RESULTS, Am** 


The conversion electron data are summarized in 
‘Table I; measured electron energies are given, followed 
by the shell or subshell assignment, the transition 
energy, and the visual intensity estimate. The transition 
energy selected is a weighted average based on line 
intensity and proximity of lines to calibration points. 
Because the sample of Am™ used in this experiment 
was much weaker than the Np™ samples used by 
HSM,’ fewer lines were seen and these were less intense 
However, the present data have indicated certain defi 
nite differences in population of Pu™ levels between 
Am™ decay and Np™ decay and therefore new infor 
mation is provided about the beta-decay processes 
involved, 

The total transition intensities are summarized in 
Table I 


in the present experiment, but most of the multipole 


The electron intensities are those obtained 


orders and mixing ratios have been taken from HSM.’ 


” Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. So« 
76, 6229 (1954) 
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Taste II. Transition data. 


Total 
electron 
intensity*.” 


<320 
~350 
1275 


Transition 
energy 
(kev) 


44.70 
49.47 
57.31 
614 ' 
67.91 700 
106.1 soe 
141.4 258 
209.9 710° 
226.5 593 
228.3 1990 
277.6 1400! 


Multipole order 


M1(90%) + £2(10%) 
M1 (80%) +E2(20%) 
E2(M1<5%) 


E2 (predominantly )* 


M1(E2<50%) 
M1(E2 <30%)* 
M1(F2 <40%) 
M1(E2<20%)* 
M1(E2 <10%)* 


* We have taken 1 /(M+4+N) «3 
» Normalized to lea #1275 


Transition 
intensity 
from Np™ 
Ne+Ny%o 


~300 


Transition 
intensity 
from Am™ 
N, + Ny” 


< 320 


Conversion 
coefficient 4 


large (8, =45) 
large (Br1 = 31) 
large (az,= 190) 


~350 475 
1275 
rae ~350 
700 800 


1275 


large (a, = 85) 
tae 2300 

weak 
9108 
weak 
26008 
22008 


(Bz = 5.2) 275 
(By = 3.3) 920 
(By = 2.7) 810 
(By = 2.7) 2700 
(Bz = 1.5) 2300 


* Mixing ratios have been obtained from L-subshell internal conversion data of HSM. 

4 Conversion coefficients in parentheses are estimates based on the theoretical values of M. E. Rose ( Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), Appendix IV] and of L, A. Sliv (privately circulated tables (unpublished) ]. An estimated 
finite size correction factor of 0.6 has been applied to the theoretical magnetic dipole coefficients for the L-shell. 


* Obtained from HSM 
! Assume Kao: Koss: Kove #1.0; 2,8: 2.0 


6 Slightly different from values in HSM because of the use of the corrected conversion coefficients 


& By@total M1 conversion coefficient, 


For comparison, the transition intensities obtained by 
HSM from Np” decay are also included in Table II. 

Several facts may immediately be observed from 
Table II: 

(a) The 181,.8- and 226.5-kev transitions, only very 
weakly excited in Np™ decay, are more abundantly in 
evidence from Am™ decay. These transitions depopu- 
late the 512.2-kev state in Pu™. 

(b) The 61.4- and 106.1-kev electric dipole transitions 
observed in Np™ decay are absent in Am™ decay. In 
the electron plates from Np™ decay, the L-subshell 
conversion lines of the 106-kev transition had appeared 
with comparable intensity to the L-lines of the 49.4-kev 
transition or the M-lines of the 67.8-kev transition; 
hence from their absence in the Am™ plates one can 
set an upper limit on the population of the 392-kev 
state by electron capture of Am™*. Such a limit is found 
to be ~ 2%, 

(c) There are no new levels populated from Am™ 
decay which have not been seen from Np™ decay. 

The level scheme of Pu, from the combined data of 
HSM and the present paper, is shown in Fig. 1. Also 
included are the Np” beta and Am™ electron-capture 
branches and their log ft values. (The electron-capture 
disintegration energy has been estimated from the ther- 
modynamic data of Glass, Thompson, and Seaborg."') 

The amount of electron-capture branching of Am™ 
to the ground-state rotational band is not known, so 
one can actually calculate only lower limits to the /t 
values for decay to the other states. However, the 
intensity figures for the 57,.3- and 67.9-kev gamma rays 
indicate that there is little if any direct population to 
the J/=5/2 and /=7/2 states of this band, so perhaps 
the quoted /{ values are not too inaccurate. 


4 Glass, Thompson, and Seaborg, J. Inorg. and Nuclear Chem 
1, 3 (1955). 


The log ft for the electron capture transition to the 
286-kev state (J=5/2+-) is > 5.9, which would indicate 
either an allowed or first forbidden transition with 
Al=0, 1. The spin of Am™ would then be 3/2, 5/2, 
7/24. The fact that the log ft value for the transition 
to the 392-kev state (5/2, 7/2—) is greater than eight 
would indicate that A/ = 2, yes or no, and that the spin 
of Am™® could be 1/2 or 3/2 (or 9/2, 11/2). From the 
two pieces of information it would appear that the 
spin of Am™ should be 3/2. However, such a spin 
would be inconsistent with the observation that there 
is little or no electron capture to the 57.3-kev state 
(5/2+-). Thus, the A/ selection rules alone do not seem 
to allow a self-consistent explanation to be given of the 
electron-capture branching of Am™. 

The spin of Am™ has been measured” as 5/2 and 
it would not be unreasonable that Am™ should also 
have spin 5/2 (especially in view of the similarities in 
alpha-decay properties of Am”, Am™', and Am), 
Such an assignment would allow an explanation of the 
slowness of decay to the ground-state (K=1/2) band 
by means of the K selection rule, which prohibits 
transitions, where AK exceeds the multipolarity L. (In 
such a case, a A/>2 beta transition could proceed 
normally.) A spin of 5/2 for Am™, however, cannot 
account for the slowness of the transition to the 392-kev 
state (5/2, 7/2—) either with AJ or AK selection rules. 

In the following paper, a possible explanation for the 
beta-decay branchings of Np™ and Am™ is given which 
makes use of the recent theoretical results of Nilsson" 
and Alaga.'® 


2M. S. Fred and F. S. Tomkins, Phys. Rev. 89, 318 (1953). 

4’ F.S. Stephens, University of California Radiation Laboratory 
Report UCRL-2970, 1955 (unpublished). 

4S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

‘6G. Alaga, Phys. Rev. 100, 432 (1955). 
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IV. EXPERIMENTAL RESULTS, Am*” 


Am™ decays by electron capture to Pu with a half- 
life of about two days.'*'’ Glass'* has reported gamma 
rays of 0.92, 1.02, and 1.40 Mev in the scintillation 
spectrum of this isotope, but the low-energy conversion 
electron spectrum had not been studied previously. We 
report here measurements of the energies of the 44+ — 
2+ —+ 0+ (ground state) gamma-ray cascade in Pu” 
following electron capture of Am™, 

Table III summarizes the Am™ electron energy data. 
The energy of the first excited state of Pu™ as deter- 
mined from My; and My conversion lines is 42.87 kev; 
the accuracy of this value should be better than 0.1% 
since these two lines lie very close to the Ly and Ly 
lines of the 59.57+0.02-kev gamma ray of Am™, This 
Pu™ energy had previously been measured from the 
Cm™ electron spectrum’ as 42.88+0.05 kev. 

The energy of the £2 transition from the 4+ to the 
2+ state is 98.90+0.2 kev; thus the energy of the 
second excited state of Pu™ is 141.77+0.2 kev. From 
these energies one can calculate the constants in the 
Bohr-Mottelson equation for rotational states of a 
deformed nucleus: 


E,= Al(1+1)—-BP(P+1), 


where J = spin of state i, A = h?/23, B= 2(1/hw)?(h?/ 3)’, 
‘¥=nuclear moment of inertia, and fw= vibrational 


'® Seaborg, James, and Morgan, The Transuranium Elements 
Research Papers (McGraw-Hill Book Company, Inc., New York, 
1949), National Nuclear Energy Series, Plutonium Project 
Record, Vol. 14B, Div. IV, p. 1525. 

7G. H. Higgins, University of California Radiation Laboratory 
Report UCRL-1796, 1952 (unpublished). 

R.A. Glass, University of California Radiation Laboratory 
Report UCRL-2560, 1954 (unpublished). 


DECAY OF 


Am??* AND Am##® 


TABLE IIT, Conversion electron data for Am™ 


Electron Transition 
energy energy 
ke Shell ke 
42.87 
Lin 42.88 
(Ly Am™') ($9.57) 
42.86 
(59.57) 
42.88 
~42.8 
~42.9 vvW 


20.62 
24.82 
(37.16) 


37.30 Mi 
(Li Am™!) 
Min 

N 


(37 QR)» 
38.32 
41.54 
42.66 0 42.87 40.03 
76.63 
80.83 Lin 
93.35 Mit 
94.37 Mi 
97.74 N 
98.64 Oo 


Li 98.88 m-s 
98 89 m 
98 91 
98.93 

~~ 0 w broad 

~98:58 vVWw 


wem 


wem 


98.904-0.2 


* See reference a of Table I 
» Electrical energies calculated from transition energy 59,57 kev 


quantum energy. Such a calculation yields A=7.16 
t0.01 kev and B=0.005+0.002 kev. These results may 

be compared with the values obtained from the energies 

of Pu™* excited states*: A=7.37+0.01 kev and 

B=0,005+0.003 kev, and those from U™ excited 

states”: A=7,294+0.01 kev and B=0,0064-0,002 kev, 
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Beta Decay and Electron Capture Branching to the Levels of Pu’*® 


Jack M. HOLLANDER 
Radiation Laboratory, University of California, Berkeley, California 
(Received November 26, 1956) 


The experimental! log ft values of the Np™ beta decay and Am™ electron capture are analyzed according 
to the asymptotic selection rules proposed by Alaga for deformed nuclei. It is found that, with a reasonable 
choice of state assignments from the Nilsson energy level diagram, a consistent interpretation can be given 


of the observed log/t values. All “allowed” transitions are retarded by at least an order of magnitude, 


” 


whereas the “first forbidden 


transitions observed here proceed with normal ft values. The interesting 


case of an “allowed” transition with logft>8 is discussed. 


INTRODUCTION 


‘TUDIES of the beta-decay of Np™ and Am™ have 
\J given information about the energies, spins, and 
parities of the excited states of the Pu™ nucleus,'? 
With these data it has been possible to make several 
tests’ of the Bohr-Mottelson nuclear model with regard 
to rotational level spacings and gamma ray transition 
probabilities within the rotational bands; the theo- 
retical and experimental results have been found to be 
in good accord, indicating the applicability of the 
theoretical description in this region. 

However, it was noted in the preceding paper' that 
a consistent picture could not be obtained of the beta 
and electron capture branchings of Np” and Am™ to 
the states of Pu” by means of ordinary spin and parity 
selection rules. In particular, the slowness of beta 
decay of Np™ to the members of the ground state 
rotational band, and the slowness of electron-capture 
decay of Am™ to the 391.8-kev state and to the ground- 
state rotational band, require explanation. We shall 
here examine the Np” and Am™ log /t values to see if 
a consistent interpretation of the observed branching 


sé 


ratios can be given in terms of the “asymptotic” beta 


decay selection rules proposed by Alaga.® 


SINGLE PARTICLE STATES IN Pu?’ 


In the ordinary spherical shell model, the energies of 
individual particle states have been calculated by the 
use of an isotropic potential intermediate between a 
square well and a harmonic oscillator; with the addi- 
tional assumption of strong spin-orbit coupling, an 
order of levels is obtained which reproduces the observed 
points of major shell closures.‘ In regions of large 
nuclear deformation such as the lanthanide and actinide 
elements similar calculations must take account of the 
fact that the binding field is nonspherical and is 
dependent upon the amount of deformation. This 


‘Smith, Gibson, and Hollander, preceding paper [Phys. Rev 
105, 1514 (1957) ] 

* Hollander, Smith, and Mihelich, Phys. Rev. 102, 740 (1956). 

*G, Alaga, Phys. Rev. 100, 432 (1955) 

4M. G. Mayer, Phys. Rev. 75, 1969 (1949); Haxel, Jensen, 
and Suess, Z. Physik 128, 295 (1950) 


problem has been considered by several authors,®* but 
here we shall use only the results of Nilsson.’ Nilsson 
has calculated the binding states of nucleons in a 
modified spheroidal harmonic oscillator potential in- 
cluding the spin-orbit interaction; Fig. 1 is a repro- 
duction of part of the Nilsson energy level diagram, 
plotted as a function of prolate deformation.’ In this 
representation, each level is designated by the spin (2) 
and parity (2), the total oscillator quantum number N, 
and also by the quantum numbers , and A which are 
“good” in the limit of large deformation; n, and A are, 
respectively, the components of N and the particle 
orbital angular momentum / along the symmetry axis. 
The value of A is equal to 24-1/2 and is even or odd as 
N—n, is even or odd. In addition, each rotational band 
has a quantum number K which is equal to the spin 
(2) of the fundamental level of the band. 

In order to use the Nilsson diagram, one must have 
an estimate of the deformation parameter appropriate 
to this region of elements. We shall use the value 
n=+5 which results from the intrinsic quadrupole 
moment of Np”*’ (Oo=11 barns) determined by New- 
ton* from Coulomb excitation experiments. 

The following discussion will make use of information 
summarized in the level diagram of Pu™, which is 
Fig. 1 of the preceding paper. 

The availability of many close-lying orbitals in the 
region of 145 nucleons (neutrons) is revealed by an 
examination of the Nilsson diagram (Fig. 1 of this 
paper). Among these are two states of Q= = 1/2 which 
might correspond to the Pu” ground state. These are 
the states 2, r, N, n,, A=1/2, +, 6,3, 1and1/2, —, 5,0, 
1, respectively. Strominger* has made theoretical calcu- 
lations of the decoupling parameter a for each of these 
states and has concluded that only state 1/2, +, 6, 3, 1 
gives a result consistent with the experimental? value 


5S. G. Nilsson, Kgl. Danske. Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

*K. Gottfried, Phys. Rev. 103, 1017 (1956); M. Rich (unpub- 
lished results) ; A. Rassey and S. Moszkowski (unpublished results). 

? The levels originating from the ji»: orbital in the spherical 
limit were not calculated by Nilsson in reference 4. The more 
recent results were communicated by Dr. Nilsson 

* J. O. Newton, Nuclear Phys. (to be published). 

*D. Strominger, University of California Report UCRL-3374 
June, 1956 (unpublished). 
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BETA DECAY AND 
a== —0.58. Hence, the orbit 1/2, +, 6, 3, 1 will be 
assigned as the ground state. 

There is found nearby the state 5/2, +, 6, 2, 2 which 
probably corresponds to the 5/2+ state found at 286 
kev. 

The next intrinsic state observed experimentally is 
the 392-kev level which has odd parity and a spin of 
5/2 or 7/2. A 5/2— state lying near the 1/2+ and 
5/2+ states on the Nilsson diagram is that one desig- 
nated 5/2, —, 7, 5, 2. There is also a 7/2— state 
available, 7/2, —, 7, 4, 3. 

The 512-kev level in Pu™ has even parity and spin 
5/2 or 7/2. A near lying 7/2+ state on the Nilsson 
diagram is the 7/2, +, 6, 2, 4 state while somewhat 
farther away there is the 5/2, +, 6, 3, 3 state. 

States available to the parent isotopes Np™ and Am™ 
can be found on the diagram by counting up from the 
82 proton shell. In the region of 93 and 95 protons there 
are three states, 5/2, +, 6, 4, 2; 5/2, —, 5, 2, 3; and 
3/2, —, 5, 2, 1. The first of these can be assigned as the 
ground state of Np™ while the second is probably the 
ground state of Am™’, The even-parity 5/2 state is 
chosen for Np™ in analogy to the ground state of Np*’ 
while the odd-parity ground state of Am™® is analogous 
to the 5/2— ground state of Am™. (The spin and 


A Tina 


24615 
 H/2- 12,5 


5/2+ 6,42 
3/2-16) 
(/2+640 
)9/2 + 62,4 
+ 1/2-5,1,4 
2-110 
Y2- 31,2 
246,51 
1/2+6,3,5 


2-32) 
i/2- 5,05 


5/2- 5,23 
/2-5,21 
5/2+642 





DEFORMATION (n) 


Fic. 1, Nilgson energy level diagram for prolate deformation, 
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Tasie I. Analysis of Np™ and Am™ beta transitions 


Faptl 
log/t 


\A, AN 
AJ, Aw type \n,, AA 


\eymptoti 
classification 


Np™ beta transitions 


2 no, 2nd forb 
1 no, allowed 
0 no, allowed 
1 no, allowed 
0 no, allowed 
1 no, allowed 
0 yes, Ist forb 
1,0 no, allowed 


K forb. 

K forb 

K forb 
hindered 
hindered 
unhindered 
hindered 
hindered 


Am*® electron capture transitions 


2, 1, 0, 1 yes, AK =2 K forb 
Ist forb 

0 yes, Ist forb 

1 yes, Ist forb 

0 no, allowed 

1 yes, Ist forb 


unhindered 
unhindered 
hindered 

unhindered 


0,1,0,1 
0,1,0,1 
O22, 
1,1,0,1 


parity assignments of Np”? and Am*™ have been 
discussed by Hollander, Smith, and Rasmussen.)* 

The spin value 5/2 has been assigned to the ground 
state of Np™ in spite of its measurement as 1/2 by 
optical hyperfine structure’® because of the difficulty in 
reconciling the latter value with the Np™ beta decay 
data. In this connection it is interesting to observe that 
there is no Nilsson state with Q=1/2 near 93 protons. 
A redetermination of the Np™ spin would be of obvious 


interest in settling this question. 


ALAGA SELECTION RULES 


Selection rules for beta decay of strongly deformed 
nuclei have been given by Alaga.’ Beta transitions are 
classified as “unhindered” or “hindered” according to 
whether they obey or violate the following rules: 


Allowed transitions: AJ =0, 1 no 


AN=0, An,=0, AA=0 


’ ’ 


First forbidden transitions: (a) AJ «0, 1 yes 
An,=0, AA=1, 


An,=1, AA=0, 
(b) Al 


AN=1,7An,=0, AA=1. 


AN=1, 


AN=1, 
2 yes 


The analysis by Alaga’® of beta-decay log ft values in 
the rare-earth element region has indicated that those 
beta transitions which violate the asymptotic selection 
rules are in general retarded by about a factor of ten, 
Since these selection rules have not yet been tested in 
the heavy element region, it is of interest to make such 
a comparison in the case of the beta and electron 


capture decays to Pu™, where log ft values are known 


and also definite assignments of the asymptotic quan 


Conway and R. D McLaughlin, Phys Rey %, SAl 


ad G 
(1954) 
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tum numbers have been made to some of the states by 
use of the Nilsson diagram. 

Table I lists the experimental log ft values and the 
quantum number changes which occur in the various 
beta transitions. The spin and parity changes are 
listed first to denote the general classification of the 
transition as allowed or forbidden. Then the changes 
in K, N, n,, and A are given. A discussion of these 
transitions follows: 


Np” 


The transition to the ground-state A is expected to 
be second forbidden and unobservable. Transitions to 
states B, C, and D are of the allowed type but are 
known to be very slow (log /t>9.1). This retardation 
may be explained by the operation of the strong 
K-selection rule, by which these transitions are for- 
bidden since AK exceeds the multipolarity. 

Transitions to states and F are of the allowed type 
A/=0, 1; AK=0; Aw=no, but are somewhat slow 
(log {(>6.5). This is consistent with the fact that the 
asymptotic rule in An, is violated. The retardation in 
this case is a factor of ~10-30. (There can of course 
be no unhindered allowed transitions in this region 
with A/=0 since these would have to be mirror beta 
decays.) 

The transition to state G is of the first-forbidden type 
with AJ =0 or 1 since state G can have either spin 5/2 
or 7/2, Because the log ft value (6.5) seems rather low 
for a transition of the A/=1 yes type, we prefer spin 
5/2 for state G. In either case the beta transition is 
unhindered according to the asymptotic rules. 

State H can have spins 5/2+ or 7/2+. There are 
Nilsson states available with both these spins: 7/2, +, 
, 4 and 5/2, +, 6, 3, 3. In either case the beta 
transition, “allowed” by AJ and AK selection rules, is 
“hindered” by a violation of the Qn, and AA rules. 
The hindrance factor again is of the order of 10 to 30. 


6, 2 


Am” 


The ground-state spin of Am™ has been assigned as 
5/2—, for which the Nilsson state designation is 5, 2, 3. 
A change of two occurs in the K value for electron- 


capture transitions to the ground rotational band, 
hence only those transitions with A/>2 are expected 
to proceed normally. Since a “normal” Al=2 yes 
transition exhibits a log// value in the neighborhood 
of 8.5, these transitions would be expected to contribute 
only a few percent of the Am™ decays. Unfortunately, 


HOLLANDER 


the exact amount of branching to the ground state © 
band is not known experimentally, but it is surely weak. 

Electron capture to state E takes place with a log ft 
of 5.9 (this is actually a lower limit because the amount 
of branching to the lower levels is not known). Accord- 
ing to the asymptotic selection rules this transition 
should be an unhindered first forbidden type, which 
agrees with the observed log ft of ~6. 

A very interesting situation occurs in the case of the 
electron-capture to the odd parity state G which was 
assigned the spin value 5/2— or 7/2—. In either case 
this transition is expected to be “allowed,” with AJ =0 
or 1, no. However, experimentally it is found that this 
transition is very slow; in fact it has not been observed 
in Am™ decay and a lower limit on its log ft has been 
set at 8. Thus, one has an “allowed”’ transition in both 
I and K which has been considerably retarded, by at 
least a factor of hundreds. A natural explanation for 
this unusually large hindrance is perhaps at hand from 
the asymptotic selection rules because here the initial 
and final states in the transition differ by two in 
principal oscillator quantum numbers; the parent state 
5, 3, 2 arises from the fifth oscillator shell whereas the 
final state 7, 5, 2 (or 7, 4, 3) arises from the seventh 
shell. The lack of overlap between two such states is 
evidently quite serious. 

The electron-capture transition to state H is of the 
A4/=0 or 1, yes type, with log /-~6.0. In this case none 
of the selection rules are violated, hence the transition 
is fast. A log ft value of 6 seems more reasonable for 
an unhindered A/=0 yes transition than for the slower 
Al =1 yes type, so perhaps the assignment 5/2, +, 6, 
3, 3 is preferable to 7/2, +, 6, 2, 4 for state H. 


SUMMARY 


It has been shown that the log /t values of the Am” 
and Np™ beta decays, anomalous according to ordinary 
A/ and AK selection rules, can be fitted into a consistent 
picture by means of the Alaga “asymptotic” selection 
rules. Such a comparison helps to demonstrate the 
applicability of these rules and the Nilsson energy level 
scheme to odd-A nuclei in this region. The large 
hindrance of transitions with AN=2 is particularly 
interesting. 
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Decay of Ir'**}* 
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Gamma-gamma angular correlation experiments have been performed for the 604-316, 588-613, and 
468-316 kev cascades in Pt and the 485-206 kev cascade in Os. The data are consistent with a spin of 


3 for the 690-kev level in Os and the 921 


and 1201-kev levels in Pt'. The assignment of spin 3 to the 


1201-kev level in Pt requires an admixture of about 8.5 percent M1 radiation in the 588-kev transition 


Spin 5 for the ground state of Ir' is indicated 


INTRODUCTION 


RIDIUM-192 decays by negatron emission into Pt!” 

and by orbital electron capture into Os™. The 
gamma radiations following decay have been studied 
extensively.'~> Recently proposed level schemes’ for 
Pt! and Os’ are given in Fig. 1. The present inves- 
tigation seeks to remove uncertainties in the spin as- 
signments to levels E and G in Pt'® and d in Os!” 
through the utilization of gamma-gamma angular cor- 
relation measurements. 


APPARATUS 


The coincidence spectrometer uses pulse-height 


analysis to choose the desired gamma energy. The coin- 


cidence circuit is patterned after McGowan’s fast-slow 
7 


system® and operates at a resolving time of about 10 
second. The detectors are Harshaw Nal(TI) crystals 
1 inch thick and 14 inches in diameter coupled to 
Dumont 6292 or RCA 6655 photomultiplier tubes. The 


amplifiers are Atomic Instrument Company model 
204-B, with crystal diodes inserted to improve the 
overload characteristics. The fast pulses to the coin- 
cidence circuit are taken from the amplifier discriminator 
output and the accidental coincidences are determined 
by insertion of a 0.35-ysec delay in one of these outputs, 
The pulse height analyzers are Atomic Instrument 
Company model 510. 


EXPERIMENTAL PROCEDURE 


The Ir'” was produced at the Oak Ridge National 
Laboratory by irradiation of iridium with thermal 
neutrons. Sources were prepared by evaporation of 
NazIrCl, in HC! solution on 0.25-mil rubber hydro- 


t Supported in part by a grant from the National Science 
Foundation. 

* This work based on a thesis to be submitted by one of us 
(VS) in partial fulfillment of the requirements for the degree 
Doctor of Philosophy. A preliminary report of part of this work 
was given by Shiel, Wyly, and Braden in Bull. Am. Phys. Soc 
Ser. IT, 1, 264 (1956) 

1M. W. Johns and S. V. Nablo, Phys. Rev. 96, 1599 (1954) 

*H. W. Taylor and R. W. Pringle, Phys. Rev. 99, 1345 (1955) 

* Baggerly, Marmier, Boehm, and DuMond, Phys. Rev. 100, 
1364 (1955). 

*W. H. Kelly and M. L 102, 1130 
(1956). 

6 Grard, Danguy, and Franeau, J. phys. radium 16, 839 (1955) 

*F. K. McGowan, Phys. Rev, 79, 404 (1950). 


Wiedenbeck, Phys. Rev 


chloride backing. The sources were approximately 0.9 
cm in diameter and of nonuniform thickness. The 
gamma rays studied in this work showed no change in 
relative intensities over a period of one year. A plot of 
the gamma-ray spectrum is shown in Fig. 2. 

In general, angular correlation experiments were 
performed with the two detectors placed 7.6 and 8.1 
cm, respectively, from the source. Because of intensity 
considerations, the detectors were placed 4.8 and 5,2 
cm, respectively, from the source for the 417-468 and 
the 485-206 gamma-gamma angular correlation experi 
ments. Measurements were made at angles of 90°, 270°, 
and 180° for the 588-613 kev and the 485-206 kev 
cascades and at angles of 90°, 270°, 135°, 225°, and 180° 
for the other cascades, 

For the 468-316 kev correlation, one pulse-height 
analyzer was set on the 468-kev peak and the other 
analyzer was set on the high-energy side of the com 
posite peak at about 300 kev. For the 604-316 kev 
correlation, one analyzer was set on the high-energy 
side of the composite peak at about 600 kev and the 
other analyzer was set on the high-energy side of the 
composite peak at about 300 kev. For the 588-613 kev 
correlation, both analyzers were set astraddle the com 
posite peak at about 600 kev. With one analyzer set 
on the 468-kev peak, the coincidence counting rate as 


Os'92 pyi92 


1064 [ ea 


Fic. 1. Level 
374 


schemes for Pt'™ and 
Os'™ based on Bag (1.9) 
gerly et al.’ Relative 

intensities of gamma 

rays are given in 

parenthesis. Multi 

polarity assignments 

in parenthesis may 

not be pure. For 

simplicity, gamma 

rays of relative in 

tensity less than 0.7 

have omitted 
Unambiguous spin 
assignments are indi 

cated 


been 
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Tasie I. Experimental results for gamma-gamma angular correlations in Pt and Os™. The anisotropy ratio is A, the number of 
real coincidences at one angle is R, and the ratio of real to accidental coincidences is R/C. The statistical error in the last digit quoted is 
indicated in parentheses. The result for the 417-468 kev cascade lacks significance because of interference. 


Cascade Uncorrected 
(kev) As Ae A 


MA-316 (Pt) 0,195 0.01 0.271 
588-613 (Pt) ~0,01 

417-468 (Pt) 0.032 
468-316 (Pt) 0.129 
485.206 (Os) -0.161 


0.019 


0.082 0.00 


a function of the level setting of the other analyzer 
revealed a small coincidence peak at about 420 kev. 
Also, with one analyzer set at 420 kev, a small coin- 
cidence peak was observed which coincided in energy 
with the 468-kev singles peak. These peaks are attrib- 
uted to the 417-468 kev cascade in Pt’. The 417-468 
kev correlation was run with one analyzer set on the 
468-kev peak and the other set at 420 kev. With one 
pulse height analyzer set at 206 kev, the coincidence 
counting rate as a function of the level setting of the 
other analyzer revealed a strong coincidence peak at 
an energy equal to, or perhaps somewhat greater than, 
the 468-kev singles peak. With one analyzer set at 485 
kev, the coincidence counting rate as a function of the 
other analyzer level followed the singles spectrum 
closely, indicating an unresolved peak at about 205 kev 
which we attribute to the 485-206 kev cascade in Os™. 
No coincidence peak corresponding to the 374-206 kev 
cascade in Os' was observed.’ The 485-206 kev cor- 
relation was run with one pulse height analyzer set at 
485 kev and the other set at 206 kev. Care was taken 
to exclude a contribution from the 175-kev Compton 
edge due to the 316-kev line. 


RESULTS 


The results of the gamma-gamma angular correlation 
experiments are shown in Table I and Fig. 3. The A, 
are the coefficients in an expansion of the correlation 


#300 kev 


- a 
-] ° ° 
, » dia 


COUNTING RATE 


co 





$00 400 “ 
PULSE HEIGHT 
Fic, 2, Gamma ray spectrum of Ir 


7 Subsequent work by the authors and A. L. Stanford and E. T 
Patronis of this labératory shows coincidence peaks between K 
x-rays and gamma rays at 206, about 300, and 460-485 kev. No 
K x-ray-374 kev gamma ray coincidence peak was observed 


-0,21(1) 


Corrected for geometry 
Ai As A R 


~0.01 (2) —0.29(2) 
—0.01(2) 
0.04(2) 
0.14(1) 
—0,19(2) 


10 000 
5 000 
9 000 

22 000 
8 500 


0.021(2) 


0.088 (6) 0.00(1) 


function in terms of even-order Legendre polynomials’ ; 
and A is the anisotropy ratio which is defined as the 
ratio of the coincidence rates at angles of 180° and 
90°, minus one. Corrections for the finite angular 
resolution of the detectors were made according to 
Rose.’ 


DISCUSSION 


The objective of the angular correlation experiments 
reported here is the determination of the spins of 
levels E and G in Pt™ and level d in Os™. Baggerly 
et al.’ have proposed that all gamma transitions are £2 
or E2+M1, which requires that all levels have the 
same parity as the ground states, i.e., even. Spin assign- 
ments that seem unambiguous on the basis of prior work 
are indicated in Fig. 1. The spins of levels E and G are 
evidently delimited to 2, 3, or 4 and the spin of level 
d to 4 or less. Additional arguments, noted subse- 
quently, suggest that the spins of these three levels 
are greater than 2. Theoretical curves of various cor- 
relation functions and experimental points are shown 
in Fig. 3. Correlation functions with M1+ #2 mixing 
and 6 positive are not included because they are, in all 
cases, in gross disagreement with the experimental data. 

The 604-316 kev correlation was examined to deter- 
mine the spin of level £. In this experiment the real 
coincidence counting rate was a composite of four 
cascades, Assuming the relative intensities shown in 
Fig. 1, the contribution of each cascade to the coin- 
cidence rate was calculated with the following results: 
604-316 kev (73%), 308-613 kev (13%), 588-316 kev 
(14%), and 588-296 kev (<0.5%). If the spin of level E 
is 4, then both the 604-316 kev and the 308-613 kev 
cascades involve the same squence of transitions, 
namely: 4(£2)2(£2)0. Therefore, only about 14% of 
the coincidences should be considered interference. The 
data disagree with this spin assignment; the observed 
anisotropy has an opposite sign to that required. The 
effect of interference from the 588-316 kev cascade 
would not be expected to explain the large disagree- 
ment. The data are in agreement with an assignment 
of spin 3 to level EZ if the 604-kev line is predominantly 
E2. Because of interference from the 308-613 kev and 
588-316 kev cascades it is not possible to be precise 


*L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
*M. E. Rose, Phys. Rev. 91, 610 (1953). 
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about the admixture of M1 radiation in the 604-kev 
transition but it is probably less than 5%. If spin 2 is 
assumed for level E, the counting rates at 90° and 180° 
can be matched by the assumption of a few percent of 
M1 radiation in the 604-kev transition, but a much 
reduced counting rate at 135° is predicted for ad- 
mixtures of M1 radiation up to almost 50%. On the 
basis of angular correlation experiments, Kelly and 
Weidenbeck*‘ assign a spin of 2 or 3 to this level and 
Taylor and Pringle’ give a spin of 4. 

The 588-613 kev correlation was examined to deter- 
mine the spin of level G. On the basis of numerical 
estimates and experimental checks of counting rate 
versus distance of detector from source, we believe that 
no more than 9% of the coincidences are due to a 
296+ 316 kev sum peak which can be in coincidence 
with the 588-kev gamma ray. The experimental results 
are not consistent with spin 4 for level G but are con- 
sistent with spin 3 if an admixture of 8.5(+1)% M1 
radiation with 6 negative is assumed for the 588-kev 
transition. Interference in the correlation from the sum 


w(@) 
1.2 











Fic. 3. Theoretical angular correlation curves for the sequence 
of transitions: J (22+ M1)2(£2)0. The value of J and the percent 
admixture of M1 radiation with 6 negative in the first transition 
are indicated for each curve. Experimental data for the various 
cascades are indicated by the symbols: @ (468-316), + (604 
316), x (588-613), and © (485-206) 
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peak may introduce an additional error of a few percent 
in the mixing ratio. K, 7, and Ly conversion coefh- 
cients for the 588-kev transitions have been measured 
by Baggerly et al.’ and the L/K ratio has been measured 
by Bashilov et al."° The admixture of magnetic dipole 
radiation in the 588-kev transition somewhat worsens 
the agreement of Rose’s theoretical conversion coef 
ficients": with the results of Baggerly ef al. but tends 
to improve the agreement with the results of Bashilov 
et al. A spin of 2 is also consistent with the anisotropy 
data if an admixture of a few percent M1 radiation is 
assumed for the 588-kev transition. However, the more 
extensive data of Kelly and Wiedenbeck,* which were 
reported while this work was in progress and which are 
in agreement with the present data, are not consistent 
with the redyced counting rate at 135° which is com- 
puted for all admixtures of M1 radiation up to about 
50%. On the’basis of a 588-613 kev gamma-gamma cor 
relation ‘experiment, Baggerly ef al.* assign a spin of 4 
to level G. 

The 417-468 kev correlation is also pertinent to a 
discussion of the spin of level G. An attempt was made 
to do this correlation experiment, however, data on 
coincidence counting rate versus pulse height analyzer 
level and angular correlations on both sides of 417 kev 
indicated that perhaps 50% of the real coincidences 
were due to interference from other cascades; e.g., the 
468-316 kev cascade. The result, therefore, lacks sig 
nificance and no attempt is made to interpret it 

The 485-206 kev correlation was examined to deter 
mine the spin of level d. The data make a spin of 4 seem 
unlikely. The data are considered consistent with a 
spin of 3. The interference in the experiment from the 
468-316 kev cascade in Pt'™ prevents an accurate 
assignment of the admixture of M1 radiation in the 
485-kev transition, but it is probably less than 6% 
This interference makes it unfruitful to attempt to rule 
out lower spin values for level d on the basis of the 
angular correlation experiment. The absence of a cross 
over transition of appreciable intensity from level d to 
the ground state suggests that the spin should be 
greater than 2, otherwise the crossover transition 
ought to be M1 or £2 which should compete favorably 
the other £2 Note that a similar 
argument applied to Pt™ suggests that the spins of 
levels £ and G should not be 2. 

The fact that beta transitions to levels D, EZ, and G 


with transitions. 


are first forbidden and that no beta transitions go to 
levels A, B, or C indicates that the spin of Ir’ should 


 Bashilov, Anton’eva, and Bzhelepov, Ivest. Akad. Nauk. Ser 
Fiz. SSSR 16, 264 (1952). Cited in Nuclear Science Abstracts 7, 
No. 24B, 53 (1953) 

"M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., New York, 1955) 
Appendix IV 

"FPF K. McGowan and P. H 
(1956) 


Stelson, Phys. Rev. 103, 1133 
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be 5 or 6 and that the parity is odd.* This argument 

implies that the spins of levels Z and G should be 

greater than 2." A comparable argument suggests that 

the spin of level d is greater than 2.’ If the assignment 

of spin 3 to level £ is correct, the spin of Ir must be 

5 rather than 6. 

Odd parity and a high spin for Ir can be reconciled 
with the shell model by assignment of the odd proton 
to an Ayijy orbital and the odd neutron to an ij; 
orbital.” Nearby odd-A nuclei do not indicate these 

“M,. G. Mayer and J. H. D. Jensen, Elementary Theory of 


Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955) 


PHYSICAL REVIEW VOLUME 


105, 


AND BRADEN 


assignments; however, a similar configuration for Lu'’® 
has been postulated. 
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Internal Conversion Electrons Following Coulomb Excitation of Highly Deformed Nuclei* 


E. M. Bernsternt ann H. W. Lewis 
Department of Physics, Duke University, Durham, North Carolina 
(Received October 8, 1956) 


A study of internal conversion electrons following Coulomb excitation by alpha particles of a number of 
nuclei in the rare earth region has been made, In four cases, Eu, Ho!*, Lu!”, and Ta™!, it was possible to 
obtain sufficient experimental! data to make a fairly complete comparison with the predictions of the simple 
rotational model of Bohr and Mottelson, Within the large experimental uncertainties the data were con 


sistent with the theory. 


First rotational state transitions have been studied in Gd!®*, Gd", Re'5, Re!*?, Ir, and Ir. In addition 
transitions of 73 and 83 kev were observed in Ir and Ir, respectively. The data are consistent with the 
assignment of the transitions as coming from levels of these energies. 


INTRODUCTION 


RANSITIONS following the Coulomb excitation 
of heavy nuclei can be studied by observation of 

the internal-conversion electrons’ in addition to the 
gamma rays. By using techniques described previously,’ 
measurements have been made of the conversion elec- 
trons from the following elements under alpha-particle 
bombardment: Eu'™, Gd!'®®, Gd'*?, Ho!®, Lu'?®, Ta!®, 
Re'*, Re'*’, [r'* Ir'*. 

When one can excite the first two rotational states of 
a nucleus, there are several possibilities for testing the 
theoretical formalism of Bohr and Mottelson.‘ If it is 
found that the ratio of the energy of the second rota- 
tional state to the energy of the first rotational state is 
given correctly by the theory, it is expected that the 
simple rotational model is applicable to the nucleus. 
Then one can compare the Qo values obtained from the 
cross section for excitation of the two levels, and also 
the £2 to M1 mixing ratios for the first rotational state 

* This work was supported by the U. S. Atomic Energy Com 
mission 

t E. 1. du Pont de Nemours Fellow (1955-1956), 

'T, Huus and J. Bjerregaard, Phys. Rev. 92, 1579 (1953); 
94, 204 (1954), 

*E. M. Bernstein and H. W 
(1955) 

*Huus, Bjerregaard, and Elbek, Kgl. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 


“A. Bohr and B. R. Mottelson, Kgl. 
Selskab, Mat.-fys. Medd, 27, No. 16 (1953) 
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transition and the cascade transition. The latter in- 
formation can be obtained from K/L ratios and in the 
case of the cascade transition from the branching ratio 
of the second rotational state. 

In the case of Eu', Ho!®, Lu'7®, and Ta!* we were 
able to obtain sufficient experimental data to make the 
above-mentioned comparisons with the theory. Pre- 
liminary results for these nuclei have been presented 
verbally’ and showed large discrepancies with the 
theory. However, the results were partially based on 
previous measurements® of gamma-ray transition proba- 
bilities which have been revised recently.’ The new 
values have been incorporated into the analysis pre- 
sented here and within the experimental uncertainties 
the data are now in good agreement with the theoretical! 
predictions of the simple rotational model. 


EXPERIMENTAL PROCEDURE 
A. Targets and Background Radiation 


All the targets were made by vacuum evaporation 
onto thick aluminum or copper backings. It was found 
difficult in most cases to make homogeneous targets as 


*E. M. Bernstein and H. W. Lewis, Bull. Am. Phys. Soc. Ser. 
IT, 1, 41 (1956). 

*N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 

™N. P. Heydenburg and G. M, Temmer 
munication). 


(private com- 
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thick as desired. Elements of natural isotopic abundance 
in the form of powdered oxides were used, except for 
Ta, Re, and Ir which were available in metallic form. 
The powders were heated in a carbon boat to about 
3000°C. The resulting deposits were uniform and 
metallic in appearance even in the case of oxides. 
Whether or not the targets were wholly or partly oxides 
is not of importance, even for target thickness measure- 
ments (see below). Usually, when the deposit was more 
than ~0.015 mg/cm’ thick, it flaked off the backing, 
rendering the target useless. In general, targets of 
thickness ~0.05 to ~0.2 mg/cm* would have been 
preferable from yield considerations and would still 
have been thin enough to produce negligible absorption 
or scattering of the electrons. The targets were in- 
spected after bombardment and showed no signs of 
deterioration. 

One can shield as much as desired against external 
background radiation such as gamma and x-rays from 
the target and accelerator. However, this is not the case 
for the background due to “stopping electrons” which 
are ejected from the atomic shells of the target material 
in the slowing-down process of the bombarding par- 
ticles. Huus ef al.’ have calculated an approximate 
expression for the cross section for this process which 
is proportional to the fourth power of the atomic number 
of the target nucleus, These same authors have obtained 
good agreement between the theoretical expression and 
the experimentally observed cross section. 

Using the Z‘ dependence of the cross section, one can 
obtain target thicknesses by comparing the “stopping 
electron” yield: from the target with that from a foil 
of known thickness.’ Owing to the Z* dependence of the 
cross section, any contamination of the target material 
with light elements can be neglected. Also, for the same 
reason it was hoped that the electron yield from the 
target backing material would be insignificant; how 
ever, since the targets were extremely thin this was 
not true. Although the “stopping electron” cross sec- 
tion is about a factor of 64 larger for protons than for 
alpha particles of the same energy, the relative yield of 
electrons from the target material compared to the 
backings was larger for alpha particles. The target 
thicknesses determined in this manner are believed 
accurate within 50%. 

By considering the cross section for producing 
“stopping electrons” along with the cross section for 
Coulomb excitation, one finds an optimum bombarding 
condition (i.e., a kind of particle and an energy) for 
exciting a given level which gives a maximum “signal- 
to-noise” ratio. In the present experiment, it was found 
that alpha particles were preferred over protons for all 
the levels studied. 


B. K/L Ratios and Reduced Transition 
Probabilities 


K/L ratios were obtained from the electron spectra 
by measuring the areas under the K and L conversion 


CONVERSION 


ELECTRONS 1525 
lines and dividing each area by the Hp value at the 
position of the line. In order to determine mixing ratios 
from the experimental K/L ratios, it is necessary to 
know the theoretical values of the absolute A conver 
sion coefficients and theoretical K/L ratios for M1 and 
FE2 transitions. Extensive calculations of K and L 
conversion coefficients have been made by Rose.* 
However, there is some dispute over the validity of 
these K and L conversion coefficients for M1 transi 
tions. Calculations of Sliv and Listengarten,’ who have 
taken into account the finite nuclear size, indicate a 
fairly constant correction factor over the energy in 
terval 250 kev to 1.5 Mev. The transitions investigated 
in this experiment are all between 70 and 170 kev. In 
the absence of more information, it was assumed that 
the correction factors for high energies could be ex 
trapolated to give the correction factors for the energy 
region investigated. This is consistent with recent 
measurements of internal conversion coefficients.’ "' 

The angular distribution of the conversion electrons 
has been neglected in the interpretation of the data, 
The error due to this procedure is expected to be much 
smaller than the other uncertainties involved 

Values of the reduced £2 transition probabilities, 
B..( £2), were found in one of several ways. In the cases 
of Eu'™, Ho!®, Lu'”®, and Ta'", values of Byx(E2)ifor 
the first rotational state were obtained by applying the 
correction for internal conversion to the gamma-ray 
measurements of Heydenburg and Temmer.* The total 
conversion coefficients were obtained from the “cor- 
rected” theoretical values of Rose, using the £2 to M1 
mixing ratios obtained from the measured K/L ratios 
For the second rotational levels of these elements, the 
values of B,.(£2) were obtained in the following 
manner. The partial values of B,,(£2) for excitation 
of the cascade were obtained from the conversion elec 
tron yield relative to that for the first rotational level 
This was then added to the partial B,.(22) for the 
crossover transition measured by Heydenburg and 
Temmer.® For Re and Ir the relative target thicknesses 


determined by the “stopping electron” method were 
used. The values of B,,(#2) were then obtained by 


comparison with the 114-kev transition in Lu!” 


THEORETICAL PREDICTIONS OF THE 
COLLECTIVE MODEL 


Bohr and Mottelson* have shown that nuclei possess 
ing large intrinsic deformations are expected to display 
well-developed rotational spectra, since to a good 
approximation one can separate the intrinsic and col 
lective motions. The results of the theoretical calcula 


*M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North Holland Publishing Company, Amsterdam, 
1955), Chap. 14; also M. E. Rose (private communication) 

*T. A. Sliv and M. A. Listengarten, Zhur. Ekeptl. i Theort, 
Fiz. 22, 29 (1952). 

”“ Hatch, Marmier, Boehm, and Dumond, Bull. Am 
Soc. Ser. IT, 1, 170 (1956) 

4 F, K. McGowan and P. H, Stelson (to be published). 
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Tasie I. £2 to M1 mixing ratios from K/L ratios. 


Transition 
energy # from 
(kev) /L K/L 


Level 
energy 
Klement le (kev) / 
Ku'# 0.48 
0.08 


5/24 84 7/24 a4 
195 9/24 111 


Ho 7/2 va 9/2 ww 5 0.044 
218 11/2 0 


O11 
0.08 


Lui 7/2 114 9/2 
253 11/2 


Ta 7/2 137 9/2 0.05 
402 11/2 7 0 
Kei 125 7/2 062 
Rei! 5/2 135 7/2 013 
ir 129 129 4.9 0.23 


ir'* 3/2 140 5/2 140 3,7” 0.29 2.0 


* Total conversion coefficient, calculated by using 4* from K/L ratio, 
» Taken from #-decay (reference 13), 


tions of the above authors (see also reference 3) which 
are applicable to the experiment described here are 
presented below. 

The ratio of the energies of the rotational levels 
depends only on the ground state angular momentum, 
/. For the first and second rotational levels this ratio is 

2.40 for To 
To? 5/2 


Io= 7/2. 


3/2 
| 2164 3 


ky To+1 


2.29 for 


2.22 for 


In addition to level spacings, the collective model 
also predicts the values of transition probabilities. The 
relations for the reduced electric quadrupole transition 
probabilities for excitation are 


15 Io 
es 
16m (To+-1) (194-2) 


15 I 
COs 


bat a (2794-3) (194-2) 


B,, (2) for I, rT +1, 


B,,( £2) for Io rT + Z. 


In odd-A nuclei the decay transitions are a mixture 
of magnetic dipole and electric quadrupole radiation. 
The mixing ratio, 8’, is defined as the ratio of the number 
of £2 to M1 gamma rays. From the theory one finds the 
ratio of & for the transition from the first rotational 
state to the ground state, denoted by subscript 1, to # 
for the cascade from the second to the first rotational 
state, denoted by the subscript 21, is given by 


Ip=3/2 
Ig=5/2 
To ee 7/2. 


1.10 for 
6? 
=< 1.04 


2 
1.02 


for 
for 


With the relations given here, one can make the 
comparisons between the theory and experiment which 
are stated in the introduction. 
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EXPERIMENTAL RESULTS 


A summary of the experimental results is given in 
Tables I and II. The results for each element are dis- 
cussed in detail below. Comparison of the data in those 
cases where some previous measurements are available 
shows good agreement in general.{ Discrepancies are 
pointed out in the text. Absolute reduced transition 
probabilities are believed accurate to 50%. The relative 
B,,(E2) values for the first two rotational levels in the 
same element are believed to be accurate to better 
than 20%. K/L ratios for first excited state transitions 
are believed to be accurate to 10%, while those for the 
cascade transitions are less certain, the estimated error 
being as high as 15%. 


Eu'*, Ho'®, Lu”, and Ta’. 


For these four nuclei it was possible to observe the 
conversion electrons from the cascade between the 
second and first rotational states as well as the first 
rotational state transition. In all cases the ratio of the 
energy of the second rotational state to the energy of 
the first rotational state is in agreement® with the pre- 
dictions of the simple rotational model. As can be seen 
in Table II, the Qo values calculated from the cross 


Tasie II. Reduced transition probabilities, intrinsic quadrupole 
moments, and £2 to M1 mixing ratios. 


Tranai 
tion 

Ele energy 
ment (kev) 


Bes (E2)* Level 
transi- energy Bes(E2)* Oo 
tion (kev) (level) (barns) (42:%)e> (8a1%)xyj_ (41*) ast 


0.48 


Ful 4 2.77 4 . 7.6 
111 0.54 195 
195 0.36 195 t 7.3 


0.08 


96 2.79 96 a 8.1 
122 0.68 218 
218 0,028 218 ; 8.2 0.023 
Lai? 114 2.86 i114 

139 0.63 253 

253 0.12 253 


137 1.9 137 
165 0.44 $02 
302 0.12 $02 0.075 


Reis 125 0.62 


Re'®’ 135 1.40 O13 


Ir” 129 0.97 0,23 


* All Bex(Z2) values are given in units of 10-* cm‘ ¢*, The values for 
cascade transitions are relative to first excited state transitions given by 


Heydenburg and Temmer.* The total conversion coefficients used are given 
in Table 1. The Bex(#2) value for a level is given by the sum of the partial 
Bex (E22) values for the various modes of decay. 

» Mixing ratio calculated from the branching ratio of the second excited 
state, 


t Note added in proof.—The values for the £2 to M1 mixing 
ratios should be compared to those presented in a number of 
recent papers: G. Goldring and G. T. Paulissen, Phys. Rev. 103, 
1314 (1956); Davis, Divatia, Lind, and Moffat, Phys. Rev. 103, 
1801 (1956); N. P. Heydenburg and G. M. Temmer, Phys. Rev. 
104, 981 (1956); Wolicki, Fagg, and Geer, Phys. Rev. 105, 238 
(1957). Our values for the first four elements of Table II are in 
reasonable agreement with those of other workers; for the last 
three elements our values are considerably larger than those of 
the other workers. It should be noted that the mixing ratios 
given in the references above were obtained from the branching 
ratios for the gamma rays from the second excited state, assuming 
the simple rotational model to be correct. 
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section for excitation of the first and second rotational 
levels are in good agreement in all four cases. The £2 
to M1 mixing ratios which have been determined in 
three ways are also given in Table II. The values of # 
obtained from the K/L ratio for the cascade transition 
are somewhat lower than the other two determinations. 
However, as pointed out above, these K/L ratios have 
a rather large experimental uncertainty. We conclude, 
therefore, that within the experimental error the re- 
sults for all these elements are consistent with the 
theoretical predictions. 

In addition to the transitions from the first 
rotational levels of Lu’, Heydenburg and Temmer 
also observed a weak gamma ray of 180 kev when 
naturally abundant lutetium is bombarded with alpha 
particles. In the electron spectra, we observed a weak 
conversion line at 123 kev. Assuming this to be a K 
line, it represents a transition of 186 kev which is 


two 
6 


HOLMIUM 


3.568 MEV 
F 60sC 


25 30 35 
aH 








Fic. 1. Conversion lines following Coulomb excitation of 
holmium, The alpha-particle bombarding energy and integrated 
charge are indicated. Subscripts 1 and 21 denote first rotational 
state transition and cascade transition from the second state, 
respectively. 


almost certainly the same as the 180-kev transition 
seen in the gamma measurements. A search for the L 
conversion line from this transition was unsuccessful, 
indicating an M1 or mostly M1 transition. The assign- 
ment of this transition is not certain, but it is possibly 
due to the odd-odd isotope Lu'’®, 

A typical conversion spectrum is shown in Fig, 1. 
This is for holmium which is isotopically pure with a 
mass of 165. One sees the K, L, and M conversion lines 
from the first rotational level. These are labeled with a 
subscript 1. Also shown are the K and L conversion 
lines from the cascade transition between the first and 
second levels denoted by the subscript 21. 


GADOLINIUM 


Natural Gd consists of several even-even isotopes 
plus two even-odd isotopes, Gd'®*, and Gd'*’, Figure 2 
shows the electron spectrum from a natural Gd target 
bombarded with 3.25-Mev alpha particles. Most of the 
lines are from the even-even isotopes. The two lines 


GADOLINIUM 
E.* 3.25 Mew 


CTY 60 ac 





Fic, 2. Spectrum of conversion electrons from natural gado 
lintum. Lines from the various isotopes are distinguished by 
subscripts. 


marked L!*’ and L'®® have been assigned as the L con 
version lines from the first rotational level of these 
isotopes. The existence of these levels was suggested 
by Heydenburg and ‘Temmer® on the basis of gamma- 
ray measurements of the second rotational states. The 
gamma rays from the lower levels could not be observed 
by them owing to the large background from the strong 
K x-rays. The energies of the levels are 61 kev for 
Gd'® and 56 kev for Gd'*’. Recently, Bjerregaard and 
Meyer-Berkhout” have confirmed these assignments 
using separated isotopes. ‘These authors have made an 
extensive study of the conversion electrons from both 
isotopes. 
RHENIUM 

Rhenium has two stable isotopes Re'™ (37.1%) and 
Re'*” (62.9%). K, L, and M conversion lines from the 
first rotational level of each isotope were measured, It 
was not possible to observe the cascade transition from 


IRIDIUM 
Eur 5.65 Mew 


COUNTS PER 40 eC 





ae 


Fic, 3. Electron spectrum from natural iridium, Except for 
lines A and B, which are explained in the text, the lines originate 
from the first rotational state transitions in the two isotopes 


"J. H. Bjerregaard and U, Meyer-Berkhout, Z. Naturforsch 
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the second rotational level. No previous measurements 
have been made of the K/L ratio for the level in Re’™; 
however, in 6-decay the level in Re'*’ has been observed. 
The value of K/L=4.6 for the heavier isotope agrees 
with the previously measured value” of K/L~5. The 
values of B,,(#2) for these two nuclei have an uncer- 
tainty of 50% since the target thickness was determined 
by the “stopping electron” method. However, the 
relative Q» values obtained have approximately the 
same ratio as the spectroscopically measured quadru 
pole moments. Also, they fit into the general trend of 
(Vo values in this region of the odd-Z odd-A elements 


IRIDIUM 


Iridium is similar to rhenium, having two stable iso- 
topes Ir (38.5%) and Ir (61.5%). The electron 
spectrum from bombardment of natural Ir with 3.85- 
Mev alpha particles is shown in Fig. 3. One sees the 
K, L, and M lines from the first rotational level in each 
isotope. The L line from Ir was not resolvable from 
the M line of Ir so that no K/L ratio could be ob- 
tained for this nucleus. In addition to these lines, one 
finds two conversion lines labelled A and B in Fig. 3. 


' Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953) 
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If one assumes that these are L conversion lines, the 
transition energies are 73 and 83 kev. From f-decay"* 
there is a known level in Ir at 82 kev. Also, in Ir™ a 
transition of 73 kev has been observed.'® However, the 
suggested level scheme from §-decay for Ir has the 
73-kev transition as a cascade between two higher 
energy levels. The yield ratio of both these lines from 
3.50 to 3.85 Mev is consistent with that to be expected 
for excitation of levels at 73 and 83 kev. Also, since one 
would expect these two nuclei to have similar level 
schemes, it appears almost certain that the 73-kev 
transition comes from a level of that energy rather 
than a cascade between higher levels. 

The K/L ratio for the first rotational state (129 kev) 
in Ir' is somewhat higher than the previous 6-decay 
measured value” of 2.1. The B,,(£2) value could be 
obtained only for the lighter isotope because of the 
fact that the K and L lines from Ir were not completely 
resolved. The target thickness was obtained by the 
“stopping electron” method; however, the Qo value 
obtained seems to fit very well with those of the 
neighboring nuclei. 


“ Gillon, Gopalakrishnan, de-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 

'® Cork, Leblanc, Nester, Martin, and Brice, Phys. Rev. 90, 
444 (1953), 
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Interpretation of Regularities in Neutron and Proton Separation Energies 


A. DE-SHALIT 
Department of Physics, The Weizmann Institule of Science, Rehovoth, Israel 
(Received November 14, 1956) 


Way’s empirical rule on the behavior of separation energies of nucleons is analyzed. It is shown that this 
rule could be expected from general properties of the shell model, and the sort of information which can be 


obtained from its detailed analysis is discussed 


N a recent study, Way' has pointed out an out 
standing empirical rule Woncerning the separation 
energies of neutrons and protons for nuclei in some re- 
gions of the periodic table. If S,,»)(Z,V) stands for 
the energy required to separate a neutron (proton) 
from a nucleus with Z protons and .V neutrons, and if 
Z+-N is even, then Way’s rule claims that: 
S.(Z,N)=S,(Z+1, N), 
S,(Z,N)&S,(Z, N+1), 
for even A= Z+.\. Stated in other words, it says that 
the addition of a neutron (proton) to an odd-odd or 


to an even-even nucleus does not change the binding 
energy of the last proton (neutron) of that nucleus, 


(1) 


(2) 


'K. Way, Amsterdam Conference, July, 1956 (Nederlande 
Natuurkundige Vereniging, Amsterdam, 1956); Nuclear Masses 
and Their Determination, Proceedings of the Conf, held in Max 
Planck Institut fur Chemie, Mainz; edited by H. Hintenberger, 
July 1956 (Pergamon Press, London, 1956). 


As was noted by Way, exceptions to this rule are 
associated with completion of shells or with transition 
into the region of high deformations. It thus seems that 
this behavior should result from the shell model of the 
nucleus. 

By definition, the binding energy of the last nucleon, 
or its separation energy, is the difference between the 
binding energy of the original nucleus less the binding 
energy of that nucleus after removal of the last nucleon. 
To calculate this quantity, let us assume that the 
nucleus can be represented by the shell model; let us 
further assume that there are p protons in the state 
characterized by the quantum numbers n,, /,, and j, 
[in short “the state j,”], with all lower states filled, 
and let there also be m neutrons in the state j, with all 
lower states filled. 

Since we are dealing with differences of binding 
energies caused by the addition of one nucleon to the 





NEUTRON AND 
partially filled shells, we can disregard in our calcula- 
tion the binding energy of the nucleons in the closed 
shells and treat those in the partially filled shells only. 
The binding energy of the nucleons in these shells can 
be written in the following manner: 


E(p.n) = pE(j,)+nE(jn) 
+ Eint(jp”) + Ein(jn") +L pm 1), (3) 


where p and m are the numbers of protons and neutrons 
in the partially filled shells 7, and j,, respectively ; 
E(j) is the binding energy of a single nucleon in the 
state 7; Eint(j*) is the interaction energy of & identical 
nucleons in the state j with each other; and [ p,n | is the 
interaction energy of p protons in the state j, with m 
neutrons in the state j,. The interaction energies Ejq:(j*) 
and [ p,n | are generally unambiguous only if we specify 
the coupling scheme of the nucleons in question. How- 
ever, to avoid complications we shall not specify this 
scheme unless it becomes necessary. 

The neutron separation energy for a nucleus (p,n) 
thus becomes 


S, (pn) = E(pn)— E(p, n—1) = E(jn) 
+[Eint(jn") — Eint(jn™) J+LpnjJ—[p,n—-1]. (4) 


Similarly for a nucleus (p+1, n) we get 


Sa(p+1, n)=E(p+1, n)—E(p+1, n—1) 
= E(jn)+([Eint( jn”) — Eint(ja”™) | 


+[pt+i1,n]—[pt+i,n—1]. (5) 


Finally we get, for the difference 6, between these two 
separation energies, the expression 


6,=S,(p+1, n)—S, (pn) 
={(p+1,n)]—[p+1, n—1)} 
—{([pn)—-[p,» 


Our only restrictions in deriving Eq. (6) were n>0 and 
p<2j,+1. We shall now assume that j,#j,, leaving 
the case (my/pjp)= (Mnalnjn) to a subsequent treatment, 
and we shall also assume that an even number of 
equivalent nucleons couple in our case (we are treating 
ground states!) to a zero total angular momentum. 

It is shown in the appendix that whenever p or n is 
even and the corresponding group of nucleons is coupled 
to a zero total angular momentum, one has 


(pn )= pnk’(j>p,jn), 


If both p and m are odd, Eq. (7) no longer holds but 
one still has 


1}). (6) 


p or n or both even. (7) 


1 
> (QI +1) [ps pI nla 
(QJ p+1)(2Jn+1) 4 , 
= pnF (jy,jn), (7a) 


where the explicit expression [pJ,.nJ, J, stands for 
the interaction between the group of p-equivalent 
protons coupled to angular momentum J, with the 
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TaBLe I, The difference between neutron separation energies, 
bn (Lpti,m)—Lpt+i,n—1)}—(Lem)]—lp,n—1)) 


p n 


even 
even 
odd 


odd 


even 
odd 
even 


odd 


5, F (fp, 
5,= I (fy, 
6,@F fy, 
6,=@ F (4; 


group of » equivalent neutrons coupled similarly to J, 
in a state with a total angular momentum J 

Since the left-hand side of (a) represents an average 
of the interactions of the two odd groups over all pos 
sible states, it is clear that the ground state is more 
tightly bound than this average and we can therefore 
put 
pal’ (jp,Jjn) r¢, 


[ pn p and m odd, (8) 


where ¢ has the same sign as /’, may depend on n, p, 
jn, and j,, and is of the order of magnitude of half the 
width of a configuration of an odd-odd nucleus 

It is now possible to evaluate 4, by substituting into 
Eqs. (6), (7), or (8) as required. One gets the results 
Table I 


table that if <=F(j,,7,), then 6, vanishes for even-even 


shown in One sees immediately from this 
and odd-odd nuclei, and has the value ~2/(j,,j,) for 
even-odd and odd-even nuclei. Stated in other words it 
says, since 6, is defined as the difference between two 
separation energies, that the neutron separation energy 
does not change when a proton is added to an even-A 
nucleus, and it changes by the amount 2/(j,,j,) when 
a proton is added to an odd-A nucleus, Obviously, the 
same rule holds for the proton separation energy 

Thus, provided &~F(j,,j,), we have demonstrated 
not only Way’s rule but we also anticipate that the 
differences in neutron separation energies of pairs of 
nuclei (Z,NV) and (Z+2,.\) should be constant. In 
other words, the neutron separation energies for the 
nuclei (Z,N), (Z+2, VN), (Z+4, N), etc., should lie on 
a straight line with a slope F(j,,j,) Mev/proton, with 
a similar rule holding for the neutrons. This behavior 
seems to be reproduced by the experimental data.' 

The relations between ¢ and F'(j,,j,), as well as the 
dependence of ¢€ on p and n, are very much dependent 
on the nature of the proton-neutron interaction inside 
nuclear matter. Thus, if the interaction between neu 
trons and protons depends only on their distance apart 
it is easy to shown that e=0 whenever n or p represent 
exactly a half-filled shell. In another extreme of an 
interaction of the type (@,:¢,)V(\r,—1r, 
depend on n or p at all. The analysis of the experi 


) « does not 


mental data can thus yield important information on 
the nature of the proton-neutron interaction inside 
nuclei, 
The peculiar behavior of the separation energies has 
drawn previous attention,’ and attempts were made to 
7A. K. Edmonds, Proc, Phys. Soc. (London) A66, 793 (1953) 


and references quoted there; S. N. Goshal and A. N. Saxena, 
Proc. Phys. Soc. (London) A69, 293 (1956) 
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explain this behavior on the basis of the mass formula 
with some shell model corrections. However, since it is 
not quite clear how much of the “shell model” con 
tributions go into a semiempirical mass formula it 
seems that a direct shell model approach is preferable, 
although, to be sure, it is valid only so long as the same 
shells are being filled. 

More detailed analyses of the experimental data will 
be given in a subsequent treatment of this subject 
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APPENDIX 


We want to calculate the interaction energy between 
a group of p protons in the state 7, coupled to a zero 
total angular momentum with a group of m neutrons in 
the state 7,.* To do this we use the fact that it is always 
possible to decompose an interaction between two par- 
ticles V,, in the following manner 


V pn Dexa p In) ex* (Pp) T ax (n), (Al) 


where 7;,(p) is the xth component of an irreducible 
tensor operator of rank & operating on the proton co- 
ordinates only, 74,(”) has a similar meaning for the 
neutrons, and u, is a function of the magnitudes only 
of rp and r,. We now have 
Cjg"J pjn"I IM |S Voeins| jp? J pjn"J JM) 
td 
- ful’y, (A2) 


where 


F, J Roath rR nln (Onda (tpn) dryrndr, (A3) 


and 


b= Ld ie"I pin"I nIM | [RT us" (pi) J 


| iT x(n) jp’ J pjn"JnJIM . (A4) 


In these expressions, (j»’Jpjn"JnJM| stands for the 
wave function of p protons in the state 7, coupled to 
J, and m neutrons in the state j, coupled to J,, both 
groups coupled to J; X,, is the radial part of the single 


* See also N. Zeldes, Nuclear Phys. 2, 1 (1956/1957) 
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nucleon wave function; and the sums over i and j are 
taken over all p protons and m neutrons, respectively. 

The expression (A4) can be evaluated by the stand- 
ard Racah algebra.‘ One obtains 


fa=(—1)JtFeI GPF gl ET (Pll jp? J p) 


X Cjn"I all Di jT (03) jn" n)W J pl wd pny Th). (AS) 


Since we have assumed that J,=0 we find, applying 
the triangular condition to the first term on the right 
of (A5), that f, vanishes unless k=0. For k=O, one 
then gets 


1 
(j,"0) LD iT o( ps) Jp") 
(2J +1)! 


K Cin" || jT (ns) || jn"J) = pn 
(2J +1)! 


x (j,”0 To(p:) Je) Gn"J| To(m) \jn"J) 
(Jp | To jv) (jn \To\| jn) 


pn ——-, (A6) 
C(2jp+1)(2jn4+1) } 


Combining these results one gets, finally 
(jp?’J pin"IJn3; JM|> Voinj| jp?J pin"Jn; JM) 
tJ 


pnF (jpjn), (A7) 


J, and/or J,=0, 
where . a hl . . ition te 
(Jo'! To\| Fp) (J n\T0}) Jn) 


Io ’ 
C(2jp+1)(2jn+1) } 


F(jpjn) (A8) 
and F¢ is given by (A3). 
If J,#0 and J,#0, one can use the theorem 
ds (— 1) fet 4 (QI + DW I J nd pn; JR) 
[ (2J 5 + 1)(2/,, + 1) }*34.0 
in order to prove that 


! 
. (2) +1) 
(2I +1) (2J,+1) 


X (jp? | pin"J nIM 3X Voins|jp’J pin" nJM)=npF, 
ad (A9) 


where F is again given by (A8). 
*G. Racah, Phys. Rev. 62, 438 (1942). 
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M1 Transition in Tl°"* 
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An attempt is made to explain the abnormally short lifetime of the 40-kev level in Tl™*. It is shown that 
although by assuming a certain configuration it is possible to arrive at a coherent contribution to the transi 
tion probability from the proton orbital momentum, its magnetic moment, and the neutron magnetic 


moment, this is not enough to explain the observed lifetime. Configuration interaction can be estimated 
fairly accurately in this case, and it, too, does not improve the agreement 


I‘ a recent publication’ Burde and Cohen report the 
value of (1.04-0.5)10~" sec for the half-life of the 
40-kev excited state of Tl’. For the same transition, 
Weale’ reports an L-conversion coefficient of a,=15.7 
+1.6, leading’ to a total conversion coefficient of a= 30, 
Using these values, one obtains for the y-ray lifetime 
the value 


tTy= 74 (1+a)/In2= (4.542.5)K10~" sec. 


The ground state of Tl has a spin 5+; the 40-kev 
excited state is most probably** 4+-. The lifetime for 
an M1 transition between two single-particle states 
with angular momenta 9/2 and 11/2 can be calculated 
with the help of Weisskopf’s formula® and one obtains 
,=3X10~" sec. Thus the observed lifetime for the 
40-kev M1 transition in Tl** is one order of magnitude 
shorter than that expected from the single-particle 


T 


model. 

The occurrence of “fast” M1 transitions is very un 
common. In the recent summary of Weneser and 
Goldhaber® there is only one M1 transition (Li’) which 
is faster than the corresponding single-particle transi- 
tion—all others being slower than the single-particle 
limit. Such slower transitions can always be attributed 
to deviations from the single-particle picture. If such 
deviations are not systematic, they will tend, in general, 
to destroy the amount of overlap implied by the single 
particle model between final and initial wave functions, 
and will thus slow down the transition rate. A transition 
probability which is bigger than the single-particle 
limit can only be obtained if more than one particle is 
involved in the transition and if the contributions from 
all particles add up coherently, 

The configuration of the lowest states of g;Tli.7"" are 
essentially configurations of two particles: A proton 
hole in the complete shell of 82 protons coupled to a 
neutron outside the complete shell of 126 neutrons. The 
two states involved in the transition we are considering 
(the ground state and the first excited state at 40 kev) 
may either belong: to two different configurations or 


1 J. Burde and S. G. Cohen, Phys. Rev. 104, 1094 (1956) 

2]. W. Weale, Proc. Phys. Soc. (London) A68, 35 (1955) 

+ J. W. Horton, Phys. Rev. 101, 717 (1956). 

*M.H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952 

*See, for instance, J. Weneser and M. Goldhaber, Annual 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 
1955), Vol. 5, p. 1 


else could be two states of the same configuration, If 
we assume the first alternative, 1.e., that the two states 
belong to different configurations, then these two con 
figurations could differ with respect to the state of one 
nucleon only; otherwise an electromagnetic transition 
between them will be forbidden (to first order in per 
turbation theory) and we shall have a hard time ex 
plaining the fast transition. Also, if the two configura 
tions do differ with respect to the states of just one 
nucleon, we cannot expect a fast transition since only 
this 
probability. 

If, however, the two states belong to the same 


one nucleon can contribute to the transition 


configuration, both the proton and the neutron will 
contribute to the transition probability and their con 
tributions may sometimes add up coherently, thus 
accentuating even their 
transition. We shall thus adopt the assumption that 
both states belong to the same configuration, 


more collaboration in the 


The choice of a configuration is not at all unique 
For all we know, the hole in the proton shell could be 
either in S12 or in dy. or perhaps even in Ayyjx—these 
being the lowest levels in odd-A isotopes of Tl, As for 
the neutron outside the 126 shell, it could be either in 
Loe OF 43/2 OF dso. Since the ground state of ‘Tl** has 
even parity, Ay for the proton hole is ruled out. If 
we also take into account that the ground state of 
TI has J 


configurations to account for the levels in question 


5, we are left with the following possible 


(a) (Stj2,80/2), (Db) (Stya,tase), 


(c) (dsy#,gorr), (A) (dayyinya), 


where we indicated the proton configuration to the left 
and 
parentheses 


the neutron one to the right in each set of 
The configuration (a) has only two states, one with 
4. Pryce’ assumed that the two 
lowest states of Tl belong to this configuration. This 


J=5 and one with J 


assumption was supported by the observation that the 
ground state of this configuration has indeed J=5 as 
required (Nordheim’s rule*’) and also by the hope to 
assign the higher four states (at 328, 472, 492, and 616 


kev) to the configuration (d4/2',g9;2). However, the 


*L. W. Nordheim, Phys. Rev. 78, 294 (1950) 
7A. de-Shalit, Phys. Rev. 91, 1479 (1953) 
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Tape I. Calculated lifetimes for four configurations of T]™*. 


Angular momenta 
Initial Final 


44 
64 


Calc, lifetime 
in 10°" sec 


1.8 
2.5 
80 
25 
0.4540.25 


Configuration 


(Si2,80/2) 
(S4/a,411/2) 
(dij? ho 2) 44 
(day? iiss) 6+ 
Experimental ? 


spins of the four higher states as inferred from the 
a decay of Bi* do not agree with what one might 
expect for the configuration (d4/2*,g9/2) and the situation 
seems therefore to be less simple. Although the assign- 
ment J=4 to the first excited state seems to be well 
supported,’ we may still try also such configurations 
which yield J =6+ for this state at least for the sake of 
comparison. 

The configuration (b) does indeed imply an assign- 
ment J=6+ for the first excited state, whereas it 
leaves the ground state spin J= 5+ (the calculation of 
the energy levels resulting from the mutual interaction, 
at least in the delta limit, can be easily done using the 
closed formula given in reference 7). 

The configuration (c) has more than two states in it; 
it is however easy to see* that for a reasonable mixture 
of Wigner and Majorana forces the ground state of this 
configuration has J=5+ and the first excited state 
has J=4+-. It is thus instructive to investigate this 
assignment too for the levels in question. 

The energy levels of the configuration (d) can again 
be calculated using a number of formulas in references 
7 and 8. For a reasonable mixture of Wigner and 
Majorana forces,* one gets a sequence of levels (starting 
with the ground state) with J;=5+, Jo=6+, Js=7+, 
and J,s~4+4. Thus, with this configuration the spin 
assignments for the lowest doublet in Tl would be 
J=5 (ground state) and J=6 (first excited state), 

To calculate the transition probabilities in all four 
cases, we use the expression given for the transition 


probability P in Blatt and Weisskopf*: 
IMeé 


Ey? 1 
on genet 
hc\ Me Jat 1 MoM» 


x | (JoMo| OL) + wo, | JM.) |?, 


P 
3h 


(1) 


where M is the nucleon mass, E the energy of the 
transition involved, (J4M,) and (J,M») the angular 
momenta and their Z projections for the initial and 
final states respectively, g,"” is 1 when particle (1) is a 
proton and 0 if it is a neutron, yw is 2.8 for a proton 
and —1.9 for a neutron, and Ly and a, (A= —1,0, 1) 
are the three components of the orbital and spin angular 
momentum vector operators. In the expression given 


*C, Schwartz, Phys. Rev. 94, 95 (1954). 

* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Eqs. (3.22), 
(3.37), and (3.39). 
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above, we have summed over different polarizations of 
the outcoming radiation and averaged over initial states. 

The matrix elements involved in the transition 
probability can be easily calculated by using Racah’s 
tensor algebra. For the configurations (a) and (b), the 
calculation is straightforward; for (c) and (d) one has 
to use the fact that the three protons in the proton 
configuration couple to a state with seniority 1, and 
that therefore the relevant matrix element is the same 
as for a single proton in the same state.'"® The results 
obtained for the lifetime Teaic= P~' for the configura- 
tions (a)~(d) are summarized in Table I: 


CONCLUSIONS 


There are three factors which contribute to the M1 
transition in an odd-odd nucleus like Tl’: the proton 
orbital motion, the proton intrinsic magnetic moment, 
and the neutron intrinsic magnetic moment. In cases 
(a) and (b) above, all three contributions have the 
same phase and thus contribute coherently to shorten 
the lifetime. In (c) and (d), destructive interference 
takes place between the contributions from the orbital 
and spin magnetic moments of the proton and a much 
longer lifetime results. 

The discrepancy between observed and calculated 
lifetimes is still bothersome, in particular since the 
observed lifetime is shorter than the lowest value that 
one can obtain from any of the above configurations. 
The question arises as to whether deviations from pure 
configurations could account for this discrepancy. Elec- 
tric quadrupole transitions are known very often to be 
considerably faster than would be given by the single- 
particle estimate, and it was possible to show" that 
configuration interaction, quite generally, can repro- 
duce this behavior at least qualitatively. To see the 
effect of configuration mixing on the transition in 
question, let us assume that the initial and final states 
can be written in terms of two configurations each: 


¥i=ay(I)+by (ID, 
¥;=an(1I)+b (IT), 


where |b,;|<|a,|, |by|«\|ay| and where we have as- 
sumed, in accordance with the previous discussion, that 
the predominant configuration (1) is the same for the 
initial and final states. The transition amplitude will 
then, in general, contain terms of magnitude |a|?, | ad|, 
and |b|*. Obviously, were it not for terms of order | ab| 
we could not have hoped for any speeding up of the 
transition. In order for such terms to contribute at all, 
it is necessary that the matrix elements of the operator 


19 LD, + pa, (2) 


between the configurations I and II should not vanish. 
This immediately restricts the choice of a configuration 


” G. Racah, Phys. Rev. 63, 367 (1943), Eq. (69); C. Schwartz 
and A. de-Shalit, Phys. Rev. 94, 1257 (1954), Eq. (21). 
" A. de-Shalit (to be published). 
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II, since such a configuration could differ from I at 
most with respect to the state of one single nucleon. 
Moreover, if this nucleon occupies in I the state 
j= l+}, it can occupy in II only the state j’=/¥}. 

In the light of this analysis, if we consider cases (a) 
and (b) above, we find the following: 

In case (a) the configuration I is comprised of an 54/2 
proton and a gy/2 neutron. The only possible choice for 
a configuration IT in this case is (512,272). 

In case (b) the configuration I is (51/2,t;1/2), and since 
all the states in i,3/2 are occupied the only possibility 
for a configuration IT is (51/2,t43/27' i11/2*). 

Let us study in some detail the first case. If we mix 
in a little of the configuration (5,/2,¢7/2) to the configura- 
tion (S1/2,g9/2), we shall have for the state with total 
angular momentum J=4: 


(J =4) (3a) 


($1/2,89/2) ata(S1/2,87/2) 4, 
and for the other state with J/=5: 


W(J = 5) . (Sy ako 2) 6, (3b) 


where (j1,j2), stands for a wave function with a total 
angular momentum J built up from a proton in the 
state j, and a neutron in the state j,. The M1-transition 
matrix element will then be 


(J = 4) pe) J =5) = ((S1/2,80/2)4| a | (S1/2,80/2) 5) 


tal (Sy 2,27 a)al ul (Sy 2)29/2) 6), (4) 


where yu is the operator 


os 


1Mec = ( iE 


. 344 
) | (2:9 L(+ Pa) (5) 
c 


3h he\Me 


In (4), the first term on the right is the one whose 
square gave the lifetime listed in Table I; the second 
term on the right constitutes the correction due to 
first-order perturbation theory. The constant a in (3a) 
is given by perturbation theory 

a= (($1/2,87/2)4| Vpn! ($1/2,89/2)4)/ME, (6) 
where V ,, is the proton-neutron interaction giving rise 
to the mixture, and £, the doublet splitting g9/2— g7/2, 
is of the order of 1 Mev. 

If V,, depends only on the relative coordinates, then 

P 7 
a will vanish. This is most easily seen if we express the 
states (S1/2,87/2)4, etc., in terms of LS coupling: 

4G) +-4/5(G,), 

44/5 ('G,) + 4(4G,), 
(*Gs), 


($1/2)87/2) 4 
($1/2,80/2) 4 


($1/2,89/2)6 


TRANSITION IN 


rises 1533 
where (*5*'Z,) is the state built up from an s proton 
and a g neutron coupled to total orbital angular mo 
mentum L, their spins coupled together to give S, and 
L and S finally coupled together to give J. If V,, does 
not depend on the spins, then its matrix elements 
between the singlets G components of the two states is 
the same as that between the two triplets and one sees 
immediately that a vanishes. In the same manner one 
can see that such an interaction will not split the two 
states J/=5 and J/=4 of the configuration Sy2¢9/2. Since 
we want to assume that in Tl these two states are 
40 kev apart, we have to assume an interaction of the 


type, say, 
| 


V pn= (o, o,)V(\rp fai). (8) 


Using (8) for the proton-neutron interaction and the 
representation (7) of the states, one easily finds that 


& (G| V(\tp— tn!) |G) 
a ( vs) (9) 
9 AE 


The matrix element in (9) can be evaluated from the 
observed splitting of 40 kev between the states with 
J=4 and J=5 in Tl’. Again using the LS-coupling 
representation (7), one finds that 


E(J = 4) = 40 kev 
(20/9)(G| V (ir, 


E(J=5) 
rn! )|G); 
hence, 

18 kev (10) 


(G| V(\fp— tal) |G) 


Substitution of (10) into (9) with AE=1 Mev shows 
that @ is about 3.5%, Thus the amplitude of admixture 
is very small indeed. Since, as can be easily calculated, 
the matrix element multiplying a in (4) is about 60% 
of the main matrix element in (4), the smallness of a 
makes this correction unimportant. Similar considera 
tions apply for the configuration (b) when configuration 
interaction is included. 

We thus see that the abnormally high transition 
probability observed for the M1 decay in Tl” remains 
unexplained, even on a more elaborate theory 

We may also note in passing that the smallness of the 
configuration mixing implies that the magnetic moment 
of Tl, both in its ground state and in its excited state, 
should be very closely given by the “single particle” 
values, An experimental determination of this quantity 
may prove of great help in clearing up the situation, 
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The electrodisintegration of Cu” and Mn has been investigated for total electron energies from 29.5 
Mev to 81.5 Mev by a stacked-foil experiment using the internal electron beam of a synchrotron. The 
value of FP, which is essentially the ratio of photon induced foil activity to electron induced foil 
activity, is found to be 8.324-0.54 at 29.5 Mev, 5.4740.36 at 46.5 Mev, 5.3140.25 at 63.5 Mev, and 
4.97 +0.05 at 81.5 Mev for the Cu™(¢,e’n)Cu® reaction. For the Mn*®(e,e’3n)Mn* reaction, which has an 
effective excitation energy of 42 Mev, F is found to be 6.6740.41 at 63.5 Mev and 7.43+-0.40 at 81.5 Mev. 
Upon comparing these values with the theoretical values of F for different multipole photon absorption 
processes, it appears that the resonance peak in the nuclear photon absorption cross section for copper is 
due to a mixture of 97% of an electric dipole process and 3% of an electric quadrupole process. Nuclear 
size effects might make the experimental results compatible with a larger proportion of electric quadrupole 
process, Above the resonance peak, at energies near 42 Mev, the photon absorption appears to be due to 
either an electric dipole or a magnetic dipole process, but not an electric quadrupole process 


INTRODUCTION 


HE electrodisintegration of nuclei is closely related 
to the more widely investigated process of nuclear 
photodisintegration, In both cases the nucleus receives 
its excitation energy through the interaction of an 
electromagnetic field with the nuclear charge density. 
In fact, in the theoretical calculation of the cross 
sections, the matrix element involving the nuclear wave 
functions is the same. When one forms the ratio of the 
two cross sections, the unknown nuclear matrix element 
cancels out leaving a quantity which is dependent on 
the multipole order of the photon absorption process, 
and which can be determined experimentally. Com- 
parison of these experimental and theoretical values 
gives information on the multipole order of the photon 
absorption process. 

An extensive investigation of electrodisintegration 
of Cu®, Zn™, Ag’, and Ta! at energies from 24 to 35 
Mev has been reported by Brown and Wilson,' hereafter 
referred to as BW, who also discuss the earlier work. 
Additional measurements on Cu®™ from 14 to 20 Mev 
are given by Scott, Hanson, and Kerst.? BW conclude 
that the photon absorption process is a mixture of 889% 
of electric dipole and 12%, of electric quadrupole. In 
this paper, experimental results are presented for 
Cu®(e,e'n)Cu® from 29.5 to 81.5 Mev and also for 
Mn"™(e,e’3n)Mn™* at 63.5 and 81.5 Mev. The higher 
energy gives a more sensitive determination of the 
amount of electric quadrupole excitation. The data for 
Mn give information on the multipole order of the 
photon absorption process for high photon energies. 


t This research was supported by the U 
Commission. 

* This work is based on a thesis submitted to the Department 
of Physics, University of Michigan, October, 1953, in partial 
fulfillment of the requirements for the degree of Doctor of Phi 
losophy 

t U.S. Atomic Energy Commission Predoctoral Fellow, now at 
the Scientific Laboratory, Ford Motor Company, Dearborn, 
Michigan 

'K. L. Brown and R. Wilson, Phys. Rev. 93, 443 (1954) 

* Scott, Hanson, and Kerst, Phys. Rev. 100, 209 (1955), 
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The general features of the nuclear photon absorption 
cross section are known from photodisintegration 
experiments. The cross section rises to a pronounced 
resonance type peak at about 20 Mev and then falls to 
a relatively low value above 30 Mev. The actual 
magnitude and location in energy of the peak are 
slowly varying functions of the atomic number of the 
nucleus. An approximate picture of the photon absorp- 
tion cross section can be obtained from the neutron 
yield cross section given by Jones and Terwilliger* 
(Fig. 1). The two cross sections differ by a factor due to 
the competing process of proton emission and the 
multiplicity of neutron emission at higher energies. 
The Cu®(y,n)Cu™ cross section given by Katz and 
Cameron‘ is shown to illustrate that this reaction is due 
to photon energies in the region of the resonance peak. 
The cross section for the Mn (y,3n)Mn* reaction 
given by Hines® is also shown to illustrate that it is 
due to photon energies which lie above the resonance 
peak. Manganese and copper are close enough in atomic 
number to insure that differences in their photon 
absorption cross sections are small. 

The ratio of photodisintegration excitation to electro- 
disintegration cross section is determined by a stacked- 
foil experiment. The electron beam impinges on a stack 
of thin foils having a total thickness approximately 
1/30 of a radiation length. When the resultant radio- 
activity of the foils is plotted as a function of the 
position of the foil in the stack, a straight line is ob- 
tained. The ratio of the slope to the intercept is the 
desired experimental quantity. The experimental ar- 
rangement reported here differs from that used by 
previous investigators in that an internal synchrotron 
beam is used as an electron source. It is shown that the 
photon background is small, and the effect of electrons 
scattering out of the edge of the target is also small. 

+L. W. Jones and K. M. Terwilliger, Phys. Rev. 91, 699 (1953). 

*L. Katz and A. G. W. Cameron, Can. J. Phys. 29, 518 (1951). 

*R. L. Hines, Phys. Rev. 91, 474(A), (1953), and Ph.D. 
dissertation, Physics Department, University of Michigan, 1953 
(unpublished). 
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ELECTRODISIN 


THEORY 


The theoretical cross section for disintegration of 
nuclei by electrons has been calculated by Wick,* 
Blair,’ and Thie, Mullin, and Guth.® In addition, BW 
discuss the theory and emphasize the nature of the 
approximations involved. The essential point is that 
the electrodisintegration cross section, o°'(k,Eo), for the 
excitation of a nucleus by a quantum of energy k& from 
an electron of total energy /o, bears a simple relation- 
ship to the photodisintegration cross section, 07(k), of 
the same nucleus. It is shown that 


ao*'(k, Fo) Nik, Eo)a7(k), (1) 


where / is the multipole order of the photon absorption 
process. The quantity N,(k,£»), which is given explic- 
itly elsewhere,* can be thought of as a virtual spectrum 
of photons which is equivalent to an electron as in the 
Weizsicker-Williams approximation.’ Two important 
approximations are made in the theoretical calculation. 
The nucleus is assumed to be a point charge, and plane 
waves are used for the wave functions of the incident 
and outgoing electrons. 

When a stack of target foils is bombarded by an 
electron beam, the measured activity « per unit foil 
thickness at a depth of / g/cm? in the target is 


u=C(1+F it/g), (2) 


where g= A/(Z(Z+1)re’No |. Zand A are respectively 
the atomic number and weight of the target, ro= e?/u 
is the classical electron radius, e is the electronic charge, 
u is the rest energy of the electron, and No is Avogadro's 
number, The proportionality factor C depends ‘on 
electron beam intensity, counting efficiency, decay 
half-life, and electrodisintegration cross section, but it 
is a constant for a given target stack. The quantity of 
interest is 


1 Eo ko 
P f orak | f Nyrtdk, (3) 
Z(Z + I)ry 0 0 


where @ is the Bethe-Heitler bremsstrahlung cross 
section for the extreme relativistic case including 
screening. The use of Z(Z+-1) in place of Z* takes into 
account the contribution of the orbital electrons. P is 
experimentally determined by fitting Eq. (2) to the 
plot of foil counting rates vs the depth of the center of 
the foils in the target stack. A slight variation in the 
procedure, which is employed hy BW, is to measure 
the activities w,; and w, of two foils of thicknesses x, 
and x, separated by a radiator of thickness x,. By 
generalizing Eq. (2) to include a radiator of different 

*G. C. Wick, Ricerca sci. 11, 49 (1940) 

1J. S. Blair, Phys. Rev. 75, 907 (1949); and “Summary of 
Calculations on Electron Disintegration of Nuclei,” Department 
of Physics, University of Iinois, 1948 (unpublished) 

* Thie, Mullin, and Guth, Phys. Rev. 87, 962 (1952) 

*W. Heitler, The Quantum Theory of Radiation (Oxford Uni 
versity Press, Oxford, 1949), second edition, p. 263 

“H. Bethe and W. Heitler, Proc. Roy. Soc. (London) AI46, 
93,(1934) 
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Z from the target foils, it follows that 


(xX e)We Wy Ry 
, . (4) 
w,—k,we 


lott 
(hxy*)/2xolet, Ao~Z(Z+1)A,/AZA(Z,+1), 
ty+[ xi x2/2 lh. The subscript r refers to the 


where k, 
and tots 
radiator. 

The effect of mixtures of electric dipole and electric 
quadrupole interactions is readily evaluated by substi 
T16' +02" in Eq. (3) which gives 


P= (1+ f)/[ A/F.) + (f/ Poe) |, (5) 


Ko-w~ Ko~w 
mf oradk | f aye'dk. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


tuting a” 


where 


The stack of target foils is bombarded by the internal 
electron beam of the University of Michigan synchro 
tron. The target stack is clamped in a holder located 
on the inside of the equilibrium orbit in one of the zero 
magnetic field sectors of the machine. When the electron 
beam reaches the desired energy, the accelerating 
oscillator is turned off, As the magnetic field continues 
to increase, the orbit of the electron beam contracts 
until the beam strikes the target stack. Figure 2 shows 
the spatial relationship between the electron beam, the 
target stack, and the target holder, The target holder is 
made as light as possible to minimize photon production 
by the few electrons which strike the holder. An air 
lock is used to insert and remove the target stack and 
holder from the synchrotron vacuum system, 

Figures 3 and 4 show, respectively, the r and z 
profiles of the activity induced in a copper target by 
an 80-Mey electron beam. The dotted line gives the 
activity in a 5-mil foil at the front of a target 138 mils 
thick, and the solid line gives the activity in a 5-mil 
foil at the back of the target. These profiles are deter 
mined by slicing the activated foils into sections and 
counting the activity of each section, The activity of 
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Fic, 2, Spatial relationship of target foils, target holder, 
and electron beam 











each section at the end of bombardment is computed 
using a 10.1-minute half-life for the Cu®™ activity after 
a correction has been made for counter background 
and activity of long half-life. The sections are weighed 
to accurately determine the activity per unit area. The 
profiles are approximately the same for very thin 
targets. At 30 Mev the r profile is approximately the 
same, but the z profile is somewhat wider. The r profile 
at both 30 and 80 Mev is considerably wider than that 
predicted by Camac." The discrepancy is probably due 
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Fic. 3. Profile in r of the induced activity at the front and 
back of a copper target at 81.5 Mev. Zero point in r is the target 
edge struck by the electron beam, 


' M. Camac, Rev. Sci. Instr. 24, 290 (1953). 


HINES 


to the location of the target in a field-free region instead 
of the ideal synchrotron guide field postulated by 
Camac. 

The target stack for the determination of F for Cu® 
consists of four copper foils 0.7 in. by 0.3 in. with an 
approximate thickness of 0.10 g/cm*. The targets are 
formed by clamping a stack of foils between brass 
blocks and milling off all four edges to insure that the 
targets have square edges and are the same size. The 
thickness of each foil in g/cm? is determined from its 
weight and its length and width as measured with a 
micrometer. The manganese target stack consists of 
two manganese foils 0.7 in. by 0.3 in. with an approxi- 
mate thickness of 0.080 g/cm* separated by a copper 
radiator 0.7 in. by 0.3 in. and 0.798 g/cm? thick. The 
manganese foils are formed from high-purity manganese 
powder held together by 1% by weight of collodion 
binder. The C" activity from this amount of collodion 
is experimentally determined to be 10% of the Mn™* 
activity. From the activities produced when the two 
foils are bombarded by a photon beam, it is calculated 
that the ratio of the two thicknesses is 1.06+0.05. The 
two manganese foils are interchanged on half of the 
bombardments to average out thickness differences. 
Both target stacks are assembled in a jig so that the 
edges of the individual foils are flush. When the target 
stack is inserted in the synchrotron, the edge of the 
stack is aligned parallel to the equilibrium orbit of the 
electron beam. 

The energy of the electron beam is calculated. from 
the equilibrium orbit radius and the magnetic field at 
turnoff of the accelerating oscillator. The magnetic 
field is determined by the measured peak magnetic 
field and the turnoff time of the oscillator. The equi- 
librium orbit radius is determined by the measured 
frequency of the accelerating oscillator and the length 
of the zero magnetic field sectors. The relative values 
of energy are accurate to +1% and the absolute 
accuracy of the energy calibration is +5%. 

The target stacks are bombarded for a time equal to 
twice the half life of the desired activity. A few minutes 
after bombardment, the foil activities are counted with 
a thin wall aluminum Geiger counter (Victoreen 1B85). 
For a given run, all of the foils are counted with the 
same counter to eliminate corrections for counter 
efficiency. A holder is used to maintain the target foils 
in a fixed position relative to the counter. Experiments 
with a Cs’ source, having the same spatial distribution 
of activity as the targets, show that the uncertainty in 
counting rate due to variations in source position is 
+1%. The observed counting rates are corrected for 
counter background and activity of long half-life. The 
foil activities range from 400 to 2000 counts/min for 
the copper foils and from 10 to 60 counts/min for the 
manganese foils. The foil activities at the end of 
bombardment are computed using a 10.1-minute half- 
life for Cu® and a 21-minute half-life for Mn®*. 
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TABLE I. Summary of experimental results and corrections 


Panpasent 


7.5140.49 
5§.1340.34 
5.04+0.24 
4.76+0.05 
5.98+0.37 
6.8340.36 


Reaction 


Cu®(e,e'n)Cu® 


Mn**(¢,e’3n) Mn™* 


RESULTS AND DISCUSSION 


The experimental results and corrections are sum- 
marized in Table I. For copper, the value of F is 
obtained by fitting the straight line given by Eq. (2) to 
the foil counting rates per unit thickness using the 
method of least squares. The value given at each energy 
is the arithmetic mean of five measurements of approxi 
mately equal weight. The probable error is calculated 
from the deviations of the individual measurements 
from the mean. The probable errors expected from 
counting rates are the same as those based on the 
deviations from the mean. This shows that the expected 
deviation in counting rates is the only important source 
of statistical error. The value of F for manganese is 
calculated from the counting rates of the two foils 
using Eq. (4). The value at each energy is the weighted 
average of four measurements. The weight of each 
measurement is determined by the number of observed 
counts. As before, the probable error is calculated from 
the deviations of the individual measurements from 
the mean. 

There are several corrections which must be made 
before the experimental results are compared with the 
theoretical values of F. If a photon background induces 
an activity equal to ¢ times the electron induced activity, 
then the correction factor for photon background can 
be determined from Eq. (2) to be 


Foie ted/ Fessan =I1+e. (6) 


Since the target dimensions are small compared with 
the distance to surrounding objects, the photon back- 
ground is expected to be uniform over the target. The 
electron flux, however, is concentrated near the edge. 
Thus a photon background decreases the ratio of 
activities of a foil in the back of the stack to that in 
front of the stack most for regions where the electron 
flux is low. Quantitative comparison of the two graphs 
given in Fig. 3 gives «= 0.0064-0.006 at a total electron 
energy of 81.5 Mev. This is of the order of, or less than, 
the statistical error in F so no correction is made. 

As the electrons pass through the stack they undergo 
multiple scattering. Consequently, some will be scat- 
tered out through the edge of the target. Likewise, 
some of the photons created near the edge of the 
target will pass out through the edge before traversing 
the entire stack. From the theory of multiple scatter- 


Edge 
scattering 


1.0195 
1.0132 
1.0095 
1.0064 
1.0224 
1.0173 


Total 
correction 


Electron 
degradation 


1.037 
1.028 
1.023 
1.020 
1.022 
1.018 


Photon 
degradation 


1.048 
1.024 
1,020 
1.017 
1.067 
1.051 


Peorrected 


8.32+40.54 
547+0.36 
§.3140,25 
4.97+0.05 
6.674041 
7.434040 


1.108 
1.067 
1.053 
1.044 
1.115 
1.088 


ing,” it can be shown that the fractions 6,; and 6, of 
the electron and photon beams respectively which 
have been scattered out of the edge of the stack at a 
depth ¢ are given by 


b= 0.20D(0)0,t4, (7) 


6,=0.18D(0)0,04, (8) 
where 
6, E,/(EoX 0), 


Xo is the radiation length of the target material, 
FE,=21 Mev, and D(O) is the distribution function of 
the electron beam as given in Fig. 3 evaluated at r= 0, 
The factor required to correct for edge scattering when 
Eq. (2) is used to evaluate F is given in Table I. 

The various assumptions made in the derivation of 
Eq. (2) are discussed in detail by BW. They give 
explicit expressions for the changes in the photon 
spectrum and the virtual spectrum of the electron 
which arise from electron energy degradation and 
photon absorption in a target of finite thickness. The 
correction factors for these effects are given in Table I 
and are calculated using the spectra given by BW. The 
true corrections would be the values averaged over the 
photon energies for which the excitation cross section 
is finite. However, for this experiment it is sufficiently 
accurate to assume an effective excitation energy of 18 
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Fic. 4. Profile in 2 of induced activity at the front and back 
of a copper target at 81.5 Mev. Zero point in z is the geometric 
center of the synchrotron doughnut 

4B. Rossi, High-Energy Particles (Prentice-Hall, Inc., New 
York, 1952), p 72 
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Fic. 5. Experimental and theoretical values of P for copper. 
The dashed lines are computed assuming an effective excitation 
energy of 14 Mev for the electric quadrupole process 


Mev for the Cu™ reaction and 42 Mev for the Mn™ 
reaction, 

The corrected values of FP are given in the last 
column of Table I and are plotted in Figs. 5 and 6. 
The solid lines in Figs. 5 and 6 are the theoretical values 
of F calculated from Eq. (3) using the cross sections 
shown in Fig. 1. For comparison, the data of BW are 
also shown for Cu™, The dotted lines in Fig. 5 are 
calculated from Eq. (5) using an effective electric 
quadrupole excitation energy of 14 Mev. The mixture 
of 88%, electric dipole and 12% electric quadrupole, 
which BW found gave good agreement with their data, 
does not fit the data given here for higher energies. 
The fit with the theoretical curve for a magnetic dipole 
interaction is surprisingly good over the entire energy 
range. However, a magnetic dipole interaction is elimi- 
nated on the grounds that it would give an integrated 
absorption cross section much smaller than that actually 
observed, It must be remembered that there is reason- 
able doubt of the accuracy of the theory at low electron 
energies owing to the approximation of the electron 
wave functions by plane waves. Since the approximation 
should improve as the electron energy increases, the 
theory should be most accurate at the highest energies. 
If it is assumed correct in the 60- to 80-Mev range, 
then it is found that a mixture of only 3% electric 
quadrupole and 97° electric dipole is required to fit 
the experimental points. Such a mixture does not fit 
the low-energy data, but the use of Coulomb wave 
functions for the electron instead of plane waves might 
lower the theoretical values of FP. The possible presence 
of a small amount of magnetic dipole interaction is not 
considered here. The nearly identical values of F for 
electric dipole and magnetic dipole interactions make 
the experimental results insensitive in determining 
mixtures of the two. 

For the Mn® reaction, which is due to photon 
energies beyond the resonance region, the two experi- 
mental points shown in Fig. 6 are not sufficient to 
establish a trend. However, from the results for Cu®™, 
it appears that the theoretical values of F are high at 
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electron energies near the nuclear excitation energy. 
If this hypothesis is used to correct the theoretical 
values of P tor Mn, then the experimental data would 
fit either the electric dipole or magnetic dipole curve 
but not the electric quadrupole curve. The magnetic 
dipole interaction cannot be excluded because the 
photon absorption cross section at these energies is 
much smaller than in the giant resonance region. 

The effect of finite nuclear size may modify the 
conclusions concerning the relative amounts of electric 
dipole (ED) and electric quadrupole (EQ) excitation. 
The theory assumes that |K-R| is small compared to 
unity, where K is the momentum transferrec to the 
nucleus and R is the radius vector of the interacting 
nucleon. At the electron energies employed here, 
|K-R| may be several times unity for large electron 
scattering angles. However, such collisions account for 
only a minor portion of the total cross section. The 
value of |K-R| which is representative of the bulk of 
the cross section is given by 


| K- R | w~K wR! cosd| w= 3K yRo/ 2x, (9) 


where Ky= JK (do*!/dQ)dQ/o*!, Ro= 1.2 10-A}, and 
6 is the angle between K and R. The differential cross 
section for electrodisintegration, do*'/dQ, is given by 
Thie, Mullin, and Guth.* The values of |K-R|, for 
the cases of interest here are: 0.25 for Cu® ED at 
Eo= 36 Mev; 0.32 for Cu® ED at Eo=77 Mev; 0.32 
for Cu® EQ at Eo=36 Mev; 0.74 for Cu® EQ at 
Eo=77 Mev; 0.53 for Mn® ED at Eo=77 Mev; and 
0.63 for Mn® EQ at Eo=77 Mev. For the Cu® ED 
interaction, | K-R]|,, is small enough so that the form 
factor correction for finite nuclear size is expected to 
be small. However, for the Cu® EQ interaction | K-R| 
approaches unity at high electron energies so the form 
factor correction might appreciably decrease the electric 
quadrupole cross section. This would make the experi- 
mental results compatible with a larger fraction of 
quadrupole excitation than is indicated above. A 
detailed treatment of the effect of nuclear size upon 
the electrodisintegration cross sections is not at present 
available in the literature, and it would be a theoretical 
undertaking beyond the scope of this paper. 
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CONCLUSION 


From the experimental data that have been presented 
here on the ratios of photodisintegration excitation to 
electrodisintegration cross section for Cu® and Mn*, 
the following statements can be made about the nuclear 
photon absorption cross section for elements near 
copper. The giant resonance peak near 20 Mev appears 
to be due to an electric dipole process with a mixture 
of 3% of an electric quadrupole process. Nuclear size 
effects might make the experimental results compatible 
with a larger proportion of electric quadrupole process. 
The high-energy tail of the photon absorption cross 
section near 42 Mev appears to be due to either an 
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electric dipole or a magnetic dipole process, but does 


not appear to be due to an electric quadrupole process. 
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The half-lives of six gamma-emitting nuclides were determined by comparison with radium standards 


using a lead-shielded ionization chamber. The following results were obtained 


Se: 83.89+0,12 days; 


Co®:; 5.24+0.03 years; Zn: 243.540.8 days; Ag'™: 252.54-1.5 days; Cs: 2.0740.02 years; Eu! 
12.2+0.2 years. The errors quoted are twice the standard deviation calculated from a least-squares analysis 


HE half-lives of radioactive nuclides that emit 
hard gamma radiation can be determined with 
considerable accuracy by comparison with radium on a 
lead-shielded ionization chamber. Because of its long 
half-life (1600 years), radium provides an almost con- 
stant reference intensity, while the use of a detector 
insensitive to beta and soft gamma radiation eliminates 
the effects of a large number of possible radioactive 
impurities. Half-life measurements have been carried 
out by this method on six gamma-emitting nuclides. 
The investigated nuclides were produced by neutron 
irradiation in the Chalk River NRX-reactor. The initial 
activities of the samples were between 100 and 300 
mC. Details on composition and purity are given in 
Table I. The gamma radiation was measured with a one- 
atmosphere, air-filled, parallel-plate ionization chamber! 
made of aluminum and shielded by 0.6 cm of lead. 
Saturation properties were studied by the two-source 
method but no effects within the experimental errors 
of +0.15% could be found 
Sources were placed in a light-weight V-shaped hod 
at distances from 20 to 150 cm from the face of the 
ionization chamber. The ionziation current was meas- 
ured by a null method using a Lindemann-Ryerson 
electrometer as an indicator. The ionization produced 


by the nuclide under investigation was compared with 
the ionization from a radium standard of such a strength 


1W. S. Michel, National Research Council of Canada, Ottawa, 
Report No. 3675, June, 1955 (unpublished). 


that the ionization ratio was always between 2 and } 


With one radium standard, therefore, the decay could 
be observed for about two half-lives, after which a 
standard of about } 


half-life calculation no attempt has been made to make 


the strength was chosen. For the 


use of the relative values of the standards, which were 
known to +0.15%%, as the half-life would be very 
sensitive to this ratio. Half-lives were calculated sepa 
rately for each standard. The standard deviation for a 
ratio determination between nuclide and standard was 
+-0),25%. 
equal intervals of between 0.08 and 0.2 half-lives 


Measurements were made in approximately 


according to nuclide. A least-squares analysis of the 
data was carried out which for none of the nuclides 
showed a significant deviation from a simple exponentia! 
dec ay 

The results, corrected for the decay of radium 
(Ty 


some of the more recent measurements of previous 


1600 yr), are given in Table I, together with 


authors. Since the standards contained only a com 
mercial grade of radium salt, they were compared 
periodically among themselves and with the Canadian 
heir remained 
constant within the experimental error of +0.15% 
The the half-life figures, as 
calculated from the least-squares analyses, have been 


primary radium standard. values 


standard deviations in 


*C. Garrett and K. W. Geiger, Can. J. Phys. 34, 1075 (1956), 
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Tase I. Half-lives of several gamma-emitting nuclides. 


Decay followed over 


Nuclide Sample half-lives 


Se, 5.5 
“Specpure” 
Co 9% purity 
Main impurities 
Ni, Fe, C 
Zn 
“Specpure”’ 
Ag 
“Specpure”’ 
Cs,AlF;, 
“Reagent grade” 
Fu, 
purity 99.9% 


Sc 


{ o@ 


57, 163 (1940 
S. Cook, Phys. Rev 


*H. Walke, Phys, Rev 
»F, T. Porter and ¢ 

© See reference 3 

4 See reference 4 

«J. R. Gum and M,. I 
‘J. J. Livingood and G, T 


81, 640 (1951 


Pool, Phys, Rev 
Seaborg, Phys. Re 


80, 315 (1950 
54, 88 (1938) 


doubled to take account of this uncertainty and also 
of other possible systematic errors. 


COMMENTS ON TABLE I 


Se*: The decay was successively compared with two 
different radium standards and half-lives 83.884-0.12 
days and 83.91+0.17 days found. The close agree- 
ment excludes the possibility of any radioactive 
contamination 

Co”: This is a continuation of a measurement which 
had been started in 1949; a value of 5.21+-0.04 yr was 
published four years ago by Kastner and Whyte.’ The 
present value is in close agreement with this earlier 
value and with the second precision determination by 
Tobailem.‘ The investigation is being continued, 

Zn: The decay was compared successively with two 
different radium standards and the values 244,0+ 1.0 
days and 242.9+1.0 days were found. The mean is 
slightly below the recent determination by Tobailem. 

Ag": The new value for the half-life is not in agree 
ment with either one of the two figures published 
previously. The decay of Ag!” will be studied further 
although a contribution from a gamma-emitting im- 
purity is thought to be unlikely. 


* J, Kastner and G. N. Whyte, Phys. Rev. 91, 332 (1953). 
‘J. Tobailem, Ann. phys. 10, 783 (1955) 


Previous 
measurements 


Half-life 


83.89+0.12 days 85 +1 days 

84 = days 
5.214-0.04 yr 
5.274-0.07 yr 


5.24+-0.03 yr 


243.5 +0.8 days 245.0 +0.8 days 

252.5 +1.5 days 270 + 4 days 

225. +20 days 
2.3 +0.3 yr 
1.7 +0.1 yr 
12.4 +0.4 yr 
15.6 +1.5 yr 


2.07 40.02 yr 


12.2 +0.2 yr 


«LL, EK. Glendenin, in Radtochemical Studies: The Fission Producis 


(McGraw-Hill Book Company, Inc., New York, 1951), National Nuclear 
Energy Series, Plutonium Project Record, Vol. 9, Div. IV, p. 1931. 

»D. C, Kalbfell and R. A. Cooley, Phys. Rev. 58, 91 (1940). 

' See reference 7. 

1 See reference 5 


Cs™: Although the decay of Cs™ has not yet been 
followed for a full half-life, the present value is much 
more accurate than the figures published previously. 

Eu'®'*: The measurements initiated by Kastner® 
have been continued and still show no deviation from 
exponential decay although this is a mixture of radio- 
active nuclides, According to Karraker, Hayden, and 
Ingram,® Eu! decays with a half-life of 1342 yr and 
Eu' with a half-life of 1644 yr. As the thermal neutron 
activation cross section is approximately 20 times 
higher for the production of Eu'™ than for the produc- 
tion of Eu'™ and as both isotopes emit energetic gamma 
radiation with similar intensities, the half-life measured 
here is presumably due to mainly Eu', which would 
agree with the above figure. It is also in good agreement 
with the value measured for Eu! ! by Lockett and 
Thomas.’ 

The author wishes to thank Dr. G. N. Whyte for his 
continuing interest and his helpful advice. Thanks are 
also due to Mr. J. D. Stinson for his assistance in the 
measurements. 


* J. Kastner, Can. J. Phys. 31, 169 (1953). 

* Karraker, Hayden, and Ingram, Phys. Rev, 87, 901 (1952). 

7R. E. Lockett and R. H. Thomas, Nucleonics 11, No. 3, 14 
(1953) 
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It has been previously pointed out by Suess and Kowarski 
that near the closed neutron shells V = 50 and N = 82 the pairing 
energy of protons is greater than that of neutrons. Glueckauf 
found the same situation existing in heavy nuclides. Kohman 
has suggested that this effect may be fairly general in the region 
of medium-weight and heavy nuclides; however, several regions 
in which the effect is in the opposite direction have also been 
reported. On the basis of a generalized atomic mass equation for 


I 


ROM an analysis of a-, and §-decay energies, 
Glueckauf' found a systematic odd-even effect in 

odd-A nuclides amounting to a stabilization of even Z 
by 0.2 Mev compared to odd Z. Suess* and Kowarski’ 
showed that this effect also exists beyond the closed 
neutron shells V = 50 and 82, and might be responsible 
for the occurrence of the missing elements 4sI'c and 
6iPm. It is pointed out by Kohman‘ that the number of 
beta-stable odd-A, even-Z nuclides “considerably” ex- 
ceeds that of odd-A odd-Z nuclides. Hence, after a 
general consideration of the empirical evidence, Koh- 
man suggested that this effect may be valid generally 
in the region of medium-weight and heavy nuclides. 
However, in several regions an effect in the opposite 
direction has also been reported.?** In view of these 
diverse opinions, a clarification seems desirable. 

Because of the fact that all experimental evidence 
now available is restricted to separated regions, a 
clarification is impossible unless a certain functional 
correlation of the experimental data to atomic number 
Z or mass number A or both A and Z has been deter- 
mined. For this reason, we shall calculate the quantity 
¢, which seems to be the most suitable function for 
our purpose and which was defined by Kohman as the 
difference between the proton pairing energy m and 
neutron pairing energy v. 

In accordance with Kohman’s suggestion, the atomic 
mass equation for odd-A nuclides may be generalized 
as follows **” 


M(Z,A)=M(Z4,A)+Ba(Za—Z)*/24(¢/2), (1) 


where the plus sign in the last term is for odd Z and 
the minus sign for even Z. Consequently the total 


1 FE, Glueckauf, Proc. Phys. Soc. (London) 61, 25 (1948). 
*H. E. Suess, Phys. Rev, 81, 1071 (1951) 

+L. Kowarski, Phys. Rev. 78, 477 (1950) 

‘T. P. Kohman, Phys. Rev. 85, 530 (1952). 

Te Brightsen, and Pappas, Phys. Rev. 85, 732 (1952). 


*H. E. Suess and J. H. D. Jensen, Arkiv Fysik 3, 577 (1951). 

7™C, D. Coryell and H. E. Suess, Phys. Rev. 86, 609 (1952). 

*C. D. Coryell, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vol. 2, p. 305. 

*N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 


oid-A nuclides, we have calculated the function ¢ defined by 
Kohman as the difference between proton pairing energy r and 
neutron pairing energy v. [t turns out that Kohman’s suggestion 
seems to be in the right direction but with a restricted sense 
A theoretical explanation consistent with the assumptions pro 
posed by Mayer for the j—j coupling single-particle model has 
been investigated, The effect on this explanation of the absence 
of odd-proton isomerism for 63 << Z<82 has also been discussed 


§-decay energy Vs of an odd-A nuclide can be expressed 
by the following equation: 


Os/Ba \Za Z| 0.54 (e/Ba). (2) 


The choice of sign for the last term is governed by the 
same rules as stated above. The total 6-decay energy is 
defined as the B-decay energy including the y-ray in 
cascade with the #-ray. It is understood that, in the 
case of positive B-decay, 1.02 Mev must be included. 
If the parameters Z, and B, were known to a fair 
degree of accuracy, Eq. (2) could be used to determine 
e wherever the experimental quantity Qy is available. 
However, these two parameters have been estimated 
by several authors with different degrees of accu- 
racy.°*" Since Eq. (2) is very sensitive to the 
variation of Z,, a careful choice is desirable. The values 
given by Coryell, which have been corrected for the 
shell effect, are probably the most suitable for the 
present purpose, because in view of the previous work 
the effect under discussion may have something to do 
with the nucleon shells 

It is found that ¢ cannot be expressed as a single- 
valued function of atomic number Z or mass number A. 
In order to facilitate the following discussion, the 
variables Z and /(= NV —Z) will be adopted. Moreover, 
the excess of neutrons may have some basic importance 
in our problem. In Table I the value of ¢ calculated by 
Eq. (2) has been presented, in order to save space, in a 
modified coordinate form with Z and J as variables. 
Except for a few cases, all magnitudes seem to be 
compatible with the data given by previous authors, 

A contrasting difference between the region with 
N <50 and that with V> 50 is very clear in Table I 
In the former, except for a small region near Z = 28, 
« generally alternates between positive and negative 
values along isodiapheric series, while in the latter, the 
oscillation is shifted to the positive side and thus, 
except for small regions near Z = 50 and 62, « generally 
takes on positive values, This situation is easily recog 
nized by plotting Eq. (2) with Og/B, against the atomic 


“ FE. Feenberg, Revs, Modern Phys. 19, 239 (1947) 
4 A. E. S. Green and D. FP, Edwards, Phys. Kev. 91, 46 (1953) 
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Tae I. The function « calculated by use of Eq. (2). Q, 
from reference 8, The number in the right column of a. 4 
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is taken from the compilation of reference*. Z4 and By, are taken 
rectangle represents the atomic number Z. In the left column, the 


first line is the value of « and the second line its probable error. The probable error in Z,4 is tentatively assumed to be +0.1 
unit charge throughout the whole region.* The error in Qg is taken from reference*. Heavy-lined rectangles represent proton 
or neutron shells. The question mark at the lower right corner of a rectangle means that the result is not consistent with our 


scheme. 
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* See reference 17 


number Z for the region with V > 50 (Fig. 1). A similar 
plot can be made for the region with V <50, but there 
will be no apparent grouping of the experimental points 
as shown in Fig. 1. Of course, the absence of grouping 
in such a plot does not disprove the occurrence of the 
effect under discussion, but it may be an indication 
that the effect, if any, is restricted to small regions. 
On the other hand, it would seem that the apparent 
grouping in Fig. 1 can hardly be considered as acci- 
dental. The “shift effect’’ can also be demonstrated 
vividly by plotting ¢ against atomic number Z for 
isodiapheric series. As an illustration this has been done 
for J/= 13 (Fig. 2) 

It is apparent that the effect in question can be 
recognized only in a relatively large region in which 
has a definite sign. On the basis of this argument, it 
may be assumed that in general no effect could exist 


in other regions. For comparison purposes, we have 
computed the average value of ¢ for different regions 
where it has definite sign, although such a procedure 
may not be justified. The results contained in Table I 
are generally in agreement both in sign and magnitude 
with previous work. The greatest disagreement comes 
in the regions Z<20, V<20 and 63<Z<82. For the 
latter case, the work of Katz’ must be mentioned. 
Basing his argument on the absence of long-lived odd- 
proton isomers for 63<Z<82, Katz predicted greater 
proton pairing energy in this region. This effect will be 
discussed in more detail in Part II. 

In general, the magnitude of ¢« decreases with the 
increase of mass number A, It is also interesting to 
point out that ¢ assumes relatively large values near 
the neutron shells. Although this is in agreement with 


"RR. Katz, Phys. Rev. 91, 1487 (1953). 





PAIRING 


previous observations, the effect in question may not 
be the only factor responsible for the missing elements. 
Otherwise there should be many missing elements in 
nature.‘ 

With the above discussion in mind, it appears that 
Kohman’s suggestion is in the right direction but with 
a restricted sense 


II 


Kohman proposed three possible explanations‘ for 
the effect discussed in Part I. Two contributions 
(exclusion principle and electromagnetic effect) did not 
turn out to be the right order of magnitude, while the 
other (overlap effect) still involves some ambiguity. 


We have noted, however, that an explanation consistent 
with the assumptions proposed by Mayer in the 
investigation of the 7— 7 coupling single-particle model 
may be stated.'*\"* 


—— 


* ODD A EVEN 7 
* ODDA ODDZ 








i i rw ene! 
2 3 4 

Fic. 1. Plot of Eq. (2) for nuclides with N>50 to show the 
generally positive character of ¢ in this region, The parameters 
Za and By, are taken from reference 8. Qg is taken from the 
compilation of reference * in Table I. 2 is the atomic number of 
the parent nucleus. For clarity, the probable error in ¢ is not 
shown in this figure. 


The j—j coupling model, being successful in ex- 
plaining the magic numbers, angular momentum, 
magnetic moments, isomerism, etc., has been stated in 
terms of several empirically proved and theoretically 
explained assumptions. For the present purpose, the 
assumption (3) is particularly interesting. We quote it 
here for reference: “Of two orbits in the same nucleus, 
that of higher angular momentum has the greater 
magnitude of the (negative) pairing energy.” This 
assumption may be stated in another way, namely that 
the extra energy associated with an unpaired nucleon 
in a given nucleus is greater for orbits with larger 
angular momentum, Actually, by assuming a 6-function 
attraction between identical nucleons, Mayer deduced 
the following expressions for the state of lowest energy 


4M. G. Mayer, Phys. Rev. 78, 16 (1950) 
4M. G. Mayer, Phys. Rev. 78, 22 (1950) 
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Fic. 2. Isodiapheric plot of ¢ for /=13 against atomic number Z 
to show the “shift effect” after V > 50. ¢ is taken from Table I 











for m identical nucleons in an orbit with angular 


momentum 7: 
E nl (27+-1)C |/4A ; (3) 
IL (2j+1)C\/4A; (4)" 


For n even, 
for nt odd, E (n 


where A is the mass number of the nucleus which con 


tains these nucleons and C is a parameter depending on 


the strength of interaction. Apparently these two 
Tasie IT, Average value of ¢ in regions where it has definite 
sign to be compared with previous estimates: The previous 


estimates are all taken from the compilation of reference 8 


Heference 
Mey los 
Ketimated by previous eolunin 


suthore 4 


(Average value 
Nuclide region from Table I 


(Alternating sign 
no effect 


Z<0,N<20 


Z>2, N Alternating sign 


no effect) 


Z>28, N O4 


7 smaller 


Z>28, N« Alternating sign 
/ larger no effect 


Z<4, N>! +05 


Z>0,N ‘ 4h 
| amaller 


0.4, reat sero P _ 
No effect 2>60, N <83) 


7>5,N 
] larger +3 
i) N> Ri 


La, Pr, Pm 


§2<Z<*2 Alternating sign, 
NV <126 
! 


sinaller 


no effect 


12 <7 < 82 
VN <126 
I 


Marger 


Z>82,N 


* Ree reference 7 
» Bee reference 6 

Ree reference 4 
41 See reference | 


It should be noted that a negative sign should have been 
added to the right hand side of Eq. (12) in the paper of Mayer." 
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equations imply that in a nucleus of mass number A 
the extra energy associated with an unpaired nucleon 
in an orbit with angular momentum j is [(2j+1)C ]/4A. 
Now if we assume that in nuclides of mass number ~ A, 
the angular momentum of the orbit at the top of the 
energy levels for protons is 7; and that for neutrons is 
jx, then in such nuclides the extra energy associated 
with the unpaired proton is [(2j,+-1)C }/4A and that 
for the unpaired neutron is [(2j2+1)C ]/4A. Conse- 
quently we have the following expressions for the 
pairing energy function 6 of the ordinary odd-even 
effect and for ¢ of the pairing effect in question: 


6=( (jit jot IC )/2A, (5) 


€ Cj Jr) | 2A (6) 


It should be noted that Eq. (5) is nearly equivalent to 
Eq. (13) in the paper of Mayer. In order to evaluate 
Eq. (5) for the ordinary odd-even effect numerically, 
the parameter C may be taken as 25 Mev (Mayer’s 
estimate )." 

There is strong suggestion that up to Z or \V= 50, 
the level schemes for protons and neutrons are in close 
analogy. Since for light nuclides the numbers of protons 
and neutrons are not very different, the difference 
ji jo cannot assume a definite sign through a relatively 
large region. Then, by the argument stated in Part I, 
the effect in question cannot exist generally in the region 
of light nuclides. However, for medium-weight and 
heavy nuclides in which the number of neutrons con- 
siderably exceeds that of protons, the situation is 
different. In this connection, we have noted an empirical 
fact pointed out by Mayer,” that for odd-A nuclides 
between Z= 50 and Z= 82, the odd proton, in contrast 
with the odd neutron, is usually found in an orbit of 
higher angular momentum. This may be understood 
theoretically as a result of Coulomb repulsion pushing 
the protons into orbits without radial nodes.'*® Or, more 
specifically, the levels (4/, 5g, 64, 71) are depressed and 
the levels (35,4p) are lifted in the case of protons 
compared with those corresponding levels in the case of 
neutrons. Consistent with this empirical evidence, it 
seems a reasonable supposition that in the region of 
medium-weight and heavy nuclides, the value of 7; has 
a tendency to be greater than that of j,. Then, if we 
take Eq. (6) into consideration, this may be responsible 
for the general positive character of the function ¢€ in 
this region. As a rough estimate, we take j;— j2=2, 
A150, and C= 25 Mev on the average; we then find 
e=0.16 Mev, which is of the same order of magnitude 
as estimated by Glueckauf in the- region of heavy 
nuclides. Equation (6) also indicates that the function 
¢ is inversely proportional to the mass number A, this 
result is roughly in agreement with the fact already 


“Pp. F. A, Klinkenberg, Revs, Modern Phys. 63, 1 (1952) 
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pointed out in Part I. It is noted that in our treatment, 
the parameter C has been considered constant. How- 
ever, it may be a complicated function of Z or A or 
both. Therefore we could not hope for a complete 
explanation until the parameter C had been thoroughly 
investigated. The rule stated by Suess and Jensen**!” 
that each time a nucleon number crosses the magic 
number 28, 50, 82, the pairing energy of this type of 
nucleon is smaller than that of the other type, holds 
only roughly. With an inspection of the shell schemes, 
such as proposed by Mayer” or Klinkenberg,'* the 
“negative” region beyond Z=50 and the relatively 
large positive value of « beyond V = 50 and 82 may be 
due to the decrease of j; at crossing the proton shell 
Z=50 and the decrease of j, at crossing the neutron 
shells V=50 and 82. The “negative” region beyond 
Z=28 may also be explained by the same argument. 
However, beyond Z= 62, « fluctuates in sign for a small 
range of Z values. According to Klinkenberg’s scheme, 
near Z=64 the hyy/. levels are available for protons; 
thus a positive « would be expected. In view of the 
fact, pointed out by Katz” that «;Eu'™ reveals no 
excited Ay,/2 state, it may be assumed that a Z=62 all 
hy\/_ States have been occupied. But this cannot explain 
the fact that « becomes positive as the neutron excess / 
further increases. In order to remove this discrepancy, 
we tentatively make the assumption that the magnitude 
of depression of the level 64 for protons is a function 
of the neutron excess J and has a maximum between 
Z=50 and 82. It may happen that eventually this 
maximum just occurs near Z=62. In such a case, all 
hy,/2 states would be occupied. However, as J increases 
further, the 6/ level would be less depressed and after a 
small interval it would reappear again. This phenom- 
enon could take place, of course, at Z=50 for the 5g 
level, and even at Z= 28 for the 4/ level, although with 
a weaker form. It is noted that through this operation 
the “negative” region would be much restricted. 

With the above assumption, the reason for the ab- 
sence of long-lived odd-proton isomers for 63<Z<82 
would also be clear, because in our scheme there is no 
hyi2 state available for protons beyond Z=62 until it 
would reappear in a later stage. The occurrence of the 
odd-proton isomer 7Au'”’ is in agreement with this 
speculation. It must be pointed out, however, that the 
low excitation energy in this region of an even-even 
core discussed by Scharff-Goldhaber® also argues 
against the existence of odd-proton isomerism. A clari- 
fication of this situation requires more investigation. 

The author wishes to express his acknowledgment to 
Dr. L. A. Schmid who read the whole manuscript and 
made some stylistic improvements. He is also indebted 
to Mr. Jerry Lee for his help in drawing Table I. 


'TR, W. King, Revs. Modern Phys. 26, 327 (1954). 
* G, Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 
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The cross sections for the reactions O'*(d,a)N"* and N"(d,p)N"* have been determined and the excitation 
functions obtained for deuteron bombarding energies of 0.30 to 3.00 Mev. At a bombarding energy of 
1.16 Mev, the O'*(d,a) N“ cross section is 44 mb, and the N"*(d,p)N" cross section is 280 mb. Resonances in 
the O'* (da) N" excitation function occur at values which correspond to excited levels in F™ at 13.69, 13.91, 
14.27, and 14.94 Mev. The rapidly rising smooth excitation curve for the reaction N'(d,p)N"* indicates a 
barrier penetration with some evidence for weak resonances corresponding to excited states in O" at 15,18 


Mev and 15.69 Mev 


Attempts were made to detect the reaction C'(d,y)N"; it was possible to set only an upper limit of 
0.1 mb on the cross section for this reaction at a bombarding energy of 1.16 Mev 
Scintillation spectrometry of the N'* decay shows the ratio of the intensities of the 6.133 and 7.10 Mev 


y-rays to be 1:0.81 


INTRODUCTION 


HE production of N'* by means of deuteron bom- 

bardment of C™, N'® and O'® has been studied 

with particular attention directed to the cross sections 

for the formation of N'* by the reactions O'*(d,a)N"*, 
N'*(d,p)N'® and C'*(d,y)N", 

The excitation curves and cross sections for the re- 
actions O'*(da)N'® and N'*(d,p)N"* have been obtained 
in order to gain information concerning excited levels 
in the compound nuclei F* and O''. These reactions 
lead to regions of excitation not previously studied in 
these two nuclei. Previous work on these reactions has 
been concerned with the observation of the emitted 
charged particles at one specific bombarding energy. 
Deuteron bombardment of N'® at 2a=2.0 Mev pro- 
duced proton groups! with preliminary reported ( values 
of 0.158, —0,022, and —0.118 Mev, corresponding to 
excited states in N'® at 0.11, 0.29, and 0.39 Mev. 
A proton group has been reported?* with 
O= —0.034 Mev. 

The bombardment of O'* with deuterons of energy 
0.855 Mev has been reported,‘ and alpha-groups corre- 
sponding to excited states of N'® at 0.113, 0.300, and 
0.391 Mev have been observed. 

Recent work® has shown the possibility that N'® may 
be formed through the capture process C'(d,y)N"*. 
This could possibly occur below the reported threshold® 
for C(d,p)C and could account for the activity 
previously reported® when C' is bombarded at deu- 


also 


t Assisted by the U. S. Atomic Energy Commission 

* Now with Texas Nuclear Corporation, Austin, Texas 

! Thirion, Cohen, and Whaling, Phys. Rev. 96, 850(A) (1954) 

7K. Malm and W. W. Buechner, Phys. Rev. 80, 771 (1950) 

+L. D. Wyly, Phys. Rev. 76, 316 (1949) 

*R. Pauli, private communication quoted in Revs. Modern 
Phys. 27, 134 (1955). 

* Douglas, Broer, and Chiba, Phys. Rev. 100, 1253(A) (1955); 
Douglas, Gasten, Downey, and Mukerji, Bull. Am. Phys. Soc 
Ser. II, 1, 21 (1956); Douglas, Gasten, and Mukerji, Can. J 
Phys., 34, 1097 (1956) 

*J. A. Rickard and E. L. Hudspeth, Phys. Rev. 94, 806(A) 
(1954); Rickard, Hudspeth, and Clendenin, Phys. Rev. 96, 1272 
(1954). 


teron energies below 1.3 Mev. We have also attempted 
to observe C'(dyy)N" in the present investigations. 
Previous work on these reactions has also been reported 
by the current authors.’ 


APPARATUS AND EXPERIMENTAL PROCEDURE 


The electrostatic generator in this laboratory has 
been used to accelerate deuterons in the energy region 
0.30 to 3.00 Mev. The deuterons were passed through a 
90° analyzing magnet and then through an electrostatic 
strong-focusing system which focused the beam on a 
target located six meters from the exit of the analyzing 
magnet. The voltage control system provided an energy 
resolution in the beam of approximately +5.0 kev 
Higher resolution is easily obtained but was not required 
in these experiments. 

Both gaseous targets and solid targets were used in 
this work. The gaseous targets were bombarded through 
thin (0,05-mil or 0.10-mil) nickel foils. The energy loss 
in the foil has been calculated, and also experimentally 
measured from the shift in certain of the F'(p,y) 
resonances. The gas cell was 2.0 cm in depth with an 
entrance hole of y in. Tantalum collimators, 10 mils 
thick and with } in. holes, were placed 15.0 cm apart 
and passed beam currents of approximately 2 wa. This 
collimation assured that the exact beam current at the 
target was properly integrated. The gas pressure was 
monitored with a Hg manometer and provided exact 
knowledge of target thicknesses. The various gaseous 
targets* used in these studies were Ny, (N'*),0, On, 
COs, C(O") ». 

Solid targets’ in the form of NHyNO;, NH NO, 


’ Bostrom, Hudspeth, and Morgan, Bull. Am. Phys. Soc 
Ser. II, 1, 94 (1956) 

* The (N'*),O was obtained by heating NH,NO, which was 
enriched 62% in N* in the ammonium radical; the enriched 
ammonium nitrate was obtained from Eastman Kodak Company 
The COs, enriched 13.9% in O", was obtained from the Research 
Institute of Temple University 

*The BaC'O,;, enriched 14.3% in C, was supplied by the 
Isotopes Division of the Atomic Energy Commission, Oak Ridge, 
Tennessee. 
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(enriched in N'*), KCN, BaCO;, BaC“O;and BaC(O"),; 
were painted on thin silver disks. A multiple target 
holder (which would hold four targets) was used to 
facilitate the measurement of various reaction in- 
tensities. 

The delayed y radiation from N'* was detected with 
a scintillation spectrometer whose resolution was main- 


tained at approximately 8%. Two Nal(TI) crystals: 


(14 in. 14 in. and 3 in. 3 in.) were used in conjunction 
with DuMont photomultipliers and the output pulses 
were analyzed with an Atomic 20-channel differential] 
pulse-height analyzer. The 14 in.X1} in. crystal was 
used for the excitation studies, and the large crystal 
was used in the determination of the spectrum of the 
delayed 7 radiation from N'* and the cross sections for 
production of N'*, 

The N’* activity was frequently checked by dis- 
playing the pulses from a scaler on a Sanborn Recorder 
and also by recording counts as a function of time. The 
current was integrated using the “leaky integrator” 
circuit previously described."° The repeatability of the 
data also served to supply a check on the N'* activity 
since the use of the “leaky integrator” circuit assumes 
that the activity measured contains only one half-life. 
A twenty-channel analyzer which viewed the spectrum 
also insured that only N'* activity was measured. The 
voltages across the RC network were measured with a 
Keithley electrometer, 

In the determination of the absolute cross sections, 
it was necessary to know the geometry and to measure 
the absolute efficiency of the detector. A fixed geometry 
for detecting the delayed N'* activity from each re- 
action was maintained throughout. Using this geometry 
in conjunction with the reaction F'(n,a)N', whose 
cross section has been determined by Bostrom et al."' 
(to an estimated absolute accuracy of 15%), and by 
Marion ef al.,'* the absolute efficiency of our detector 
was determined for several different yields of N*. 
Only that radiation greater than 4.75 Mev was de- 
tected in all of these particular measurements. 

The remainder of this paper is devoted to a discussion 
of N'* decay and the three separate reactions which 
were studied. 


N'* SPECTRUM 


A study of the decay of N'® was made, both for its 
own interest and because N'® is the residual nucleus 
which is common to all of the deuteron-induced re- 
actions, 

The bombardment of the various targets which yield 
N'* also produced other activities which would make it 
difficult to get a spectrum due to the N** alone, In 
order to get a “pure” spectrum, we investigated the 
decay of N'* which had been produced in a separate 


” S.C. Snowdon, Phys. Rev. 78, 299 (1950) 

" Bostrom, Hudspeth, and Morgan, Phys. Rev 
(1955). 

# J. B. Marion and R, M. Brugger, Phys. Rev, 100, 69 (1955). 
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AND MORGAN 
experiment.'! The electrostatic generator was used to 
provide neutrons which in turn bombarded CaF». 
The fluorine in this compound reacts according to 
F*(na)N"*. After a short exposure of the CaF, to the 
neutrons, the sample was removed to a place remote 
from the generator and the activity of the N'® was 
studied with a 3 in.X3 in. Nal(TI) crystal mounted on 
a DuMont photomultiplier. A piece of paraffin one 
inch in thickness was placed between the sample and 
the crystal, and served to absorb the # rays from the 
N'*, The resultant spectrum is shown in Fig. 1. It 
shows a predominant 6.1-Mev 7 ray, accompanied by a 
vy ray of energy 7.1 Mev. The measured ratio of the 
intensities of the 6.1- to 7.1-Mev radiation is 12.34:1 
and is consistent with results obtained previously, 
using a pair spectrometer. The various peaks in the 
spectrum are ascribed to the processes (“pair plus one 
escape,”’ etc.) shown in the figure. The small peaks at 
low energies are associated with backscatter and pre- 
sumably with weak emission of y rays of energies 
previously reported at 1.72, 1.9, and 2.75 Mev. 
Annihilation radiation produced in the shielding outside 
the crystal produces the strong 0.51-Mev peak. This 
spectrum shows good resolution and is consistent with 
the decay scheme already published.’ A second spec- 
trum was taken with a 14 in.x14 in. Nal crystal; it 
showed the same general characteristics, except that 
the two-escape peak for each 7 ray was predominant. 
The excitation curves described in the next two 
sections were taken with the bias of the detector set so 
that only pulses corresponding to energies above 4.75 
Mev were counted, 


O'*(d,a)N'* 


Deuterons of energies up to 3.0 Mev were used to 
bombard a target of BaC(O'*); whose enrichment in O'* 
was approximately 9.39%. Target thickness was deter- 
mined by weighing and by the measurement of C” 
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Fic. 1. Differential pulse-height spectrum of the delayed 
7 radiation produced by decay of N**. This spectrum was taken 
with a 3 in. X3 in. Nal(T1) crystal. 


’ Millar, Bartholomew, and Kinsey, Phys. Rev. 81, 150 (1951). 
“ Wilkinson, Toppel, and Alburger, Phys. Rev, 101, 673 (1955), 





DEUTERON-INDUCED 
content as described in a subsequent section, and was 
found to be approximately 30 kev at Ea=1.5 Mev. 
The detector was placed 1 cm from the target and at 0° 
to the incident deuteron beam. The leaky integrator 
circuit was charged to 3.0 volts across a 2 uf condenser 
and counts were taken following bombardment until 
the condenser dropped to 0.40 volt. The point at the 
peak of the 1.2-Mev resonance corresponds to 210 
counts/ycoul under the conditions just described. The 
production of N'* for the determination of the cross 
section was accomplished by bombarding O2, COs, and 
C(O"), gas targets of known enrichments in O"*, 

Figure 2 shows the excitation curve and cross section 
for this reaction; the statistical errors in the data are 
approximately equal to the diameter of the plotted 
points. The five prominent resonances correspond to 
excited levels in the intermediate nucleus F” at 13.69, 
13.91, 14.27, and 14.94 Mev. This region of excitation 
has not hitherto been explored. It is obvious from the 
excitation curve that additional excited levels exist in 
this region, but we have not attempted to tabulate 
their positions. 

The low-energy portion of Fig. 2 shows no definite 
threshold value. Since the Q-value for this reaction is 
positive, our failure to observe appreciable activity 
below a bombarding energy of approximately 0.5 Mev 
is possibly associated with the spins of the various 
nuclei. The ground state of O'* is 0+, and the ground 
state of N'® is thought to be 2—. This would mean that 
incoming deuterons would have to possess an energy of 
approximately 1.5 Mev in order to carry one unit of 
angular momentum. The reaction therefore could not 
proceed with /=1 deuterons if N'* is formed in its 
ground state. Low-lying states of N'® have been re 
ported, however, and could possibly be formed. In any 
event, the lower part of the excitation curve is not 
typical of a simple barrier penetration. 


N'*(d,p)N** 


Using techniques similar in detail to those described 
in the preceding section, we have observed the produc 
tion of N'® when N' is bombarded by deuterons. The 
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hig. 2, Excitation curve for the reaction O'*(d,a) N'*. The absolute 
errors in the cross section are estimated as 15‘ - 
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Fic, 3. Excitation 
curve for the reac 
tion N'*(d,p)N"*. The 
absolute errors in the 
cross section are esti 
mated as 15%, but 
have an accuracy of 
about 5% relative 
to those shown in 


Fig. 2 
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excitation curve was obtained by bombarding various 
targets: normal nitrogen gas (0.2% N'*), NH NOs; 
enriched to 62% N* in the ammonium radical, KCN 
and N,O enriched in N'*. The excitation curve shown 
in Fig. 3 is based on various data which were properly 
normalized. 

The reaction shows a low-energy region of approxi 
mately exponential rise, with a steady rise thereafter to 
the limit of our observations. The curve shows two 
“breaks” which were evident in all of our data, These 
are at bombarding energies near 1.3 and 1.9 Mev, and 
correspond to excited states in O' at 15.18 and 15,69 
Mev. This is again a region which has not been pre 
viously studied. Results of the reactions O'*(da)N"* 
and N'*(d,p)N'* presenting resonances, measured reso 
nant widths, and cross sections are shown in Table I. 


C'#(d,y)N" 


The deuteron bombardment of C™ has been pre 
viously®® studied, and in particular the excitation 
curve for C(d,p)C" has been obtained.** Delayed 
600 kev. The 
recent observation’ '® of the protons from C'(d,p)C'* 
1.3 Mev. This would 
mean either that this is associated with an excited state 
600 


kev was not from the decay of C'*. The experimental 


activity has been reported® down to Ey 
indicated a threshold value of 
of C!*, or that the delayed activity produced at /4 


arrangement previously used'® established definite C'* 
activity at high bombarding energies, but the weak 
activity for low values of 4 was subsequently shown® |! 
to have a half-life equal to that of N'*. The presump 
tion® is that this was formed by the reaction C'"(d,y)N**, 

We have therefore repeated observations of delayed 
activity from deuteron bombardment of C'*. By making 


records of delayed counts on a Sanborn recorder, we 


'® Douglas, Broer, Chiba, Herring, and Silverstein, Phys. Rev 
104, 1059 (1956) 
Hudspeth, Swann, and Heydenburg 


1950 


Phys. Rev. 77, 736 
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TAsie I. Resonances in O'(da)N"* and N'*(d,p)N". 


Cross sections (mb 


O'(da)N'* N'*(d,p)N'* 


Energy levele (Mev) 
Ha (Mev) ’ (kev) ye or 

1.4 15.18 442 
140 13.69 70 
1.75 13.91 79 
1.90 15.09 
2.15 14.27 72 
2.90 14.94 a] 


* Ketimated error is 15%, which is the error associated with the measure- 
ment of the cross section for F(n,a)N", which was used as our ‘standard,’ 


have found that deuteron bombardment of BaC"O, 
targets at y= 1.6 Mev leads to activities identified as 
arising from C'* and from N'® (as well as other well- 
known activities from B!*, N¥, O'*), This accords with 
recent results,’ and further experiments’ showed that 
the lower part of the excitation curve reported for 
C(d,p)C™ is due to N" activity. The origin of this 
activity was not certain, although, as noted above, the 
reaction C'*(d,y)N'* has been presumed.,* An alternative 
explanation, it would seem, could be that the N’ 
actually is formed through O'*(da)N"*, since oxygen 
is itself a well-known and common contaminant of 
most targets. Inasmuch as O'* is only 0.2% of normal 
oxygen, this possibility appeared somewhat remote. 
However, bombardment of two BaCO, targets-—one 
normal and one containing C to 13.3% isotopic 
enrichment—showed that both targets yielded approxi- 
mately the same N"* activity. The target thicknesses 
were obtained from target weights as determined by a 
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microbalance, but the uncertainties in this measure- 
ment were too great to allow the precision comparison 
which we desired. We, therefore, measured the target 
thickness of the BaCO, target and of the BaC™O, 
target by bombarding each of them with a deuteron 
beam which was monitored by a “leaky integrator” 
of RC equal to the reciprocal of the decay constant of 
N". This gave us a measure of the C'* in each target. 
(The excitation curve for C'*(d,n)N" is nearly flat at 
our selected value of Ea=1.16 Mev.) The N® activity 
of each target was then followed, and the ratio of 
target thickness of the normal to the enriched target 
was found to be 1.236+0.020. Subsequent bombard- 
ment of each target showed the N'* activity induced in 
each (at Ey=1.16 Mev) to be 1.23524-0.045. The 
enriched target’ contained about 22 times as much C 
as O'*. We therefore conclude that the C'(d,y)N"® 
reaction cannot account for more than about 0.003 of 
the N’* produced in the bombardment of this target. 
Since the cross section for O'*(d,a)N'*® at Ea= 1.16 Mev 
is 44 millibarns, we then find that C(d,y)N'® cannot 
have a cross section greater than about 0.1 millibarn 
at this same bombarding energy. This is not inconsistent 
with the low value estimated® for this reaction. 

A closer study of this possible reaction is planned, 
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Measurements of energy distributions from inelas 
indicate the presence of very strong, apparently monoenergetic groups. The 


angular distributions of these proton groups vary slowly an 


there is little difference between even and odd elements, or across closed shell 


tion of these levels by single-particle excitation, and this and other factors make 


tions difficult 


INTRODUCTION 


T is well known that the energy distribution of par 

ticles emitted from any nuclear reaction consists of 
well-defined energy groups corresponding to the various 
excitation levels of the residual nucleus. In light ele- 
ments, these groups are well separated in comparison 
with both their natural width and the resolution of 
commonly available measuring apparatus, so that reac 
tions such as inelastic proton scattering are commonly 
used for determining nuclear energy levels. In heavy 
elements, however, the level spacings become quite 
small at even 1 Mev of excitation above the ground 
state, so that one would expect the energy distribution 
of protons inelastically scattered from such elements, 
when measured with instrumental resolution wider than 
these level spacings, to be rather smoothly varying 
l'urthermore, whatever deviations from smoothness do 
occur should vary considerably from element to element, 
reflecting the relatively random spacing of nuclear 
levels. ‘There should certainly be great differences be- 
tween even and odd mass elements since their level 
structures differ markedly. 

In the experiments reported here, a very considerable 
these found, The 
of protons inelastically scattered 
featured by 


deviation from expectations was 


energy distributions 
from heavy elements were found to be 
intense and narrow energy groups for excitations up to 
at least 4 Mev; there are strong indications that this 
effect extends up to 10 Mev or higher. Moreover, this 
structure was found to be quite similar for elements of 
similar mass, whether odd or even, and the angular 
distribution of corresponding energy groups in different 
elements was found to be quite similar. It is this effect 
that is here referred to as “anomalous inelastic scat 
tering.” 


EXPERIMENTAL 


The experiments were done with 
Mev proton beam of the ORNL 86-inch cyclotron, The 


beam was collimated, passed through thin targets of 


the detlected, 23 


the element being studied, and collected in a Faraday 
cup. The scattered protons were detected by a NaI (Tl) 
crystal; a 20-channel pulse-height analyzer was used 
In some of the measurements, they were first passed 


through a thin proportional counter, the pulses from 


Rid ve 


1956 


l enne 


wattle y i 23 Me \ 
energie 
, 


1 regularly with atomic numb or Z>40 


thi compli ites any explana 


ollecti otion explana 


which were used to gate the analyzer, This removed a 
continuum of small pulses from gamma-ray background, 
but otherwise produced no difference 

lo study the performance of the equipment, measure 
ments were made with a natural magnesium target 
\fter correction for center-of-mass motion, the QO value 
for each energy group corresponded with the energy of 
My**, 
These 5°, 


no simple instrumental method of eliminating them 


ibundant 


the most IsOLope, 


a known level of 


thin about 5% errors were investigated, 


found, and they were not sufficiently reproducible 
from day to day, and as a function of counting rate 
to allow the use of a simple correction curve 
Ihe resolution of the detector was such as to give the 
highest energy groups a full width at half-maximum of 
about 2.0-2.59% in most of the work reported here; in 
Wis iS 


the earlier measurements it poor a 


ome ol 
17>. It was not uniform from day to day, and not 
insensitive to counting rate, ‘lo eliminate the resolution 
of the scintillation equipment as a factor, and at the 
ame time improve over-all resolution, an absorber wa 
ised in front of the scintillator in most measurement 
Since the absolute (as opposed to the “percentage 


resolution of a scintillator improves as the energy | 


reduced, and the effective resolution is increased by the 


Demonstration of the absorl 
shows pulse-height spectrum » 
100 me/em’ 


d the detection angle i 


um absorber 


OW) deg 


hows spectrum with alumit 


interposed. The target is cobalt an 
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distribution of 23-Mev protons inelastically 
rhe abscissa is 


hic, 2. bnergy 
scattered from elements of atomic number 26-34 
actually the pulse height in a NaI(T1) crystal, but is shown on an 
approximate energy scale, The ordinate gives relative intensity of 
points along the individual curves; the curves are displaced 
irbitrarily in a vertical direction for clarity. The peaks at Q=0 
are due to elastically Data for Se are sub 
tandard owing to difficulties in target preparation 


scattered protons 


ratio of the rate of energy loss at the degraded energy 
to that at the original energy, the scintillator resolution 
is readily reduced to about 0.5°). Unfortunately, this 
resolution is not achieved because energy-loss straggling 

While 


this does not represent a large improvement over the 


introduces a resolution spread of about 1.87%. 


best resolution achieved with scintillators alone, it frees 
the experiment from the idiosyncrasies of the latter, 
improves absolute energy determinations, and spreads 
the data out so as to give more data points per unit 
energy. It essentially gives the resolution attainable by 
differential range detection, but still allows multi 
channel recording. 

Figure 1 shows a pulse-height spectrum from a cobalt 
target at 90 deg as obtained with a scintillator alone, 
and with a 400-mg/cm? absorber. It is readily seen that 
the latter has a distinct advantage for quantitative 
work; it can be obtained with little effort. The former 
shows a larger portion of the spectrum with fewer data 


points, but shows less detail; data of this quality can 
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only be obtained by careful selection of photomultipliers 
and scintillation crystals, painstaking adjustment of 
electronic equipment, and use of low counting rates 
with a steady cyclotron beam. Measurements without 
the absorber are useful for survey work. 


RESULTS 


Figures 2-4 show a survey of the pulse-height spectra 
from various elements. They were obtained with no 
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hic, 3. Energy distribution of 23-Mev protons inelasticall, 


scattered from elements of atomic number 40-52; see caption for 
Fig. 2. Mo and Te targets were substandard 





ANOMALOUS INEL 
absorber at 90 deg to the incident beam. The abscissa is 
actually the pulse height, but is shown on a scale which 
gives approximately the negative Q value of the reac- 
tion. The sharp peak at Q=0 corresponds to the 
elastically scattered protons. The abscissa is not cor- 
rected for variations in amplifier gain and cyclotron 
energy, or for center-of-mass motion, so that there may 
be 5-10% inaccuracies in this energy scale. In the 
discussion below, the more correct values are quoted, 

Probably the most striking observation from this 
survey is the strong peak, in most cases obviously 
double, at —Q~2-3 Mev for all elements between 
Z=40 and Z=52. The very high intensity and the 
energy regularity from element to element are very 
suggestive of an important effect in the nuclear struc 
ture of these elements. These groups were investigated 
in greater detail, as will be discussed below. 

For elements in the Z>72 region, the survey (Fig. 4) 
indicates that the strong groups at —Qe~2-3 Mev have 
disappeared in Ta and W, and appear in Pt and Au 
with low intensity and large width (which indicates 
that they are not single groups). The well-known first 
excited state of Pb”* (QO = — 2.6 Mev) is strongly excited, 
and an equally sharp and intense group is also found 
in Bi at the same energy. The situation in the —Q= 2-3 


Mev region is somewhat clouded for Th and U by the 
elastic oxygen peak from oxide contamination (this was 
indicated by a shift in energy with angle), but there 


do seem to be broad groups at —Q~~3 Mev. 

Among the elements with Z= 26-30 (Fig. 2), the 
proton energy spectrum is featured by very strong 
groups up to ~V0=6 Mev in even-Z elements and up to 

Q=4 Mev in odd-Z elements; there is very notice- 
able structure in the odd-Z elements even up to 8 Mev 
(see also Fig. 1). Since the spectra for the even and odd 
elements seem to be somewhat different, they are 
grouped separately in Fig. 2 rather than being arranged 
in order of increasing Z; it appears, however, that the 
main features of the two groups would be reproduced if 
the energy scales were changed. The principal feature 
for the odd-Z elements is the two peaks at —~Q~2.7 
and —Q-~3.7 Mev, although the detailed structure of 
the latter are somewhat different in the two elements. 
These peaks are markedly similar to the peaks in the 
even-Z elements at —Q-~3.1 and 4.6 Mev, although in 
this group of elements there is a striking change of the 
relative intensities of the two peaks between Fe and Ni 
on the one hand, and Zn on the other. The curve for Se 
in Fig. 2 should be considered only qualitatively, as 
the target was thick and nonuniform. 

Since practically all of this structure and regularity 
is most unexpected, a more elaborate investigation of 
some of the most striking features was undertaken. 
Careful and detailed measurements were made of the 

(= 2-3 Mev groups in the Z= 40-52 elements, and 
to a lesser extent, of the strongest regularly occurring 
groups in the Z= 26-30 elements. Major efforts were 
made to analyze the spectra into individual groups, 
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Fic, 4. Energy distribution of 23-Mev inelastically 
scattered from elements of atomic number 73-92; see caption for 


Fig. 2. Only the Pb and Bi targets were both thin and uniform 


protons 


within the limits of the energy resolution of the instru 
ments, to determine their energies accurately (at least 
relatively among the various elements), and to study 
their angular distributions. Several independent meas 
urements were made for each element by the 
absorber-scintillator method. An example of the energy 
measurements in the Z= 40-52 elements is shown in 
Fig. 5, and Fig. 1(a) is typical of the data for the 
Z= 26-40 elements. 

The results for the Z= 40-52 
marized in Fig. 6; these data represent the major effort 


using 


elements are sum 
of this investigation, and give perhaps its most im 
portant results. The position of the energy group is 
plotted vs atomic number; the number of circles in 
each case gives the differential cross section at 90 deg 
for that energy group in units of 10°% cm?*/sterad 
(The angular distribution measurements described 
below indicate that the total milli 


cross sections in 
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isotopes, this indicates that groups of about the same 
energy must be emitted from each (or at least most) of 
the isotopes. The odd-Z elements have groups at about 
the same energy and with the same cross sections. The 
only apparent difference between these and the groups 
from the even-Z elements is an energy deviation of 
about 0.3 Mev for Ag. 

Another group occurs in every element at —Q-~3 
Mev. Here again the energies and cross sections vary 
quite regularly from element to element, although the 
energy irregularity at Z=50 is stronger than for the 

V~2.3 Mev group, and there is an additional irregu- 
larity of about 0.4 Mev at Z=41. The accuracy of the 
energy determinations for these groups is poorer than 
for the —Q~2.3 Mev groups since their cross sections 
are lower and there is some difficulty in resolving the 
two groups. There is a cross-section irregularity between 
Z=50 and Z= 52. 

An additional group is observed in all odd-Z elements 
and about half of the even-Z elements at ~Q-~1.2 Mev. 
The energy is quite regular for the odd-Z elements, but 
the cross section varies somewhat, especially for 
Z=49(In) where it is very strong. This group would 
have been detected in Pd and Cd if it were one-fourth 
as strong as in Sn, so this again may be considered as a 














cross-section irregularity. There is a considerable un 
certainty in the energy determinations for these groups 
(except for In) due to difficulty in resolving them from 
the elastically scattered protons. 


PULSE HEIGHT 


Pulse-height spectrum from zirconium target with 
100 me/cm? aluminum absorber inte rposed 


barns are about two times the number of circles.) The 
open and solid circles represent elements of even and 
odd atomic number, respectively. In all cases, the 
observed spectrum up to ~QO= 3.8 Mev could be com 
pletely explained within the experimental resolution by 
assuming the groups shown are monoenergetic and no 
other groups are present. The existence of each of the 
groups was clearly evident with the exception of some 
of the weak ~1,2-Mev groups where, with the exception 
of In, the situation is typified by Fig. 5. While all data 
shown were obtained at 90 deg to the incident proton 
beam, checks were made for each element at 70 deg to 
ascertain that the energy does not shift with angle as 
it would if the peaks were due to elastic scattering from 
light-element impurities, (For example, elastic scatter 
ing from an oxide impurity would give an apparent 
group at —Q= 2.3 Mev at 90 deg, but at 1.5 Mev at 
70 deg.) 

rhe principal feature of Fig. 6 is the very strong 
group at —Q>~2.3 Mev. For the even-Z elements, the 


energy shift is small and uniform from element to a ne 


clement except for a slight irregularity (~0.2 Mev) at Fic. 6, Energy levels in Z= 40-52 elements required to explain 
Z= 50, The cross sections are equal within about 20%, — inelastic proton scattering spectrum. Open circles are for even-Z 
elements, filled circles for odd-Z elements, The number of circles 
‘ ; gives the differential cross section at 90 deg in units of 10% 
tainty Since all of these elements contain several cm*/sterad. Triangle indicates a4 X 10~* cm?/std 


which is not much more than the experimental uncer 
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The data for the Z= 26-30 elements are summarized 
in Fig. 7, where the representation is identical with that 
of Fig. 6. Here the —~Q~1.2 Mev levels which are so 
strongly excited are the well-known first excited states. 
For the even-Z elements, the energies and cross sections 
are quite regular except for the greatly increased cross 
section for the —Q=3.0 Mev group in Zn, and the 
weak extra and missing groups in Fe at —~Q=2.8 and 
4.4 Mev, respectively. The latter irregularities can be 
explained by lack of resolution, but the intense excita 
tion of the Zn level is very clearly evident (see Fig. 2). 

The Co and Cu data are quite similar to each other 
except for a factor of six cross-section irregularity in 
the —Q-~2.1 Mev groups. The relationship between 
the even- and odd-Z elements is not clear but the energy 
trends seem to be parallel. 

The greatest effort on angular distributions was con- 
centrated on the —Q-~2.3 Mev groups in the Z= 40-52 
elements, and the —Q-~3.1 Mev groups in the even-Z 

26-30 elements; the data are shown in Fig. 8. At 
angles smaller than ~35 deg, the groups in question 
could not be resolved from the continuum. There was 
also some difficulty of this type in the region of the 
minimum at ~65 deg. In the backward direction, the 
resolution was somewhat poorer because of target 
thickness. For Zr, Ag, and Sn, the angular distribution 
of the 
to those shown in Fig. 8, although they were not 


Q~3 Mev groups was apparently quite similar 


determined with very good accuracy except for Zr. In 
that element, the maximum at 40 deg seemed to be 
shifted to about 43 deg, and the curve in this region 
seemed to fall off more steeply at smaller angles and 
less steeply at larger angles than the lower energy 
O=3.3 Mev 


group in Fe seemed quite similar to the corresponding 


group. The angular distribution for the 
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8. Angular distributions of ~Q™2.3 Mev groups in Z = 40-52 


and of O3.0 Mev groups in Z=26-3 elements 


group in Ni, although the accuracy of measurement was 
somewhat poorer. 

Austern, 
Butler, and McManus,! angular distributions /(@) from 


In accordance with the theoretical work of 


direct interactions should be represented by 


10)=> CJA Ki- Ko Wy), (1) 


where A; and Ko are the wave numbers of the incident 
and outgoing protons, r is the interaction radius, pre 
sumably about equal to the nuclear radius, J; are the 
Bessel functions of order 1, C; are undetermined con 
stants, and the summation is over values of / which can 
be reached by a vector sum of the spins of the initial 
and final nuclei and the incident and outgoing proton. 
Only even (odd) values of / are included if the parities 
of the initial and final nuclei are the same (opposite), 
The principal feature of Eq, (1) that is expected to 
fit the data is the position of the first (and possibly the 
second) maximum, The comparison with the data of 
lig. 8 is shown in Fig. 9 for the 
in the Z= 40-52 elements and in Fig, 10 for the 
Mev groups in the Z 
curves are shown for (K, 


O~2.5 Mev groups 
Om 31 
26-30 elements. In these figures, 
olr 


Ko)r for various value 


represented by the usual formula 
r=1oA*K10" 4 om 


In addition, the values of the ordinate for which J/* has 
’ 
a maximum are shown for each / at the positions of the 


observed maxima in the angular distributions. For a 


' Austern, Butler Kev, 92, 350 (1955) 





BERNARD 


SE { OND 
OBSERVED 
MAK 





= 


et 
Finest 

OBSERVED 
Ax 





ANGLE (deg) 


hic, 9, Comparison of maxima in angular distributions with 


theoretical predictions for Z = 40-52 elements 


consistent fit to be obtained, the curve of (K,— Ko)r for 
a given radius should pass through lines for a given / 
(or for an / larger by 2 units, 4 units, etc., in some cases) 
at the position of each observed maximum. From Fig. 9, 
it is seen that a fit can be obtained for l/=0 at ro= 1.2, 
for l= 3 at rom 1.4, for l= 4 at 1.6, and possibly for 
le 1 at rom 1.55. A fit for l= 2 would require ro= 1.0, 
a fit for l= 5 would require ro= 1.9, and no reasonable 
fit can be obtained for higher values of 1. From Fig. 10 
it is seen that the same values of / for the same ro’s are 
obtained, This is due to the fact that the positions of 
the two observed maxima occur at the same values of 
(K,— Ko)r in spite of the fact that the angles at which 
they occur, the values of Ko (i.e., the Q of the reactions), 
and the nuclear radii are different. This strongly sug- 
O~3.0 groups in Z= 26-30 elements 
arise from the same source as the —~Q-~2,3 Mev groups 
in the Z= 40-52 elements. This is further evidenced by 
the fact that the energy trends within each of the two 


vests that the 


mass regions are in the correct direction and of approxi 
mately the correct magnitude; in addition it may be 
noted that the rough data for Se (Z 
Om~2.6 Mev. 


34) indicates a 
strong peak at 

The very deep minimum in the Ni (and also Fe 
angular distribution suggests that this may be due to a 
zero of the Bessel function. These zeros are therefore 
shown in Fig, 10 at the angle at which the observed 
minimum occurs. It is seen that the fit is satisfactory 


for any of the possibilities mentioned above. 


In addition to the measurements shown in Fig. 8, 
rough data were obtained for several other groups. In 
all cases, the angular distributions were strongly 
forward, and in general their increase in the forward 
direction was more rapid than for the curves of Fig. & 
In cases where well-defined groups were studied, there 


were indications of minima and secondary maxima. The 
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Fic. 10. Comparison of maxima and minima in angular distri 
with theoretical predictions for Z = 26-30 elements 


jutions 
U=2.6 Mev groups in Pb and Bi have very similar 
angular distributions. 


CONCLUSIONS AND DISCUSSION 
A. Implications for Nuclear Reaction Theory 


From the standpoint of nuclear reaction theory, the 
most interesting conclusion from this data is that 
transition probabilities to different nuclear levels can 
vary by many orders of magnitude. For example, from 
Fig. 3, the area under the —Q~2.3 Mev groups in the 
Z=40-52 elements are of the same order as the area 
under a 1-Mev section of the spectrum in the region 

O~=8 Mev. In the latter region, the level densities 
are known from neutron capture data to be of the order 
of 10° per Mev; thus, one must conclude that the 
average transition probability to those levels is smaller 
by a factor of 10° than that to the -O~2.3 Mev level. 

As an extension of this argument, it might be noted 
that if there are levels at ~Q-~2.3 Mev which can be 
excited so strongly, there is no obvious reason why some 
levels at ~Qco~8 Mev cannot be excited with strengths 
of the same order of magnitude. This would imply that 
even at high excitation energies only a few levels per 
Mev are excited with appreciable strength. This would 
then explain the irregularities observed in the low- 
energy (i.e., large values of —(Q) portion of the spectra 
in Figs. 2-4. These irregularities would not occur even 
if a hundred levels per Mev were excited, unless, of 
course, there were nonstatistical regularities in the 
spacings and/or transition probabilities. Such regulari- 
ties could result from “giant resonance effects,’”? 

It appears from the angular distribution data that 
all reactions being studied here proceed by a “direct” 
rather than by a ‘““compound-nucleus”’ interaction. This 


includes the intense, broad peak at ~Q-~7 Mev in the 


? Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 
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heavy elements, which have cross sections of the order 
of 100 mb, so that direct-interaction cross sections 
must be at least that large. This is consistent with the 
results of Eisberg and Igo* who found total (p,p’) cross 
sections ~200 mb for 32-Mev bombarding energy. 


B. Implications for Nuclear Structure 


In considering the nuclear structure problems raised 
by the results of this experiment, attention is given 
especially to the —Q= 2-3 Mev groups in the Z= 40-52 
elements since these were investigated most thoroughly. 
The regularities in the energies and cross sections as 
exhibited in Fig. 6, and the similarities of the angular 
distributions of Fig. 8 indicate quite positively that 
there is a strong relationship between the corresponding 
levels in the different elements. Since these levels are 
excited by a direct interaction, they evidently have a 
high fractional parentage coefficient with the ground 
state. Two general types of levels are usually considered 
to have such a high fractional parentage coefficient, 
namely, those arising from collective motions and from 
single-particle excitation. 

The excitation energies involved are generally more 
typical of those usually considered for single-particle 
excitation. Moreover, the lower of the two levels in Zr 
is known from beta decay as a level of Zr™, and there is 
very good evidence‘ that it arises from single-particle 
excitation. It is, of course, possible that the observed 


peak is due to the other isotopes of that element 
(totalling 48.5%) but this would introduce an irregu- 
larity into the cross section data of Fig. 6. One addi- 
tional evidence of this type is the case of Pb®* where the 


first excited state, —Q=2.6 Mev, is strongly excited 
(see Fig. 4). It does not seem implausible to connect 
this state with the —O~2.3 Mev levels in the Z= 40-52 
elements. There is very good evidence® that the Pb™* 
state is due to single-particle excitation. On the other 
hand, the strong similarity between this level in Pb 
and the one at the same energy in Bi is extremely 
puzzling; the accepted explanation for the Pb level, 
namely single proton excitation, would certainly not 
explain the Bi level. The rather remarkable corre- 
spondence between the spectra and angular distribu 
tions for Pb and Bi is under further investigation. 

The principal objection to the single-particle excita- 
tion explanation is the regularity between even and 
odd elements and across closed shells. In an even-Z 

*R. M. Eisherg and G. Igo, Phys. Rev. 94, 739 (1954), 

*K. Ford (private communication to A. M. Lane). 

* Elliott, Graham, Walker, and Wolfson, Phys, Rev. 93, 356 
(1954). 
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element (these consist principally of even-even isotopes), 
a single-particle excitation involves breakup of a nucleon 
pair, whereas in an odd-Z nucleus it does not, so that 
the single-particle excitation energy should be much 
less. Furthermore, one would expect large irregularities 
just beyond Zr whose most abundant isotope has 50 
neutrons (and 40 protons), and just beyond Sn which 
has 50 protons. Neither of these irregularities is strongly 
in evidence, and there is also no irregularity in the 
region of 28 protons (Ni). 

A collective-motion explanation might avoid the difh- 
culty from the similarity between odd and even nuclei, 
although it would still be difficult to see why there 
should not be large effects at closed shells. However, 
the energies are considerably higher than generally 
expected from collective oscillations*; they are much 
higher than the levels investigated by Scharff-Gold 
haber and Weneser,’? which were found to have all the 
properties expected of collective oscillations, such as 
uniform level spacing, correct spins and parities, large 
cross sections for Coulomb excitation, and decay by 
#2 transitions far more rapid than expected for single 
particle transitions. Another difficulty with a collective 
oscillation explanation of the levels studied here is that 
the value /= 2 seems to be excluded by the analysis of 
the angular distributions; this is the value expected 
for the lowest lying state arising from collective’ oscil 
lations. 

It thus seems difficult to reconcile the evidence on 
the levels observed here with the expected properties 
of either of the two types of levels that are generally 
considered to have a large fractional parentage coefh 
cient with the ground state. However, the properties of 
these levels are extremely suggestive, and it seems quite 
certain that their explanation will throw important 
light on problems of nuclear structure. When such an 
explanation has been achieved, anomalous inelastic 
proton scattering may well provide an important tool 
for further investigations. 
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Angular Distributions of Protons from the Alpha-Particle Bombardment of B'’, Al’’, 
and P*'*tt 
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Angular distribution measurements have been carried out on the protons corresponding to the ground 
state transition in the B”’(a,p)C™ reaction at bombarding energies of 8.1, 7.0, and 4.9 Mev, on the protons 
corresponding to the ground state and first-excited state transitions in the Al*’(a,p)Si” reaction at bom 
barding energies of 8.1 and 7.1 Mev, and on the protons corresponding to the ground state transition in the 
P*"(a,p)S" reaction at bombarding energies of 8.1 and 7.0 Mev. According to rather qualitative criteria 


concerning the changes in the shapes of the distributions with bombarding energy, the Al results appear to 
be interpretable in terms of a compound nucleus process, while the B and P results indicate the possibility 


of a contribution from a direct interaction process. Some discussion is given concerning the possibility of 
applying a direct interaction process like that of Austern, Butler, and McManus to such alpha-particle 


induced reactions 


I. INTRODUCTION 


HE angular distributions of emitted particles in 

nuclear reactions [e.g., (a,p) reactions | may fre 
quently be interpreted according to the compound 
nucleus picture of such events. If only one isolated 
resonance level of the compound nucleus is involved in 
such a reaction, the differential cross section will be 
the angle 6=90°, where @ is the 
angle of emission of the product particle with respect 
to the incident beam in the center-of-mass system.'! 
If the energy spread of the incident beam is sufficient 


symmetrical about 


to excite a number of isolated (nonoverlapping) levels 
of the compound system, the distribution will still be 
symmetrical about 90°; each isolated level will con 
tribute a symmetrical distribution according to its own 
yield and the fraction of the incident beam which 
excites it. The sum of such yields will retain the front- 
to-back symmetry 

If, on the other hand 


system are closely spaced compared to their widths 


; the levels in the compound 
(i.e., the levels overlap), it is quite possible for inter 
ference terms to appear in the expression for the 
differential cross section whose magnitude is sufficient 
to overcome the noninterference terms, producing a 
distribution which may be very different from sym- 
metrical about 090 
recently been made by Kraus et al.’ 


An analysis of this situation has 
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These general interpretations have been used to 
explain the angular distributions of both protons and 
neutrons from several alpha-particle-induced reactions, 
especially at low bombarding energies.’ 

At higher bombarding energies (20-50 Mev), one 
expects that a continuum of overlapping levels will be 
excited, resulting again in symmetry about 90°, This 
expectation of symmetry is based upon the statistical 
assumption, i.e., that the phases of the many levels 
involved are not correlated 

This compound nucleus-statistical model of nuclear 
reactions appears inadequate, however, to explain the 
angular distributions of protons observed by Eisberg, 
Igo and Wegner‘ from the bombardments of copper and 
gold with 40-Mev alpha particles. These distributions 
showed considerable yields in the forward direction 
(in the center-of-mass system) and either continuously 
decreasing yields (high-energy protons) or levelled-off 
yields (lower-energy protons) in the backward direction. 
These results are tentatively explained by the authors‘ 
in terms of a compound-nucleus process for the back- 
ward reactions and some non-compound-nucleus process, 
possibly a direct interaction, for the forward reactions. 
Should such a direct interaction occur, the incident 


alpha-particle would make a two-body collision with a 


surface proton of the target nucleus causing it to escape 
essentially in the forward direction with a considerable 
fraction of the available energy. 

The hypothesis®* of a direct interaction between an 
incoming nucleon and surface nucleons of the target 
nucleus has previously been proposed to explain’ the 
results of a number of nucleon exchange® and inelastic 


* Roy, Quequin, and Janssens, Bull. centre phys. nucléaire univ 
libre Bruxelles No. 31 (1951); Risser, Class, and Price, Bull. Am 
Phys. Soc. Ser. II, 1, 20 (1956) and J. P. Schiffer (private com 
munication); E. S. Shire e al., Phil. Mag. 44, 1197 (1953); 
E. S. Shire and R. D. Edge, Phil. Mag. 46, 640 (1955) 

‘ Fisberg, Igo, and Wegner, Phys. Rev. 100, 1309 (1955) 
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scattering experiments.*”'* Austern, Butler, and M« 
Manus® have calculated the form of the angular distri- 
butions to be expected from such nucleon-induced 
surface interactions; they show that these distributions 
are similar to those obtained in deuteron stripping 
reactions in that they possess sharp maxima in the 
forward direction whose precise locations are deter 
mined by the change of nuclear spin and parity between 
the initial and final nuclei, The differential cross section 
for such a direct interaction is shown® to be 


da / des { ju(| k—k’ | 7))2F (8). (1) 


Here j; is the spherical Bessel function of order 1. The 
order is found from 


Jit Jyt+a! min, (2) 
where J, is the spin of the target nucleus, J, is the spin 
of the residual nucleus, and 1 is the vector sum of the 
spins of the entering and escaping particles. / must be 
odd if the parity of the residual nucleus differs from 
that of the target nucleus and even if it does not. In 
Eq. (1), further, the argument of the spherical Bessel 
function is the product of two factors: one is the 
absolute value of the vector difference between the in 
coming particle’s wave number, k, and the outgoing 
particle’s wave number, k’, and the other is the nuclear 
radius, ro. The Bessel function term in (1) is multiplied 


by (0), a form factor dependent upon the free nucleon 
nucleon scattering amplitude. It is shown® that F(@) is 


essentially independent of @ for a nucleon induced 
reaction, leaving the cross section dependent primarily 
on the Bessel function terms in this case. 

We note also that Selove’ has successfully inter 
preted the energy and angular dependence of the 
H*(p,n)He* reaction for energies up to a few Mev in 
terms of a direct interaction, and that the same explana 
tion has been used by Watters" to interpret the inelasti 
scattering of 31-Mev alpha particles from Li®, C!, 
and Mg”™ 

An alternative explanation to the failure of the com 
pound nucleus assumption (i.e., an alternative to the 
suggestion of a direct interaction) has been proposed 
by Hintz and Eisberg'® for the continuum region. They 
suggest that a lack of symmetry about 90° in such cases 
may be the result of a failure of the statistical assump 
tion, i.e., to the presence of phase correlations, and that 
observation of the change in such angular distributions 
with energy might indicate which assumption is at 
fault. A distribution to 


considerable sensitivity of 
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Arrangement of experimental apparatus 


bombarding energy would not be expected for a direct 
interaction 

The purpose of the work reported in this paper was 
to examine the proton angular distributions from the 
relatively low-energy alpha particle bombardment of 
some light nuclei as a function of bombarding energy, 
and to interpret the results in terms of a compound 
nucleus and/or a direct interaction process, We have 
chosen to examine a region of bombarding energies 
between those where the evidence for direct interactions 
caused by alpha particles is quite strong''* and where 
the evidence for alpha-induced compound nucleus 
processes predominates ’ 

In view of the normal spread of our cyclotron beam 
energy, we were unable to obtain meaningful excitation 
functions, but we believe the regions of excitation of the 
compound nucleus involved in all cases were probably 
those of an intermediate number of overlapping levels 
For thi 
terms of isolated levels or a continuum do not apply 
the 
l values to be included, an analysis following Krau 


or groups of such levels reason, analyses in 


and since barrier penetrabilities allow several 


et al.* would be ambiguous. These considerations indi 
cate that the presence or absence of symmetry about 
*)” in our results is not particularly meaningful, except 
that the presence of such symmetry is not expected for 
a direct interaction. More significant in our results is 
the sensitivity of a distribution to a change in bom 
barding energy. Since a radical change in the shape of a 
distribution. with bombarding energy is not explicable 
direct 


such a change 


Qn the other 


on the basis of a interaction, 
provides evidence against such a process 
hand, a relative insensitivity to bombarding energy on 
the part of a distribution is not so clear cut in it 
It can be explained on the basis of a 
that the 


for it J 


interpretation 


direct interaction; but it is not mandatory 


compound nucleus hypothesis be excluded 
possible that the different groups of compound nucle 

levels excited in different experiments may have the 
same properties either individually or on the average 


but Lhe 


repeated presence of a strong forward peak tends to 


rhis is somewhat unlikely not impossible 


favor the surface interaction idea in this case 
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Il. EXPERIMENTAL METHODS 


The arrangement of apparatus used in these experi- 
ments is shown in Fig. 1. The 8.1-Mev alpha particle 
beam from the Yale cyclotron was used at full energy 
or degraded by means of gold foils to produce lower 
energies. An additional gold foil (not shown in Fig. 1) 
thick enough to stop the alpha beam was inserted 
inside the bombardment chamber shielding the mylar 
30” to +100° or from 70” to +60". 
Since the entire bombardment chamber was insulated 


window from 


from the cyclotron exit port, it served as a Faraday cup. 
The collected charge was measured on a beam inte- 
grator. The stationary gamma ray monitor, adjusted in 
each case to accept only the largest pulses observed 
with the beam on, served as a check on the integrator. 
Iwo target positions were used, both at 45° to the 
incident beam. Protons observed at angles from 0° to 
+90 


observed from 


passed through the target backing, while those 
+90" to +145 The two 90 


runs in each experiment were used to normalize the 


did not 


forward and backward direction data to account for 
the changes in target orientation and beam stopper 
position 

The Al®’ target consisted of aluminum foil of thick- 
ness 0.29 mg/cm? fastened to a brass ring by means 
of indium solder. The B®” (96% B" and 4% B"™ from 


° 
—Z 
Representative 
Probable Error 


Tom Arbitrary 
Units 





0 20 #0 60 100 20° 40° | (80 


—————y y 


Fic. 2. Angular distributions in the center-of-mass system of 
protons from the ground state transition in Al?"(a,p)Si* at alpha 
particle energies (laboratory system) of 8.1 and 7.1 Mev. 
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the Oak Ridge National Laboratory) and P* targets 
were both deposited on 0.0001-inch gold foil by the 
method of Stanford.’* Target thicknesses used were 
0.7 mg/cm? for B® and 0.3 mg/cm? for P®'. Resolution 
in the energy spectra resulting from these thicknesses 
proved satisfactory. 

The proton detector was a’ commercially packaged 
thin NaI(Tl) crystal of dimensions 4 in. diameter by 
1 mm thick. It was customarily covered by a collimator 
with a } in. diameter aperture; the plane angle sub- 
tended at the center of the target by this opening 
was 7°. In addition, the crystal was covered by a 10.6- 
mg/cm? aluminum foil, whose purpose was to remove 
elastically scattered alpha particles in the backward 
direction and (with the beam stopper) to remove in 
the forward direction the knock-on protons created by 
alpha particles striking residual hydrogeneous material 
in the target chamber. Although the energies of these 
undesired products were enough lower than those of 
the desired proton groups not to interfere, their enor- 
mous yields made their removal desirable. 

Pulses from the proton scintillation detector were am- 
plified and fed to a 40-channel pulse-height analyzer.”-1 
Since the dead time of this instrument is rather long 
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Fic. 3. Angular distributions in the center-of-mass system of 
protons from the first excited state transition in Al*’(a,p)Si® at 
alpha particle energies (laboratory system) of 8.1 and 7.1 Mev. 
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Fic. 4. Angular distribution in the center-of-mass system of 
protons from the ground state transition in BY(a,p)C¥ at alpha 
particle energies (laboratory system) of 8.1, 7.0, and 4.9 Mev 


[average about 250 usec on variable dead time (see 
reference 18) |, it was paralleled with a fast scaler which 
then registered total protons. The extraction of the 
spectra from the pulse-height analyzer was done in 
two ways. One was to read the spectrum in the form of 
a series of binary codes directly from the analyzer’s 
memory system and to record it on a data sheet. The 
second method was provided by an automatic histogram 
plotter.'"* The histogram helped to decide where the 
limits of a particular group lay, while the actual 
number of counts in each channel (on the data sheet) 
simplified the accurate integration of the desired proton 
peak. The sum of the numbers of counts in all the 
channels (and sometimes part channels) corresponding 
to a particular group was then corrected for analyzer 
dead time by multiplying by the ratio of the total 
protons as recorded on the scaler to the total number of 
counts in all channels of the analyzer. All the runs of a 
distribution were then normalized to the same number 
of counts on the beam integrator, i.e., to the same 
number of microcoulombs of alpha particles on the 
target. The forward and backward parts of each distri 
bution were normalized by forcing them to coincide 
at 90°. The angular distributions thus obtained were 
then transformed into the center-of-mass system. 

No particular emphasis was placed on good energy 
resolution in this work since the levels chosen were all 
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well established and well separated from neighboring 
levels. All three reactions had been examined before 
and the spectra were thus easily recognized, Spectra 
intervals with frequent random 


210 4 


were recorded at 10 
reruns. All distributions were measured from 
times on different days 

The main sources of error consisted of the statistical 
accuracy in the number of protons per group, in the 
constancy of the solid angle, and in the error in beam 
integration. The total probable error from these effects 
is estimated at 7 to 8%. Repeat runs in all cases showed 
differences in general agreement with this estimate 

Figures 2, 3, 4, and & show the distributions in the 
center-of-mass system at all energies at which they were 
obtained. The yields are in arbitrary units, but the 
relative yields at different energies on each plot are 


correct within 30% 


(ll. EXPERIMENTAL RESULTS 
A. Al?’’(a,p)Si*” 


rhe angular distributions of the protons correspond 
ing to the ground state and first excited state transitions 
2 and 4 We observe 


that these distributions change quite markedly with 


in Al*’(a,p)Si® are shown in Figs 


energy and thus, according to our criteria, we interpret 
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them as evidence in favor of compound nucleus forma- 


tion for this reaction. 


B. B'°(a,p)C! 


The angular distributions of the protons correspond- 
ing to the ground state transition in B”(a,p)C™ are 
shown in Fig. 4. These results show strong peaks in the 
neighborhood of 50°, along with a strong asymmetry. 
The change with energy is not very large between the 
%.1- and 7,0-Mev cases, but it is fairly large for the 
+.9-Mev case. Even in this last case, the forward peak 
is still very noticeable, The general behavior is thus 
suggestive of a diffraction phenomenon, especially in 
that the peak shifts toward larger angles with decreasing 
bombarding energy. 

This trend in the experimental! result led us to apply 
the direct interaction theory of Austern, Butler, and 
McManus (hereafter referred to as ABM) as if it were 
applicable to the (a,p) reaction, i.e., to use Eq. (1) 
considering / (6) constant. The appropriate order, l= 3, 
of the spherical Bessel function was obtained from (2) 
with J,~=3* and J,=4"; 
} in the (a,p) case 

For a bombarding energy of 8.1 Mev, it 
found that in order to fit the peak of the function 
ja’( k—k’/ro) to the experimental peak, it was neces 
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Fic. 6. Ground state proton angular distribution from 
B’(a,p)C¥ at Ea=7.0 Mev (laboratory), fitted by j:7(| k—k’| ro) 
with ro= 5.4 10" cm, 
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Fic. 7. Ground state proton angular distribution from 
B"(a,p)C¥ at Eg =4.9 Mev (laboratory), fitted by 7;7( k—k’ ro) 
with ro= 5.4K 10°" cm 


sary to assume r9= 5.4 10~" cm. It was then observed 
that the maxima of the experimental results at 7.0 and 
4.9 Mev agreed very well with the calculated maxima 
of the j;? function, using the same nuclear radius. These 
results are shown in Figs. 5, 6, and 7. If the radius of the 
alpha particle is determined from ro= 1.5A'X 10~"+-r,, 
r, becomes 2.2X10~™ cm, a value in good agreement 
with those used by Watters in applying the ABM 
direct interaction to inelastic alpha scattering experi- 
ments." 

Not mentioned so far are the backward parts of the 
boron angular distributions. It is evident that in a 
direct-interaction picture, several spherical Bessel func- 
tions contribute in this region. However, the strong 
change of the B"(a,p)C™ distribution in that region 
from 7.0- to 4.9-Mev bombarding energies may indicate 
the contribution of another process. 

Note added in proof.—An additional angular distribu- 
tion of the protons corresponding to the ground state 
transition in B"(a,p)C” at E,=6.0 Mev has been 
obtained using the Van de Graaff generator at the 
Department of Terrestrial Magnetism of the Carnegie 
Institution of Washington by N. P. Heydenburg and 
G. F. Pieper. Using a proton detector subtending a 
plane angle of 2°, they find the distribution in the 
forward direction (@<90°) to be very similar to that 
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for Ea=4.9 Mev in Fig. 4, except that the peak occurs 
at 55°. Equation (1) with ro=5.410~" cm predicts 
that the peak should occur at 56°. Relative to the 4.9 
Mev yield, the 6.0 Mev yield does not rise so rapidly 
as @ increases beyond 90°. 


C. P*(a,p)S* 


The angular distributions of the protons correspond- 
ing to the ground state transitions in P*'(a,p)S* are 
shown in Fig. 8 Here strong forward peaking is ob 
served, with a relatively small change in cross section 
with bombarding energy. Most striking is the fact that 
the shape of the distribution is nearly the same at 
both bombarding energies. 

On the basis of a direct-interaction hypothesis, /=0 
would be the order of the spherical Bessel function 
appropriate to this case, since the spins of P* and 
S* are }* and O*, respectively. The results of fitting 
the experimental curves with jo?({/k—k’|ro), with 
ro=(1.5(31)'+2.2)K10-" cm=6.9X10"" cm, are 
shown in Figs. 9 and 10. These fits are not unsatis 
factory.” 
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Fic. 8. Angular distributions in the center-of-mass system of 
protons from the ground state transition in P"™(a,p)S* at alpha 
particle energies (laboratory system) of 8.1 and 7.0 Mev 


” We note that the maxima in the vicinity of 15° on the calcu 
lated jo curves in Figs. 9 and 10 are the first subsidiary maxima, 
and not the central maxima of this function. An unusually small ro 
would be required in order to make the central maximum of j¢ fit 
the data at small angles 
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ic. 9, Ground state proton angular distribution from 
P* (a, p)S* at Eq =8.1 Mev (laboratory), fitted by jo(| k— k’|ro) 
with re=6.9K 10" om 


IV. DISCUSSION 


From the results presented above, it appears that 
the procedure of fitting the data with the appropriate 
spherical Bessel functions is reasonable, and that the 
boron and phosphorous reactions do indeed proceed at 
least in part by a direct a—p surface interaction 
Furthermore, F(6) in Eq. (1) seems to be roughly 
constant in the (a,p) case as it is in the (m,p) case 
treated by ABM, at least its variations are small enough 
so that the cross sections depend primarily on the 
Bessel function term. A theoretical justification of this 
constancy is far from obvious, and, in fact, in going 
through the ABM argument with its possible applica 
bility for @ particles in mind, one finds some major 
difficulties 

For a formal analogous treatment one would have to 
introduce a bound state function for the a particle 
which corresponds to the bound neutron function G;'(r,) 
in ABM. The conceptual definition of such a function 
would have to be considered carefully, especially with 
regard to the associated orbital angular momentum 

Assuming the introduction of such a function it is 
then possible to arrive at an “impact approximated” 
matrix element similar to that of ABM [their Eq. (5) | 
The estimating of this matrix element by phenomeno 
logical means would probably be the most difheult part 
in such an adaptation, Considerations to be taken into 
account would have to include the lack of sphericity of 
free a-p scattering” even though it may be possible to 
1445 


60, 42 
160, 


” Freier, Lampi, Slater, and Williams, Phys. Rev. 75 
(1945); N. P. Heydenburg and N. F. Ramsey, Phys. Rey 
(1941); C. B. O. Mohr and G. E. Pringle, Proc, Roy. So 
190 (1937). 
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Fic. 10, Ground state proton angular distribution from 
P* (a, p)S* at Eg =7.0 Mev (laboratory), fitted by ja (|k—k’| ro) 
with roe6.9K10 cm 


argue for neglect of contributions due to Coulomb 
interactions at very large a-p impact parameters. 
Further complications are due to the fact that free 
a-p sizable contributions 
p-wave scattering while n-p cross sections are primarily 
due to s-wave interactions. The effects of interference of 
Coulomb and nuclear scattering for the a-p case further 
complicate the matter. 

Thus it may be clear that careful attention would 
have to be given to these aspects before a phenomeno- 
logical treatment of the r matrix could be worked out. 
If such a treatment is feasible, it would then be possible 
to express the matrix element for the whole process as 


cross sections contain 


AND G. F. PIEPER 

a product of an a-p scattering amplitude with a nuclear 
form factor. This would be the equivalent of ABM 
Eq. (7). The desired expansion would then be possible 
with the proper Bessel functions. 

The justification of the assignment of / made earlier 
would further necessitate an investigation of the general 
case treated by ABM where no special reasons exist for 
picking out particular orbitals. This involves expansions 
of initial and final nuclear wave functions with respect 
to complete sets of one particle wave functions and with 
respect to the states of the systems composed of the 
nuclei without these “particles” (i.e., the proton and 
the a particle) (see ABM Sec. III). It is clear that such 
expansions would have to be treated with care in a 
possible adaptation. 

In summary one seems that it would be presumptuous 
to assign great significance to the fact that the experi- 
mental angular distributions can be fitted with spherical 
Bessel functions of the proper order (i.e., as obtained 
from an application of ABM). It appears, however, 
that further theoretical investigation of this matter 
would be justified, since the experimental evidence for a 
diffraction effect is strong. Qualitatively, it does not 
seem unreasonable that the investigation of (a,p) reac 
tions going to the ground state of the residual nucleus 
should show evidence for a direct-interaction process. 
The alpha particle has the smallest mean free path in 
nuclear matter of the common light projectiles, so it is 
the most likely of them to interact with outside nucleons 
of a target nucleus. In addition, competition from com- 
pound-nucleus processes tending to mask the direct 
effect will be at its least in (a,p) ground state transitions, 
since the ejection of a single proton with all the available 
energy is not likely. 

We wish to thank Professor G. Breit for his continued 
interest in our work. We are also grateful to Mr. Walter 
Huebner for several valuable discussions, and to Mr. 
Frank Hassler for his assistance in gathering the data. 
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Energy levels and wave functions arising from the configurations s*p™s, s‘p"°d, and s*p" have been calcu 
lated using a central plus single-particle spin-orbit interaction. Correlations have been made between theory 
and experiment for a dozen identified positive parity levels in N' (including the 5.31-Mev level). For the 
seven levels below 9 Mev this has been done mainly by considering N"(d,p) 1 values and reduced widths, In 
order of increasing energy, the theoretical spin assignments for these levels are 5/2, 1/2, 7/2, 3/2, 5/2, 1/2, 
3/2 (the third and fifth could be interchanged); the wave functions derived for these levels give fair agree 
ment for level positions and surprisingly good agreement for reduced widths. For the upper levels correlations 
are made by means of the experimental spin assignments. The general agreement here is poor; in particular, 
a state which has been invoked to explain thermal neutron capture and other neutron processes is not 
predicted, and the C™ 8-decay lifetime is not properly given. In general, the wave functions indicate a small 
interaction between configurations but, apart from this, are not consistent with the idea that the inequivalent 
particle is effectively coupled to only one state for A = 14 


I. INTRODUCTION 


HOUGH nuclei in the mass range 5< A <16 have 

been investigated theoretically by many authors, 
detailed shell model claculations have usually been 
restricted to the s‘p4~* configuration.' Such calculations, 
of course, apply only to states of parity (—1)4. The 
interaction used in nearly all these studies has been a 
two-body central interaction, together with a simple 
one-body spin-orbit interaction which is supposed to 
reproduce the effects due to the noncentral part of the 
true interaction. This shell model has encountered 
considerable success, 

Since many levels of parity (—1)4*' have been 
observed throughout the p-shell region, it is of interest 
to consider states of configurations higher than s*p4~‘, 
In this paper we use the usual two-body central and 
one-body spin-orbit potentials to consider the positive- 
parity levels for A=15. These levels we regard as be- 
longing to the configurations’ s*p's+s‘*p'"d+s*p”. On 
an independent-particle harmonic oscillator model, all 
three configurations are degenerate and lie one quantum 
of excitation higher than the s*p" configuration. 

One essentially new feature encountered for these 
excited configurations is the interaction of an unfilled 
shell of nucleons with an inequivalent nucleon. Lane* 
has suggested that, in a nucleus A in the p-shell region, 
states of parity (—1)4*' may be describable in terms of 
the weak coupling of a 2s,, 1d, or Idy nucleon to a 
definite s*p4~* state of the nucleus (A —1). In addition, 
Lane proposes that there may be other states of parity 
(—1)4* corresponding to the removal of a 1s nucleon 
from a definite s‘p4~* state of the nucleus (A+1). In 


t This research was supported in part by the U. S. Atomic 
Energy Commission 

* Present address: Oak Ridge National Laboratory, Oak Ridge, 
Tennessee, 

1D. Kurath, Phys. Rev 
given in this paper. 

2 Throughout we shall often not write principal quantum 
numbers. The reader will easily distinguish between 1s and 2s 

+A. M. Lane (unpublished). 


101, 216 (1956). Other references are 


both cases a (—1)4*'— parity state in nucleus A belongs - 
to a single configuration and is associated with a single 
state of one or other of the neighboring nuclei, The 
lowest few such states in nucleus A would be expected 
to be associated with the ground state (or possibly with 
a low excited state) of the neighboring nucleus, It 
should be noted that, unlike most weak-coupling as 
sumptions made in jj/-coupling shell models, the as 
sumptions of Lane’s model are not basically opposed to 
the requirements of the exclusion principle. The point 
here is that the antisymmetry requirement makes it 
scarcely meaningful to discuss the polarization of an 
unfilled shell produced by an equivalent nucleon, be 
cause the wave functions describing such an effect are 
in general not antisymmetric with respect to the polariz 
ing nucleon, But when this nucleon is inequivalent there 
is no a priori objection to the idea of weak polarization, 
(It could happen, for example, that the exchange 
integrals involving the inequivalent nucleon are small 
compared to the direct integrals.) It is therefore of 
considerable interest to determine not only the validity 
of Lane’s very simple model but also its connection 
with less restrictive shell models. 

There are good experimental and theoretical reasons 
for paying special attention to the A= 15 case. N'* in 
particular has about a dozen identified positive-parity 
levels.** For the lower levels spins are unfortunately 
unknown but reduced neutron widths have been meas- 
ured by the N'(d,p) experiment.® For the upper levels 


* For general experimental references see F 
Lauritsen, Revs, Modern Phys. 27, 77 (1955) 

*T, S. Green and R. Middleton, Proc. Phys. Soc. (London) 
A69, 28 (1956); R. D. Sharp and A, Sperduto, Massachusetts 
Institute of Technology Laboratory for Nuclear Science Progress 
Report, May, 1955 (unpublished); E. K. Warburton and J, N. 
McGruer, Phys, Rev. 105, 000 (1957). The earlier experiment of 
W. M. Gibson and E. E. Thomas [Proc. Roy. Soc. (London) 
A210, 543 (1951) ] is also useful. We are indebted to Dr. Sharp, 
Dr. Warburton, and Dr. McGruer for giving us access to oul 
lished data 

* Bartholomew, Brown, Gove, Litherland, and Paul, Can J, 
Phys. 33, 441 (1955). References to earlier work are given in this 
paper. 
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spin values and both neutron and proton widths have 
been determined by resonant reactions.* Besides this it 
is expected that before long more information will 


become available as a result of measurements of 
C'(d,p), C'(dn), and possibly even O'*(p,d) and 
O'*(n,d) cross sections. These reduced widths would be 
particularly instructive because both C' and O"* have 
zero spin and simple wave functions.’ The A = 15 polyad 
is in fact unique in that its levels may be investigated by 
reactions involving so many and such simple ground 
states of adjacent nuclei, Besides the particle widths for 
these A= 15 levels, there is available also some per- 
tinent information on # and 7 transitions,.** 

Calculations involving excited configurations are 
in general considerably more complicated than the 
analogous calculations for the s*p4~* configuration. An 
important practical reason for studying A=15 in par- 
ticular is that the A=15 case is one of the few in the 
p-shell region for which the problem is tractable without 
the use of exceedingly elaborate computing. Another 
feasible case is A=16, which has been studied by 
Elliott." 

In the next section we consider some general features 
of our wave function and energy level calculations. 
Following this we consider the evaluation of various 
numerical parameters and then give a brief discussion 
of the pertinent eigenfunctions and energy eigenvalues 
which emerge from the calculation, The experimental 
data are then considered and compared with our 
theoretical results. 


Il. FORMAL THEORETICAL SPECTROSCOPY 


We do not intend to discuss in any detail the rather 
complicated formal problems involved in the spectros- 
copy of excited configurations’; we content ourselves 
with only a brief discussion of some essential features. 

We work in a function space defined by all the 
antisymmetric states of configurations s‘p'®s, s‘p'®d, 
*p'?, If we disregard the trivial /,, 7, dependence the 
states is 120, For a given 
states varies 


3, 4). 


’The zero spin of the target reduces the ambiguity in the J 
determination for A «15, Furthermore, for reactions to a definite 
4 «15 state, the / and j values of the transferred nucleon are each 
fixed, Thus the interpretation of results with C and O** targets is 
much more clear-cut than for the N" target, especially if we use 
for the wave functions a representation in which / and j are 
specified for the inequivalent nucleon. Moreover the unique 
closed-shell wave function for O" allows a particularly simple 
interpretation of OM(p,d) and ©'*(n,d) reduced widths. For a 
C™ target the situation is almost as simple. The C wave function 
has a single degree of freedom (only two contributing multiplets) ; 
the wave function is rather well known [R. Sherr et al., Phys. Rev 
100, 945 (1955) ], and can in fact be more accurately determined 
by the C™(d.m) experiment itself [J. B. French, Phys. Rev. 103, 
1391 (1956) ] 

* J. P. Eliott (unpublished). Elliott has also made calculations 
for A15 similar to those reported here 

* The complete discussion is given by E. C. Halbert, thesis, 
University of Rochester, 1956 (unpublished). For some of these 
matters we owe a considerable debt to J. Hope, Ph.D. thesis, 
University of London, 1952 (unpublished). 


total number of these “basic” 
J. T combination the number of basic 


from 1 (for J, T= 4, 4) up to 25 (for J, T 
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We introduce these basic states by first constructing 
a set whose functions are not completely antisym- 
metrized. Consider the function 


l(s*)\(p)ad; TSLJIJ,T,). (1) 
For this state, particles 1---4 form a closed 1s shell; 
particles 5---14 form an antisymmetric p" function 
with resultants T,, S,., L.; particle 15 is in a 1d state; 
and the three groups are coupled together to form 
resultants TSLJJ,T,. For the radial dependence of the 
single-particle functions we use the customary harmonic 
oscillator forms. 

From (1) we construct an antisymmetric state by 
operating with an antisymmetrizer and then renormaliz- 
ing. In the same way we construct antisymmetric 
functions belonging to the other configurations. For the 
s*p configuration, there is of course only one basic 
state, 

These basic antisymmetric states supply a representa- 
tion in which we evaluate matrices of the interaction 
Hamiltonian. Before diagonalizing these to produce the 
theoretical wave functions and relative energy values, 
we perform a transformation to eliminate certain 
spurious center-of-mass effects. The point here is that 
our basic wave functions, like all independent-particle 
wave functions, are functions of the center-of-mass 
coordinate R as well as the internal coordinates. When 
considered as functions of the internal coordinates only 
(R held constant) the members of a complete set of 
independent-particle wave functions are not all linearly 
independent. Elliott and Skyrme” have pointed out 
that this may lead to important errors. They have 
shown too that, when harmonic oscillator functions are 
used, such errors arise only in calculations for excited 
configurations; here the errors may be avoided by 
transforming to a new representation in which each 
function has an R dependence corresponding to a 
definite harmonic oscillator state for the mass center. 
Then those transformed functions with the mass center 
in a Is state are linearly independent. The remaining 
ones are “spurious” and are to be discarded. The non- 
spurious functions may be converted into a set of 
internal functions simply by dividing them by the 
normalized 1s function for the mass center. In practice 
this last step is seldom necessary, since it will usually 
happen that matrix elements are invariant under this 
operation. When this occurs (and it does for all the 
operators which we shall encounter), we may calculate 
the matrix of the operator in question and then trans- 
form it by a rectangular matrix to the representation 
supplied by the nonspurious states. This is the technique 
which we have used. 


J, P. Elliott and T. H. R. Skyrme, Proc. Roy. Soc. (London) 
A232, 561 (1955). 
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III. NUMERICAL PARAMETERS 


For the nucleon-nucleon interaction we use the 
Rosenfeld" two-body central interaction with a Yukawa 
radial dependence. This is supplemented by the usual 
single-particle spin-orbit interaction, and also by a 
configuration potential Veone which we discuss below. 


Hint - Vo > (0.1 t 0,.23@;:0;)%;° 2;(To ‘ri;) 


i<j 


Xexp(—rij/ro) +> a(r8i-li+Veont. (2) 


We take ro= 1.385 10~" cm (which corresponds to a 
meson mass 273 m,) and Vo= 37 Mev. (It was found by 
Elliott and Flowers" that for A=18 and 19, depths 
between 35 and 40 Mev were most satisfactory.) 

For the radial wave functions we use harmonic 
oscillator forms, whose exponential factor exp(— vr’) 
defines the parameter v. To fix the value of » we use 
Swiatecki’s criterion and, taking the nuclear radius to 
be R=1.4X10-" cm, find v=0.45 10" cm. (The 
single-particle harmonic oscillator corresponding to 
this would have fw=18.7 Mev.) These values for Vo 
and v give, for the well-known p-shell integrals, 
L/K=5.9, K 1.01 Mev. 

The spin-orbit parameters a», aq are taken as — 4.22 
and —2,03 Mev, respectively, being derived‘ from the 
p-hole splitting in N° and the d particle splitting in O'. 

Finally we consider Veons; this operator introduces 
a priori energy differences among the three different 
configurations which on a harmonic oscillator model are 
degenerate. To explain why we include this operator, 
the numerical 


involved, we consider the single-particle states of O'” 


and to evaluate one of parameters 


Figure 1 shows the level spacing for the s, dy, and dy 
states* and shows also that our central and spin-orbit 
potentials do not adequately account for the observed 
separations. We can remove the discrepancy by adding 
in a diagonal operator Voon¢ such that , 


V cont (S* pd) — Vion (tps) = 2 Mev. (3) 


We assume now that the same parameter introduced 
into the A=15 matrices would similarly improve the 
model ; i.e., we include in Hj. a diagonal operator 


Veont(S*p' d)— Veont(s*ps) = 2 Mev, (4) 


There is unfortunately no such plausible simple 


method for fixing the relative position of the s*p' 


configuration (which of course affects only the J, 7= 4, 


"LL. Rosenfeld, Nuclear (North-Holland 
Company, Amsterdam, 1948 

"™]. P. Elliott and B. H. Flowers, Proc 
A229, 536 (1955) 

4W, J. Swiatecki, Proc. Roy. Soc. (London) A205, 238 (1951) 
Swiatecki suggests that the nuclear radius R be taken as the dis 
tance at which the probability density defined by the single 
particle wave-function falls to } its maximum value 

4 See, for example, reference 1. 
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levels when corrected for the spin-orljt effect, and (c) the levels 
as calculated by considering the interaction of the outside particle 
with the closed s and p shells. To compensate for the difference 
between (b) and (c), we add in Veonp@ 2 Mev. If we consider the 
interaction with the s shell alone, we need V...¢@ —2.5 Mev 
and for the p shell alone Veony@ +5.5 Mev 


Shown are (a) the single-particle levels in O', (b) the 


4 states). We therefore quite arbitrarily adopt 


V cont (S*p''d) — Vcont(s*p") =O (5) 


A less arbitrary procedure would have been to keep this 
as a free parameter and then fix its value by requiring an 
optimum fit to the A=15 data, This would involve 
more labor than appears to be justified in view of the 


large experimental and theoretical uncertainties,'® 


IV. EIGENVECTORS AND EIGENVALUES 


With the basic states and interaction described above, 
the energy matrices were calculated, transformed to 
eliminate the spurious states, and then diagonalized to 
produce the eigenvalues and eigenvectors. The last two 
steps were carried out with the Univac at New York 
University. 

The theoretical level scheme for the lowest 25 states 
is shown in Fig. 2, (Comparison with experiment will 
be discussed in Sec. V.) The eigenvectors emerging from 
the Univac were not in a representation best suited to a 
discussion of their general features; in particular, be 
cause of the “spurious-state” transformation and be 
cause the J value of the A = 14 core (s*p") is unspecified, 
major transformations are required before a detailed 
comparison with Lane’s weak coupling model’ can be 
made. We hope to make this comparison at a later date; 
in the meantime we make some comments about the 
first four 7=4 and the first two 7 
fractional composition is shown in Fig. 3. 


4 states, whose 


Tt should be noted that the values of the | 
depend on the total number of particles whose interactions we take 


ont Parameters 


into account and also on the constants of the central interaction 
rhe technique of adding in Veo is identical with that, familiar 
in jj-coupling theories, of assigning single-particle level differ 
ences. In any case it is a very crude way of compensating for some 
of the inadequacies of the model 
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Kic, 2. The theoretical spectrum for the first 25 positive parity 
levels is shown and the correlations which are made with the 
experimental levels. As discussed in the text, there are levels of 
unknown parity in the 10-Mev region which we do not show. An 
asterisk denotes a 7 =} level 


(a) In Lane’s model each state belongs predomi- 
nantly to a single configuration. The results of Fig. 3 
agree well with this hypothesis (though at present we 
do not distinguish between the s*p'*dy and s*p'®d, 
configurations). 

(b) Contrary to a demand of Lane’s model, we do 
not find that the s*p" core is strongly associated with 
only one low-lying state of N'*, This we see from the 
spin decomposition; our four lowest T=} 
(Ta=0)/(Ta=1) ratios: 


isolopl« 
states have the following 
26/74, 75/25, 35/65, 76/24. 

(c) Lane has suggested that the 5,31-Mev level in 
N'* is the s*p"* state expected on his model, For our 
model the s*p"* configuration is of little importance for 
low-lying states, and indeed we find less than a 2% 
contribution to each of the four lowest J, T=4, 4 
states.'* [This percentage could of course be increased 
by taking a positive value for the parameter of Eq. (5). ] 


V. COMPARISON WITH EXPERIMENT: ENERGY 
LEVELS AND REDUCED WIDTHS 


There are eleven levels in N'* for which there is direct 
evidence of positive parity and two more for which there 
is indirect evidence: we list all thirteen in Table I. 


two theoretical states have an s*p” contribution larger 
a state at 25 Mev (25%) and one at 32 Mev (40%) 


1 Onl 
than 5°, 
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Consider first the seven levels below 9 Mev. Six of 
these lower levels have been definitely identified as 
positive parity; their spins are unknown though spin 
restrictions are supplied by the /, values, The spin and 
parity of the 5,31-Mev state are undetermined by the 
N'(d,p) data since this state shows no stripping, but 
our analysis will favor positive parity (a second argu- 
ment for this will be given in Sec. VI). In making a 
correlation between experimental and theoretical levels, 
we shall use the information on spins and reduced 
widths. Reduced neutron widths are available for these 
levels from N’'4(d,p) investigations by Green and 
Middleton, Sharp and Sperduto, and Warburton and 
McGruer,® at deuteron energies 8, 7 and 15 Mev, 


TABLE I, Listed are the energies of the experimentally identified 
positive parity levels with their spins and reduced widths as 
determined by stripping or resonant reactions and the theoretical 
predictions for the same quantities. 


(2J +1)On%(1n) 
Expt Th. 


(2J +1 )Op*(hp) 
Expt. Th. 


Energy J 
Expt Th. Expt. Th Notes 
5.28 5/2 0.03(2) 0.044(2) 

65 0.01610 
0,006 (2) 
0482 
0.62(0 
0,005 (2 
04102 
0,49(0 
0.001 (2 
0.016(0 
OAL 


5.28 
5.31 


6A 0.3312) 
7.7 0.48(0) 


84 040(2) 
0.41(0) 


0,018(0) 
0,031 (2) 
10,467 


11.43 O0.011(0) 0.02110) 


0,003 (2 


0.016(0) 0,025(0) 


1,3(0) 
0.010(2) 


1.4/0) 
0,06(2) 


161 12 2 »* 0.007 (0 
1.77 7 2 0,025 (0) 


0,005 (0 
0.60(2 
0,06(0 
0.04(2 
O0O1G 


1 
1 


12,14 0,023(0) 0.15(2) 0,005 (2 


12.32 0,12(2) 0,003 (2 O01(2 


3.8(2) 


* The asterisk denotes T —3/2 states 

» We fix the zero of energy by placing this level at 5.28 Mev, We do not 
calculate either the absolute binding energy or the energy separation 
between + and levels 

* This level shows no stripping. The small calculated reduced widths are 
consistent with this. There is no independent parity determination. If, 
however, the C'*® ground state spin is 1/2, then the 8 decay demands that 
this level have positive parity, if the §.28-Mev level has J «5/2 

4 The assignments for the 7.16 and 7.58-Mev levels could be inter 
changed 

© Only la =O is observed 
consistent with this. 

' Experimentally there is a distinct possibility of an i, «0 component 
here and this would invalidate the spin assignment, An experimental 
difficulty is that the proton group is energetically almost identical with that 
produced in the very strong /» «0 first excited state reaction of O'*(d,p 
The oxygen contamination was least disturbing in the Warburton and 
MeGruer experiment® and this group reports the i, «0 component as 
uncertain 

«Green and Middleton® label this as 1, «1 but the 042 mixture seems 
much more likely 

b As discussed in the text, a level of spin 1/2 or 3/2 with a large i, =O 
reduced width is invoked in this region to explain the thermal neutron 
capture in N“ and other neutron data, A theoretical counterpart is not 
found 

' An experimental counterpart to this level has not been identified. There 
are however several unidentified levels in this region 

i The calculated reduced widths for this and higher levels make use of 
the resonant reaction single particle widths, The predicted stripping widths 
are smaller by a factor 2.2. Note also that our definition!’ of @ differs by a 
factor from that of reference 6, 

tor this level and the 11.61-Mev level we use revised experimental 
widths as given by A. J. Ferguson and H. FE. Gove, Bull. Am, Phys. Soc 
Ser, Il, 1, 180 (1956 

‘It is not certain that T 3/2 but it does seem quite probable. The 
experimental neutron width is given for this case in units of 3A*/2pa* without 
The neutron transition is of course isotopic-spin 


The small calculated reduced width for 1, =2 is 


the isotopic spin factor 
forbidden 

” The 5/2* level which, on even the simplest arguments, is expected in 
this region has not been experimentally identified 
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respectively. These widths are displayed in Table I.’ 
We do not list separate values as determined by the 
various authors; for in cases where different investiga- 
tions yield widths for the same level, these widths 
generally lie within 15% of the values listed. (SS have 
measured only relative cross sections but a single scale 
factor makes their widths fall within the same margin.) 
Various other comments about the experimental results 
are given also in Table I. 

The isotopic spin may be taken as 4 for all seven 
levels. In six cases the size of the observed neutron with 
(which would be zero for a T=4 level) justifies this 
assignment. For the 5.31-Mev level the low excitation 
itself justifies a 7=4 assignment. 

In an attempt to correlate our theoretical states with 
the observed one, we have calculated reduced neutron 
widths 6,°(/,) for a dozen of the lowest theoretical 
levels.'* The quantity which we calculate from the 
theoretical wave-functions is the reduced width in units 
of the corresponding single-particle reduced width 
(which would refer to the escape of a particle from a 
potential] well). To evaluate the single-particle (d,p) 
widths, we use the measured /,=0, 2 widths for the 
O'*(d,p) reaction to the 0.88 Mev and ground states of 
O'', which are single-particle states. For Eg=7.7 Mev 
the experiment of Burge e/ al.,'* gives 0,?=0.32, 0.11 
for 1,=0, 2, respectively; for Lg=19 Mev the experi- 
ment of Freemantle ef al.” gives 6,?=0,17, 0.08, It 
seems improbable that the difference between these 
sets of values represents a real effect for there is con- 
siderable evidence” that (d,p) widths in this energy 
range do not show an energy variation of this mag- 
nitude. The value 0.17 for /,=0 is suspiciously low, for 
in a C(d,p) experiment Green and Middleton® have 
measured an /,=0 width of 0.27 for the reaction to the 
first excited state of C” and this width should supply a 


17 We quote all reduced widths in units of (C74-7)*3h*/2ya", 
where (C)* is the appropriate isotopic spin factor, « the reduced 
nucleon mass, and a the interaction radius. The (d,p) widths are 
deduced from the experimental curves by using the Butler 
formula [S. T. Butler, Proc. Roy. Soc. (London) A208, 559 
(1951) }. 

48 JIn calculating the neutron widths, one also needs of course 
the wave function for the N“ ground state. We use here the wave 
function deduced by Sherr, Gerhart, Horie, and Hornyak [Phys 
Rev. 100, 945 (1955) ] from an examination of various experi 
mental data. A recent determination by E. K. Warburton and 
J. N. McGruer (private communication) of the relative reduced 
widths for N"(d,p) reactions to the two p-hole states of N" is also 
consistent with this wave function. For calculating proton widths 
we use the C™ ground state function, also given by Sherr e al. 
(This of course is determined uniquely by the N“ function and the 


C™ B decay.) These A = 14 functions, however, are not identical ° 


with those which would be deduced by using the interaction given 
by Eq. (2) 

% Burge, Burrows, Gibson, and Rotblat, Proc. Roy. Soc 
(London) A210, 534 (1951). 

* Freemantle, Gibson, Prowse, and Rotblat, Phys. Rev. 92, 
1268 (1953). For comments on these data and those of Burge 
et al.,® see W. M. Fairbairn, Proc. Phys. Soc. (London) A6/7, 
564 (1954) 

21 From an examination of the few p-shell cases where absolute 
reduced widths have been measured at different energies and from 
the many cases in the p shell and heavier nuclei where relative 
widths have been measured. 
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Fic. 3. The composition of six eigenvectors. am 74, Sa, Le 
refers to the s‘p” multiplet and the key for the Tg, Sq, La composi 
tion is given at the left. The stp'd contributions are enclosed by 
a heavy line, the s*ps by a light line (the s*p™ contribution to the 
J,T=4, 4 state is 1%); enlarged diagrams are shown for some 
small contributions, The topmost diagram shows the 74 composi 
tion. The energy values are the calculated ones 


0 single-particle width. We there 
0.32, O11 for the 


lower limit to the /, 
fore adopt the larger values 0,7 
single-particle (d,p) widths. 

Using the (d,p) data, we have made the correlation 
shown in Table [ for the levels below 9 Mev. The 
agreement in level positions is tolerable; in the worst 
case there is a 1.4-Mev discrepancy. The agreement 
could probably be improved by changing some of the 
parameters, but because of the experimental and 
theoretical uncertainties the effort involved does not 
seem justifiable, With respect to the (d,p) widths, we 
feel that only qualitative agreement can be expected. 
First, there are uncertainties in extracting (d,p) widths 
from measured when the reduced 
widths are small (as with 5.28-Mev level) or when more 
than one /, value is important (as with the 8.58-Mev 
level). Second, for the theoretical widths there is little 
justification for the assumption that single-particle 
widths do not vary with excitation. In view of these 
uncertainties the agreement between theory and experi 
ment is entirely satisfactory for these lower seven levels 
with the possible exception of the /,=2 width for the 
8.57-Mev level. 

In making the assignments of ‘Table I we have ignored 
the possibility that the 7.58-Mev level shows an 1, =0 


cross sections 


component, An /,=0 component would require a spin of 
} or 4; it is clear from Fig. 2 and Table I that such an as- 
signment, coupled with the relative paucity of theoretical 
low-spin levels, would give a far less consistent relation 
ship between observation and theory. For the 7.16- and 
7.58-Mev levels, our assignments could be interchanged 
without seriously disturbing the fit which is obtained. 
Of particular interest is the nature of the 5.31-Mev 
level, which shows no stripping. Butler'? has suggested 





1568 HALBERT 
that this state has a high spin value; Lane’ has suggested 
that it is the 4* s*p'* state expected on his model. (An 
s*p'® state would have zero reduced width for nucleon 
emission to the s*p’® ground state of N'*.) Our calcula- 
tions do favor a 4* assignment for this level, but as 
discussed in Sec. IV the theoretical state belongs almost 
entirely to the s‘p®s configuration and the small theo- 
retical /,,= 0 width is due to a partial cancellation among 
contributing terms. 

We turn now to the higher levels. There are several 
levels of unknown parity between 9 and 11 Mev; two of 
these could correspond to the predicted 7/2* and 9/2* 
levels shown in Table I. There is indirect evidence that 
a 4* or $* state with large reduced neutron width for 
emission to the N'* ground state should exist in this 
region below the neutron threshold at 10.8 Mev. 
This evidence which comes largely from the N'*+-n 
thermal neutron reaction is discussed in detail by 
Bartholomew et al? who suggest that the 10.46-Mev 
level may be 4* and be the desired state. In Table 
I we follow this suggestion. Among our theoretical 
below 13 Mev, there are, however, only 
two which have /,=0 widths comparable with the 
single-particle width and these two states have already 


7.31 


states 


been correlated with observed levels at and 
8.32 Mev 

Though there is here a strong possibility of a serious 
discrepancy, we have nonetheless thought it worthwhile 
to compare our results with the experimental data for 
the states above 11 Mev. Bartholomew et al.* have used 
their own C'*+p data as well as the results of other 
authors to give J, 7 assignments to five positive-parity 
levels between 11.43 and 12.32 Mev and to determine 
ground-state neutron and proton widths for these levels. 
The results are shown in Table I. We show also the level 
positions and reduced widths which are predicted when 
we ignore the absence of a theoretical partner for the + 
state which may be at 10.46 Mev. 

In calculating the widths we have not used the same 
single-particle values as for the lower levels since much 
experimental evidence indicates that stripping and 
resonant widths are not identical.” Instead we take for 
both * 
given’ by the 1.00-Mev resonance in O'*+-n, involving 
the dy state of O'’); while for /,=0 and 1,=0 we take 
the value 0.7 based on the arbitrary assumption that the 


2 and /,=2 the single-particle width 0.26 (as 


large observed proton width of the 11.61-Mev level in 


See reference 6. Also E 76, 1750 
(1949) 

*® A good example is supplied by the O" d-state widths given in 
the text. Two recent measurements by E. K. Warburton and J. N 
McGruer (private communication) of the single-particle (d,p) 
i=1 widths in He® and N* give values an order of magnitude 
smaller than the resonant widtht as measured by a+mn. Other 
cases in the p shell are considered by J. B. French and A. Fujii, 
105, 652 (1957). How much of the difference is caused by a real 
failure of the Butler theory is not clear. There seems to be no com 
pelling reason why, even if the Butler theory does not fail, stripping 
and resonant widths should be identical 


Melkonian, Phys. Rev 


AND J. B. 


FRENCH 


N'* is near the theoretical maximum.” The errors in- 
troduced by this high-handed procedure should be 
unimportant compared with the intrinsic errors of the 
entire calculation. 

The agreement between theoretical and observed 
reduced widths is excellent for the 11.61-Mev level, 
tolerable for the 11.43-Mev level and poor for the other 
high levels. One feature is shared by theoretical and 
observed T= } states: the ground state reduced neutron 
widths are much smaller for higher levels than for lower 
ones. An exception to this trend occurs for the theo- 
retical state which we have correlated with the observed 
11.77-Mev level. This exception supplies the worst 
discrepancy in Table I between theory and experiment. 


VI. COMPARISON WITH EXPERIMENT: 
vy AND (§ TRANSITIONS 


Kinsey ef al.’ have examined the 7 rays of energy 
greater than 3-4 Mev which follow capture of thermal 
neutrons in N'*; Bent ef al.2* have examined those of 
energy greater than 5 Mev resulting from N'*(d,p) 
reactions with 4-Mev deuterons. The yield of a given 
ray depends in part on the cross section for formation 
of the radiating state, either directly or by cascade, and 
in part on the particular radiation width involved. A 
detailed discussion of the entire process is not feasible 
because of the many uncertainties. Instead we refer 
only to a few pertinent features. We have already 
commented on the difficulty connected with the state 
responsible for the thermal neutron capture. 

Bent ef al.° do not observe the 7.16-, 7.58-, or 8.57- 
Mev ground state rays; Kinsey ef al.”* observe rather 
weak 7.16-Mev radiation but do not observe the other 
two.’ The absence or weakness of the first two would 
be easy to understand with the spin assignments given 
in Table I, for then these transitions to the 4~ ground 
state would be a priori unfavored compared with the 
competing (M1, £2) transitions to the 5/2* level at 
5.28 Mev. For the 8.57-Mev level we have used our 
theoretical wave functions to calculate the £1 width 
for the ground state transition. We find the very small** 
value 0,28 ev; and this, coupled with the rather small 
(d,p) cross section for direct formation of this level, 
would satisfactorily explain the absence of this y ray. 

Thompson” has observed low-energy radiation fol- 
lowing the N'*(d,p) reaction. The most prominent peak 
observed was at 1.88 Mev, and this could be associated 
with the 7,.16-+5.28 Mev transition, expected to be 
strong according to the spin assignments of Table I. 

* If, however, the 11.61-Mev level has 7 = 4 instead of T= }, its 
“observed” reduced width would be halved. An independent 
lower limit for the /=0 single-particle width is supplied by the 
0,46-Mev resonance in C+ p for which a width 0.5 is found.‘ 

* Kinsey, Bartholomew, and Walker, Can. J. Phys. 29, 1 (1951). 

* Bent, Bonner, McCrary, Ranken, and Sipple, Phys. Rev. 99, 
710 (1955). 

*7 A 7.58-Mev ¥ ray could have been obscured by the 7.72-Mev 
y ray from Al* in the survey measurement made by Kinsey ef al 


* See D. H. Wilkinson, Phil. Mag. 1, 127 (1956). 
*L. C. Thompson, Phys. Rev. 96, 369 (1954). 
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Among the higher N'® states, the ground state radi- 
ation widths for the two }* states at 11.43 and 11.61 
Mev have been measured® to be 2.4 and 26.3 ev, 
respectively. The theoretical £1 widths are found to be 
30 and 33 ev. For the 11.43-Mev level the agreement is 
quite unsatisfactory and remains so if we instead corre- 
late this level with our state J, T= 4, 4 state, which is 
computed to lie at 14.4 Mev and have an F1 ground 
state width of 0.005 ev. On the other hand the agree- 
ment is quite satisfactory for the 11.61-Mev level 
identified as the lowest J, T= 4, 4 level. These results 
are, at least, consistent with our expectation that the 
higher theoretical states with given J, T are less trust 
worthy than the lower ones. 

C' undergoes 8 decay mainly to one or both members 
of the 5.3-Mev doublet,” with logft~3.8. The C'® 
ground state spin is unknown but has usually been 
considered as 4* or 5/2* on the supposition that it 
belongs principally to the configuration (p,*)osy or 
(p4?)ody. In our model the lowest two T= $ states are 
J=4 and 5/2 and are almost degenerate near 12.2 Mev. 
Then no matter which is lower, one would expect 8 
decay mainly to the 5.3-Mev doublet. Quantitatively 
however the agreement is poor. The calculated log ft 
values [ using" Gor? = (1.37/6550) sec | are about 4.8 in 
each case, which compares badly with the experimental! 
value 3.8. 

Bartholomew et al.” have calculated that a level 
mirroring the C'® ground state should occur in N'® at 
about 11.8 Mev and they therefore suggest that the 
level at 11.61 Mev (J, T=}, 4) plays this role. In this 
case 8 decay would, according to Table I, occur to the 
}+ member of the 5.3-Mev doublet; this would supply 
another argument against the idea that this state is 
essentially pure s*p'? since 8 decay would then be 
forbidden. 

VII. CONCLUSIONS 


The single spin-orbit model which we have used 
makes predictions which, at least for the levels below 
9 Mev, appear to be in rather good agreement with the 
actual facts. We find approximate agreement in certain 


” Douglas, Gasten, Downey, and Mukerji, Bull. Am. Phys. 
Soc. Ser. II, 1, 21 (1956). 

4 J. B. Gerhart, Phys. Rev, 95, 288 (1954). 

*® Bartholomew, Litherland, Paul, and Gove, Can. J. Phys. 34, 


147 (1956) 
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gross features, in particular the level spacing. But be 
yond this there are several cases where the agreement 
suggests that, even in some of their more subtle features, 
the theoretical wave functions appear to describe the 
actual physical situation. This agreement in detail is 
somewhat surprising, for the single-particle spin-orbit 
model has little a priori justification when there are 
several particles outside a closed shell.™ On the other 
hand, the spins of the various levels have not been 
independently determined; when they are, the entire 
agreement could turn out to be illusory, 

For the higher states, the quantitative agreement is 
poor for the reduced widths and there is quite possibly 
a gross disagreement with regard to the density of low 
spin levels, The quantitative failure of the C'® 8-decay 
calculation is disappointing ; for this involves the lowest 
states for given J, T and these we might expect to be 
treated more accurately than the higher ones. 

The effort involved in calculations of this type is 
such that it seems at present not worthwhile to consider 
in such the (—1)4*! parity states for the more compli 
cated lighter p-shell nuclei. However, 
briefly in the introduction, further A= 15 calculations 
would be in order when more experimental data are 
available for N'® and C'*, and also for O'° (which we 
have ignored in the present work). Certain “academic” 
features of the calculation may also deserve further 
study; as discussed above, these include some further 


as discussed 


aspects of the angular momentum coupling scheme. 
The available wave functions are also well suited for a 
study of the N' photodisintegration 
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Alpha-Particle Bombardment of Magnesium Isotopes* 
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Energy levels in three aluminum isotopes have been observed with alpha-particle bombardment of 
magnesium isotope targets. Protons from the reaction were observed with a proportional counter. By using 
an aluminum foil changer before the counter and recording only those protons near the end of their range, 
an energy resolution from 4 to 8%, was obtained in the various runs. The ground-state Q values were calcu- 
lated by comparison to the Mg*(a,p)Al?’ ground-state group using the known Q value for the inverse 
reaction. The ground-state Q values were found to be —1.29+0.04 Mev for Mg**(a,p)Al™, and —2.90+0.04 
Mev for Mg” (a,p)Al®. Proton groups were found corresponding to excited states in Al*’ at 0.85, 1.06, 2.17, 
and 2.64 Mev; in Al™ at 1.00, 1.57, 2.18, 2.54, and 2.96 Mev; in Al™ at 1.69 Mev. The mass value of Al®™ was 


calculated to be 28.98972 +-0.00006 amu 


INTRODUCTION 


Y the (a,p) reactions on magnesium isotopes, it is 

possible to study the energy level structures in 
three aluminum nuclei, Al*’, Al**, and Al. Earlier 
work on Mg(a,p)Al was done by Duncanson' and by 
Haxel,’? however only with natural alpha sources and 
natural magnesium targets. They obtained three Q 
values, but the assignment of levels there was uncertain 
because of the mixture of isotopes in their targets. 
Energy levels in Al*’ and Al** have been studied by 
alternative reactions. Browne et al.’ observed inelastic 
proton scattering, with magnetic analysis, from an 
aluminum target, to obtain Al®’ levels. A very precise 
measurement of the first excited state in Al*’ has been 
made with the same reaction, using an electrostatic 
analyzer for the protons.‘ The reaction Si**(d,a)Al*’ also 
leads to Al*’ levels, and two excited states obtained by 
this experiment® are in agreement with the later work 
of Browne. Energy levels in Al* have been obtained 
from the Al?’(d,p)Al** reaction done with magnetic 
analysis.° No previous data are available on the spec- 
trum of Al**. Although two of the reactions reported 
below lead to final nuclei with considerable previous 
data available, the third reaction gives new information 
about the otherwise unexplored energy levels of Al’*. 


* Supported by the joint program of the Office of Naval Re 
search and the U.S, Atomic Energy Commission. Submitted by 
one of the authors (H.G.G.) in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy in Yale University. 

t Now at South Dakota State College, Brookings, South 
Dakota 

t General Electric Predoctoral Fellow 
versity, New Brunswick, New Jersey 

'W. E. Duncanson and H. Miller, Proc 
A146, 396 (1934), 

7(, Haxel, Z. tech. Phys. 16, 410 (1935). 
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TARGETS AND DETECTION 


For the present work, the three magnesium isotopes 
were obtained from the Oak Ridge National Labora- 
tory, each with an enrichment of better than 90% (see 
Table I), The designation of samples and the analyses 
in Table I are those given by the Oak Ridge National 
Laboratory. Targets of magnesium were prepared by 
evaporation onto gold foil from 5-mil tantalum boats. 
The isotopes were supplied in the chemical form of 
MgO powder, which has a high melting point, but MgO 
decomposes on heating in vacuum and actually deposits 
as the pure metal. The evaporation time for each target 
was about 5 minutes, near 3000°C. The tantalum boats 
were 1 in.X2 in, strips cut down to } in. wide at the 
center, and with the sides turned up to localize the 
hot spot. The shaped boats gave dependable results, 
whereas flat tantalum strips used previously would 
often burn through before sufficient magnesium had 
been evaporated. 

Since the Q values for all three reactions are negative, 
the protons produced in the reactions had relatively 
short range. At 0° observation angle, very little of the 
spectra can be seen beyond the elastically scattered 
protons coming from hydrogen contamination in the 
targets. At 90° there are no elastic protons, but the 
first few centimeters of range here are masked by alpha 
particles scattered from the gold backing. The reaction 
protons have a slightly longer range at 0°, but con- 
siderably more of the spectra can be seen at 90° and 
therefore all the data was taken at that angle. The 
proton detector was a single proportional counter, with 
a mylar window to minimize the basic absorber. An 
aluminum foil changer was placed in front of the counter 
and the protons passed through the weighed foils of 


TABLE I. Composition of magnesium targets. 


Impurity (%) 


Mg™ (%) Mg*(%) Mg (%) 


Natural Mg 77. 
Sample 47 (a) 99.5 
Sample 520 (a) 5. 
Sample 290 (a) 2. 
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TABLE ITI. Ground-state Q values, and energy levels in aluminum isotopes. The two measured ground-state Q values are listed, and 
ten excited states are shown compared to previous data from other reactions. The ground state of Al™ is a doublet with 31-kev separa 


tion, according to reference 6. This was not resolved in the (a,p) reaction, and therefore the 


of the two states. 


Previous data 
Mg" (a, p)Al® Al? (p.p)Alt 
Me (Mev) 


Ground-state Q-values Standard 


Levels 0.85+4-0.04 


1.064-0.04 
2.17+0.04 


2.64+0.10 


aluminum absorber. Proton pulses were amplified by a 
4-tube preamplifier (+27 db) and a video amplifier 
(+80 db). A pulse-height discriminator was used to 
select only the largest pulses, coming from protons near 
the end of their range. The peaked discriminator in 
combination with the foil changer gave a differential 
yield curve with an over-all energy resolution of 4 to 
8% in the several runs. 


BEAM ENERGY 


The energy of the alpha-particle beam from the 
cyclotron was measured by three methods: range of 
alpha particles in air, range in aluminum of elastically 
scattered alpha particles at 90°, and range in alu- 
minum of protons from the ground-state group of the 
Mg**(a,p)Al”’ reaction. The greatest accuracy was ob- 
tained with the third method, taking the ground-state 
Q value to be —1.594+0.002 Mev. This figure is 
available from a precision measurement‘ of the inverse 
reaction Al*’(p,a)Mg”*. The proton energy was deter- 
mined to an accuracy of +30 kev by finding the range 
of the protons in aluminum. The beam energy was 
calculated then from the Q-value equation, to an accu- 
racy of +30 kev. In a typical calibration run, the alpha- 
particle beam energy corresponding to extrapolated 
range was found to be 8.37+-0.03 Mev. However, due to 
slight shifts in the beam energy from day to day, runs 
with Mg” and Mg” were always followed immediately 
by runs with a Mg™ target for direct comparison. 


DATA AND CALCULATIONS 


The proton groups from the reaction Mg™(a,p)Al*” 
are shown in Fig. 1. The data points were taken in steps 
of one centimeter air-equivalent. The ranges have been 
converted to an energy scale in the usual way, first 


0.842 +-0.006 
1.013 +0.006 
2.2134-0.006 


2.7324-0,006 


1.29 Mev Q value is probably a mixture 


lous 
Mg a,p)Al™ Iridp 
Me Mey 


Mg (a,p)Al™ 
Mev 


\)™ 


1.29+-0.04 (See caption) 2.90-+0.04 


0.97 1.69+0.10 


1.01 


+-0.007 
t-0.007 


1.00+0.04 


1.37+0.01 
1.62+0.01 


1.57+0.04 


4+-0.01 
0+0.01 
7+0.01 


2.18+-0.04 2 
)? 
2 


2.544-0.06 2.48+4-0.01 
2.58+0.01 
2.65+0.01 


298+40.01 
4.01+0.01 


2.96+0.06 


making the aluminum correction’ and then using the 
1949 range-energy curve for air.* On a linear energy 
scale, the shape of proton groups will be nearly the 
same except for an amplitude factor, Therefore the 
technique of curve fitting can be used to separate the 
first excited state doublet in Fig. 1, normalizing each 


o— 6s 10” 
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Fic. 1. Mg™(a,p)Al’, at 90°. Proton groups corresponding to 
the ground state and four excited states in Al’ are shown. The 
data points were taken in steps of one centimeter air-equivalent 
of range, which have been converted to a linear energy scale 
The alpha particles scattered from the gold target backing are 
also shown, having an extrapolated range corresponding to a 
proton energy of about 2.1 Mev, The broken lines are used to 
derive an excitation energy value for those levels which are only 
partially resolved, and the arrows indicate the energies corre- 
sponding to extrapolated range used in the calculations. This 
curve is one of nine runs over the spectrum and shows the best 
resolution obtained, 


7H. A. Bethe and M. S. Livingston, Revs. Modern Phys. 9, 
246 (1937) 

*H. A. Bethe, Atomic Energy Commission Report AECU No. 
347, 1949 (unpublished). 
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Fic, 2, Mg (a,p)Al™, at 90°. Six proton groups are shown from 
this reaction, as well as the catibration proton group from 
Mg (a,p) Al’ and the elastically scattered alpha particles. See the 
caption of Fig. 1 for further explanation. A small background due 
to 6% of Mg™ in the target has been subtracted out. Six runs 
were taken with the Mg* target to confirm this spectrum, and 
the calibration group in addition was repeated five times in order 
to obtain the ground-state 0 value 


peak to the shape of the well-resolved ground-state 
group. Similarly the fourth excited state was obtained 
by subtracting the normalized yield from the third. 

The excitation energies were calculated relative to 
the ground-state group making use of the differentiated 
()-value formula. We did not calculate a separate Q 
value for each level, since the error assignment for 0 
values must include any uncertainty in beam energy and 
in basic absorber. These uncertainties cancel if only the 
energy difference of two proton groups is taken, and 
therefore excitation energies are known more accurately 
than ( values. The calculated energy levels are given 
in Table Il. The fourth excited state has a larger error 
assignment since it is not completely resolved. 

The spectra of Al** and Al** are shown in Fig. 2 and 
Vig. 3, respectively. A linear proton energy scale was 
plotted, as for the previous isotope. In the Mg*® and 
My” targets there was also some Mg** contamination 
(see ‘Table I), and a smail background normalized to 
Fig. 1 was subtracted out. The calculated energy levels 
are given in Table II. The levels in Al*” and Al** 
already observed with other reactions’ are given for 
comparison. 

The agreement with previous data on Al*’ is within 
the limits of error. The spectrum of Al**, however, is one 
of the most complex in the entire low-Z region of the 
periodic table. Owing to limited resolution with the 
alpha-particle beam, the reported levels correspond to 

*P, M 
(1954) 
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Fic. 3. Mg**(a,p)Al™, at 90°. The ground state and first excited 
state are shown from this reaction, as well as the calibration 
proton group from Mg*(a,p)Al’ and the elastically scattered 
alpha particles. The first excited state here could not be fully 
resolved from the background of alpha particles appearing at 
that short range. However, the sharply rising proton yield above 
background was observed in five separate runs, and with high 
probability this represents the first excited state 


doublets or triplets which had been seen in the (d,p) 
reaction previously. 

As observed here, Al** has no excited states below 
1.69 Mev, with an upper limit on intensity of such a 
state of about one-fifth of the ground-state group. This 
is a very simple spectrum, especially when compared 
with the preceding isotope Al**. Al?* has three doublets 
in this region near the ground state. However, Al** is 
an odd-odd nucleus whereas Al**’ is odd-even, and it 
might be expected from the single-particle model that 
a single unpaired nucleon as in Al** would give fewer 
excited states. The nucleus Al*’ is also odd-even, and 
again has relatively wide spacing between excited 
states, compared to its neighbor. 

The six-minute beta decay of Al** had been studied 
previously,'® and from the beta energy a mass value of 
Al*®® was derived: 28.99006+-0.00020 amu. There was 
one earlier experiment'! also on beta decay of Al” 
which gave a lower mass value with only slightly lower 
experimental accuracy: 28.98974+-0.00027 amu. From 
the ground-state Q value in the present work, the Al” 
mass was obtained with higher accuracy: 28,98972 
+0.00006 amu. There is evidently good agreement 
with the earlier of the two beta-decay measurements. 
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The radiative yields of the K and L series of u-mesonic atoms have been measured for the elements 4Li 
through jyK. In the low-Z region both yield curves exhibit a rapid decrease in yield with decreasing Z 
This behavior is attributed to competition between Auger and radiative transitions. However, if this is 
true, the Auger transition probabilities would have to be about 300 times larger than the calculated values 


for the 4—K yields, and about 30 times larger for the u 


L yields 


The effect of meson capture by the different elements of a compound has been measured for AlyOy and 


CaS. For these compounds it is found to be proportional to Z within 10 to 20%, 


prediction of Fermi and Teller 


I. INTRODUCTION 


HE capture process of negative mesons in con- 

densed matter has been discussed by several 
authors.’ The meson is first bound to a particular 
nucleus in a high quantum state (m~15) and then 
proceeds to cascade inwards toward the nucleus, trans- 
ferring its energy by radiative and Auger transitions. 
At each intermediate level the meson can (1) be ab- 
sorbed directly from the intermediate level by the 
nucleus, (2) make a radiative transition to a lower state 
and emit a quantum, or (3) make a radiationless 
transition to a lower state, transferring the energy 
difference to an atomic electron (mesonic Auger effect). 
If the energy difference is sufficiently large it might, 
alternatively, create an electron pair or excite the 
nucleus, but such events are highly unlikely in the 
light mesonic atoms discussed here. 

All three processes occur and have been observed for 
mn mesons.?* In particular, nuclear absorption is exceed 
ingly strong for pions in states of low angular momen 
tum. A mw meson in any s state will almost certainly be 
absorbed; absorption from the 2p state is practically 
complete for Z211; etc. Since little is known about 
the pion-nucleus interaction, it necessarily complicates 
the study of the cascade process in m-mesonic atoms. 
This difficulty does not exist for ~ mesons. The muon 
nucleus interaction is very weak, and it is practically 
certain that in the course of the cascade all ~ mesons 
reach the 1s state from which they are ultimately 
captured or in which they decay. (The cascade time is 
more than a times shorter than the muon 
lifetime.) Accordingly, « mesons are very useful in 
studying the cascade process and, in particular, the 


million 


competition between radiative and Auger transitions 


* Supported by the U. S. Atomic Energy Commission 
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Nuovo cimento 5, 325 (1948); J. A. Wheeler, Revs. Modern Phys 
21, 133 (1949) 

* Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93 
1123 (1954). 

*Camac, McGuire, Platt, and Schulte, Phys. Rev. 99, 897 
(1944); Camac, Halbert, and Platt, Phys. Rev. 99, 905 (1955). 


in agreement with the 


Il. EXPERIMENTAL PROCEDURE 
A. Experimental Setup 


Figure 1 shows a plan view of the Carnegie Institute 
of Technology synchrocyclotron taken in the plane of 
the beam, The 440-Mev proton beam strikes an internal 
beryllium target and produces pions, some of which 
decay into muons in the vicinity of the target. Both 
pions and muons of a given momentum are focused by 
the fringing field of the cyclotron through an appro 
priate channel in the shielding wall, 12 feet thick 
Outside the shielding they enter a 45” double-focusing 
sector magnet (of two-meter focal length) which serves 
both to purify the beam and focus the mesons into the 
counter telescope. 4 mesons originating from the decay 
of pions during the long transit through the shielding 
port and beyond are largely projected out of the beam 
and lost. 

The meson telescope and associated electronics are 
shown schematically in Fig, 2. Counters 1, 2, and 3 
defined the incident meson beam. They consisted of 
stilbene crystals of square cross sections, 3 cm 3 cm, 
viewed by RCA 1P21 photomultipliers. The copper 
plus beryllium absorber between counters 2 and 3 was 
adjusted to make either pions or muons stop in the 
target. Counter 4, which was in anticoincidence with 
the first three counters, was usually a 1-cm thick plastic 
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Fic. 1, Plan view of experimental arrangement 
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Fic, 2, Meson telescope and block diagram of associated 
electronics. The abbreviations are: H.P.A., Hewlett-Packard 
amplifier; LIM., limiter; C.F., cathode follower; ATT., attenu 
ator; NOA., nonoverloading amplifier 


scintillator, and was viewed by an RCA 6342, It 
completely covered the x-ray detector, counter 5, This 
was a cylindrical NaI(Tl) crystal, of different size 
depending on the x-ray energy studied, mounted on a 
Dumont 6292 photomultiplier. Pulses were taken from 
both the anode and the last dynode of this tube. The 
dynode pulse was clipped hard (~2.5X10~* sec) and 
put into coincidence with the meson telescope, 1+ 2 
+3—4, A mesonic x-ray was indicated by the coinci- 
dence-anticoincidence combination 142+ 3—4-+-5. This 
opened a gated amplifier for 2 microseconds during 
which time it received the slow Nal anode pulse. The 
amplitude of the latter was then measured with a 
24-channel pulse-height selector (p.h.s.). 

The pulses from counters 1, 2, 3, and 4 were amplified 
by Hewlett-Packard wide band distributed amplifiers 
and then fed into a Garwin*-type multiple-coincidence 
circuit (2«10°° Both doubles, D(1+2), and 
triples plus anticoincidence, 7+A.C.(1+24+3-—4), 
were monitored with fast Hewlett-Packard scalers. A 
slower diode coincidence (~5X10~* sec) between one 
output of the 7+-A.C. and the clipped Nal dynode 
pulse gave the quintuplet Q(1+2+43—4+-5) counting 
rate. ‘The slow anode pulse from the Nal photomulti- 
plier was amplified by a nonoverloading amplifier of 
the Chase-Higinbotham® type. The nonoverloading 
characteristics were very critical since x-rays of 20 to 
300 kev had to be studied in the presence of pulses 
corresponding to ionization losses as high as 100 Mev 
(w~-meson stars). A diode limiter was inserted between 
the photomultiplier anode output and the succeeding 
cathode follower driver and was adjusted to attenuate 
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all pulses due to energy losses of 1 Mev or more. 
Annihilation y rays (0.511 Mev), however, were un- 
affected. Although the limiter was unquestionably 
helpful, the capacity feedthrough was sufficient to make 
the nonoverloading properties of the main amplifier a 
necessity. 

The maximum 7+ A.C. counting rate for pions was 
500 counts/sec, but most runs were taken at one third 
this beam level in order to minimize pulse pileup in 
the Nal crystal. The muon beam was roughly 10% that 
of the pion beam. The accidental rate, determined by 
inserting an appropriate delay (always equal to an 
integral number of rf cycles) into the various arms of 
the coincidence-anticoincidence system, was measured 
to be less than 2%. 

Pions and muons were cleanly separated experi- 
mentally. A differential range curve is shown in Fig. 3 
where 7+A.C. is plotted against copper absorber 
thickness, (In order to reduce Coulomb scattering and 
the background due to star fragments, there was always 
an additional 1-in. thick slab of beryllium before 
counter 3.) The large peak is due to pions stopping in 
the target (and counter 3),—the smaller peak to muons. 
The tail at greater copper thicknesses is presumably 
due, for the most part, to electron contamination. By 
using a copper absorber thickness appropriate to the 
pion peak one automatically rejected all muons since 
their residual energy was sufficient for them to pene- 
trate the anticoincidence counter 4, Conversely there 
are no pions at the muon peak. The purity of the two 
beams could be checked quite accurately since the 
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Fic. 3. Differential range curve of “110 Mev” «> beam, In 
addition to the variable copper absorber thickness shown on the 
graph, there was always a fixed 1-in. slab of beryllium and three 
telescope counters in the beam. 
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mesonic x-rays themselves are a sensitive indicator of 
possible contamination. None was observed. 


B. Targets 


In all cases, with the exception of Li, Be, and B, the 
target material was packed uniformly inside of a thin 
hollow Lucite cylinder, 1 in. thick and 2} in. in diameter. 
The number of g/cm? of each sample was adjusted to 
be the same and equal to that of water. For materials 
of smaller density (e.g., Li and B powder), matching 
carbon targets of equal surface density were prepared. 
Likewise, Be, which was a denser rectangular slab, had 
its matching carbon partner. 


C. Nal(Tl) Detectors 

The x-ray energies of the elements investigated varied 
from 18 kev to about 730 kev for the u—K series and 
from 25 kev to 142 kev for the u—L series. (See Tables 
I and IT.) In order to minimize the background counting 
rate, which increases roughly as the volume of the 
crystal, we used, in each energy region, the thinnest 
crystal consistent with a reasonable efficiency. For the 
lowest energy x-rays, up to about 60 kev, the Nal 
crystal was a cylinder, 14 in. in diameter and 7g in. 
thick, and had a 5-mil aluminum window which faced 
the target. For the energy region from 50 kev to about 
160 kev, the crystal was 14 in. in diameter, } in. thick, 
and had a 25-mil aluminum window. For energies 
above 150 kev the Nal detector was a 1}-in. diameter 
cylinder, 2 in. thick, with a 32-mil aluminum window. 


D. Corrections to Yield Measurements 


The raw experimental yields must be corrected for 
the following effects: (1) absorption and scattering of 
x-rays in the target, the A.C. counter, and the alumi 
num window of the Nal detector (2) escape x-rays from 
the Nal detector (3) carbon x-rays coming from the 
third counter of the meson telescope (4) x-rays from 
undesired elements (in the case of compounds) and 
contaminants (5) the variation with energy of the Nal 
detection efficiency. 

(1) For relative yield determinations the correction 
for absorption and scattering of the mesonic x-ray in 
the intervening materials is quite insensitive to the 
direction of travel assumed for the x-ray. We have 
assumed, therefore, in calculating this correction, that 
the x-rays traverse the intervening material at an 
average angle of 25°. The calculation was made using 
absorption coefficients given in the Gladys White 
Tables.* (The absorption coefficient included photo 
electric absorption, coherent scattering, and Compton 
scattering.) It was reasonable to assume, from the 
geometry, that x-rays which were scattered through an 
angle greater than 70° in the A.C. counter and 90° in 
the aluminum window were not detected by the Nal 


*G. R. White, National Bureau of Standards Report 1003, 
1952 (unpublished). 
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Fic. 4. Transmission corrections, as a function of x-ray energy 
for the meson targets and for the anticoincidence counter plus 


aluminum windows of the several Nal (Tl) detectors 


crystal. The effect of scattering in the meson target, par 
ticularly backscattering and inscattering, was too diffi 
cult to estimate theoretically, and was therefore studied 
experimentally with artificial radioactive sources, To 
ward this end it was first necessary to determine the 
effective size of the source of mesoni It was 
found, by the 
function of target size, that essentially the region of the 
the third effective. 
radioactive 


x-rays. 


measuring mesonic x-ray yield as a 


target covered by counter was 
Plane uniform 


accordingly fabricated. Measurements were taken with 


sources of this size were 
a given source placed at four different distances from 
the Nal detector, corresponding to the near face of the 
target, the one-third depth, the two-thirds depth, and 
the far with bare in 
position were compared with counting rates with the 


face. Counting rates sources 
sources surrounded by different target materials, In 
this manner the effect of absorption, inscattering, and 
outscattering in the various layers of the target could 
be studied. The sources used most extensively were 
Tm!” (84, 51 kev), RaD (47 kev), and CePr' (134, 
34 kev). Figure 4 shows the resultant transmissions for 
the targets and for the A.C. counter plus aluminum 
window of each of the Nal crystals, As can be seen, 
the correction factor is a slowly varying function of the 
energy, except below 40 kev where photoelectric ab 
sorption is appreciable, Note that the transmission, 
for the »—K targets, is greater than unity at low 
energies (low-Z targets), At these energies inscattering 
(including backscattering) exceeds outscattering plus 
photoelectric absorption. The effects are about equal 
at higher energies (higher-Z targets). For the p—-L 
targets, photoelectric absorption is dominant and the 
transmission is less than unity 

(2) The escape correction is important for x-ray 
energies not too much greater than the iodine K-edge 
(33.2 kev). Since x-rays in this energy region are 
strongly absorbed near the surface of the Nal crystal, 
the fluorescent iodine K-line has a considerable escape 
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lic. 5. Relative efficiency curves for the 2-in.*1]-in. diameter 
crystal, These curves include corrections for absorption and 
scattering of the x-rays traversing the A.C. counter and the 
$2-mil Al window of the Nal detector, They have been arbitrarily 
matched at low energies 


probability and thus may not be absorbed in the 
crystal. We have observed several escape peaks in both 
7 and mw spectra and have been able, in these cases, to 
measure this correction directly. We find that the 
measured corrections agree quite well with a formula 
given by Novey.’ We have, therefore, used this formula 
generally for our escape corrections. 

(3) Because of the momentum spread of the u-meson 
beam, some w mesons stop in the third counter of the 
meson telescope. These constitute a source of carbon K 
x-rays (see Figs. 6 and 8). This satellite peak is well 
resolved in be subtracted off 
directly, In those cases where this is not possible, the 
third estimated quite 
accurately by interpolation. 

(4) With the exception of N, O, F, and Cl, all targets 
were pure elements. The nitrogen target was hydrazine 
(NoH,), of 95% purity. A 5% water contamination 
was easily corrected by using the measured value of the 


some cases and can 


counter contribution can be 


oxygen x-ray yield, (It is well known, from the experi 
ments of Panofsky ef al.,* that the hydrogen in such 
compounds does not absorb mesons.) For the fluorine 
and chlorine measurements, targets of LiF and LiCl 
were used, respectively. It appears, as discussed in Sec. 
I1I-C, that the lithium in these compounds is not 
effective in absorbing mesons, and no corrections were 
made for it. 

(5) The detection efficiencies of the yg-in. and }-in, 
Nal crystals could be calculated in a straightforward 
manner since edge effects, for these, were negligible 
over the energy regions in which they were used. 
However, in the case of the 2-in. crystal, the efficiency 


™T. B. Novey, Phys. Rev. 89, 672 (1953) 
* Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 
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variation with energy is more difficult to calcuiate. It 
was obtained in the following three ways. 

The simplest and most reliable method was to use 
the results of the radiative 4~—K yields. We assume 
that the 4—K yield is essentially constant over the 
interval 8< Z< 19 since, for these Z’s, the competing 
processes of Auger effect and nuclear capture are 
negligible. This implies that the cascade scheme does 
not vary drastically over this Z interval. With these 
assumptions the measured 4—K radiative yield, cor- 
rected for the four previously listed effects, is then a 
direct measure of the relative Nal efficiency. (Addi- 
tional support for this method comes from measure- 
ments on w yields made with a large 3-in. diameter, 
3-in. thick Nal crystal used with various sized colli- 
mators. Over the energy region where this crystal had 
nearly uniform efficiency the relative yields were ob- 
served to be the same as those obtained with the 2-in. 
crystal, corrected as described.) Figure 5 shows the 
efficiency curve for the 2-in. crystal (and 1-in, thick 
targets) obtained in this manner. 

The efficiency was also measured using radioactive 
sources. For these measurements plane uniform sources 
were fabricated and placed at varying distances from 
the Nal detector as described above in the absorption 
corrections (1), The sources selected, Hg’, Hg*®, Re'**, 
and I, had at least two y rays with a known ratio of 
intensities, and these were used to obtain a relative 
efficiency curve. Figure 5 shows points obtained in this 
manner, The agreement with the first (mesonic yield) 
efficiency curve is fair considering the paucity of -avail- 
able information on the relative intensities of the y rays. 

The third method for getting the efficiency correction 
was by calculation. This is difficult to do reliably 
because of the poor geometry and edge effects. The 
calculation was performed by assuming a point source 
on the axis of the Nal detector and 2.2 cm in front of 
it. This corresponds to a distance one third of the way 
into the target. Other calculations, made with varying 
distances of the source, showed that the results were 
not very sensitive over the width of the target. The 
method of the calculation is described by Rietjens 
et al.® and takes care of edge effects caused by y rays 
passing through the corners of the detector. The calcu- 
lations give the efficiency in terms of an absorption 
coefficient, r. In Fig. 5, the efficiency has been plotted 
for two extreme values of 7, r equal to the photoelectric 
absorption coefficient and r equal to the total absorption 
coeflicient. It can be seen that the two curves bracket 
the efficiency determined from the u-meson yields as 
would be expected. 

All of the curves in Fig. 5 include the correction for 
scattering and absorption in the A.C. counter plus 
aluminum window, 


* Rietjens, Arkenbout, Wolters, and Kluyver, Physica 21, 110 
(1955). 
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well resolved in the O and F spectra, resulted from mesons stopping in the third counter of the meson telescope. The sharp rise at the 


low-energy end of the Na and P spectra is caused by L lines. The L peak of P is shown on a different scale (dashed curve 


Phe positions 


at which the Kg and K,, should appear are indicated in each spectrum. Since the higher transitions are quite close in energy to the K, 
line (Kg™1.18K,), they are not clearly resolved and appear as a high energy bump 


Ill. EXPERIMENTAL RESULTS 
A. u-—K Radiative Yields 


The u4—K mesonic x-ray yields were measured for 
the elements 3Li through ,yK. (By the K yield we mean 
the integrated yield of all the K-lines, 2p-—+15, 3p—+1s, 
4p—1s, etc.) The yy-in. Nal crystal was used for Li 
and Be with their respective matching carbon targets, 
the 4-in. Nal crystal for matching B, C, and N targets, 
and the 2-in. crystal for C and all higher-Z targets. 
Each element was run at least twice. Typical spectra 
for some of the u4—K lines are shown in Fig. 6. Since 
the pulse height selector did not have a sufficient 
number of channels to observe the detail desired, each 
spectrum was obtained by setting the p.h.s. to scan 
overlapping energy regions (usually three). These were 
then combined to give the complete spectrum. The 
curves of Fig. 6 are these composite curves. The 
outstanding features are the main peak due to the 


2p—>1s (K,) transition and a high-energy tail from 
higher transitions, For the K series the higher transi 
tions are not very clearly resolved, since the 3p-+1s (Kg) 
transition is only 1.18 times the K, energy. The 
situation is improved in the / series where Ky~1.35K, 
The contaminant K line from the carbon in the third 
counter is clearly seen in the spectra of oxygen and 
fluorine and can be subtracted off quite accurately 
The corrected uy — K radiative yields are shown in Fig, 7 
The largest contribution to the errors comes from uncer 
tainties in backgrounds. In Table I are tabulated ihe 
energies of the various K 
yields, and the ratio of the sum of higher transitions to 
the total radiative yield. This higher transition ratio 
is roughly constant, within the accuracy of the meas 
urements, and is about 0,22. It was measured with an 
accuracy of about 10 to 20%. The absolute yield was 
also obtained by numerically calculating the solid angle, 
with absorption corrections, for one target, and by 


transitions, the relative 
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oxygen is 0.804015 x-rays per captured meson. The experi 
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(C\+Z*), suggested by Auger competition, where the constant is 
0.86 and C, «450 (in units of 1.3 10" sec” '). The Auger transition 
probability derived from this fit is about 300 times larger than 
the theoretical value, The crosses indicate the yield calculated 
from an initial (2/-+-1) distribution of mesons captured in the 
n=14 level and their subsequent cascade process. The fall-off 
of the crosses at low Z is predominantly due to mesons passing 
through the 2s state from which they cannot radiate to the 1s. 


determining, in a separate experiment, the number of 
stopped mesons. This will be discussed in more detail 
in a subsequent paper on m-mesonic x-rays. The absolute 
‘oxygen w—K yield was 0.84-0.15 x-rays per stopped 
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meson. This value is not as accurate as the correspond- 
ing value obtained for mesons, since the smaller 
intensity’ muon beam was contaminated with an elec- 
tron component. The relative values are, therefore, 
more accurate than the absolute values. 

As seen in Fig. 7, for Z<6 the yield decreases rapidly 
with decreasing Z, presumably due to “Auger” compe- 
tition. If this is true, and if we assume that the Auger 
transition probability is constant, then the radiative 
yield should behave approximately as 


V e~P(Z)EZ4/ (C424), (1) 


Here C, is the Auger transition probability in units of 
1.310" sec! (the radiative transition probability for 
Z=1). P(Z), the population of the initial state, is an 
unknown but slowly varying function of Z. It depends 
on the distribution of the mesons at capture and on 
the subsequent cascade process. If Eq. (1) is plotted 
on log-log paper and P(Z) is assumed constant, then 
C,; is the only shape-dependent parameter. In Fig. 7 
we have fitted Eq. (1) to the experimental points, 
assuming P(Z) constant. The agreement is excellent. 
However, the Auger transition probability obtained by 
this match is about 306 times larger than that calcu- 
lated by theory. This disagreement will be discussed 
further in Sec. IV. 


B. w—L Radiative Yields 


The u—L series yields were measured for the elements 
sO through K. The yg-in. Nal crystal was used for 
O, F, and Na and the }-in. crystal for Na and all 
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L spectra. Each curve has been normalized to 3 10* stopped mesons. The higher transitions are more clearly 


resolved here since 1g™1.35L4. Note the appearance of an M line in the potassium spectrum. 
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higher-Z targets. The complete radiative yield curve 
was measured twice. Typical spectra of some u— L series 
x-rays are shown in Fig. 8, these again being composite 
curves. The outstanding features are the main peak due 
to the 3d—+2p transition and the high-energy bump and 
tail from the higher transitions. The 1.— K contaminant 
line from the carbon of the third counter is in evidence 
and is easily subtracted off since it is well resolved for 
some of the targets. Figure 9 shows the relative yields 
of the L series. Table II lists the energies, total relative 
yields, and the ratio of higher transitions to the total 
yield. The detector efficiency correction for this series 
is small and easily calculated since the highest energy 
line is only 142 kev. The yields are observed to decrease 
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Fic. 9. u—L series x-ray yield vs Z. The absolute total yield of 
silicon is 0.754-0.15 x-rays per captured meson. The experimental 
points have been fitted with the function, const: Z*/(Cs+Z*), 
where the constant is 0.97 and Cz=2X 10* (in units of 1.34 10" 
sec"), The Auger transition probability derived from this fit is 
about 30 times larger than the calculated value 


with decreasing Z starting around Z~13. Again we 
have fitted a curve proportional to Z*/(C,+-Z*) to the 
experimental points. In this case the fit is reasonably 
good for a value of the Auger transition probability 
which is about 30 times larger than the calculated 
value. The absolute yield of silicon is 0.754-0.15 x-rays 
per stopped meson. The ratio of the sum of higher 
transitions to the total yield is observed to be roughly 
constant, within the accuracy of the measurements. 
It is about 0.25 to 0.30. 


C. Capture in Chemical Compounds 


It is of considerable interest to know with what 
relative probabilities mesons are captured by the 
various atoms of a compound. This could be useful, 


ATOMS 


rasre I. Energies and yields of the 4—K series, 


Ratio of 
higher 
transition 
to total 


Relative 
radiative 
yields 


Energy of 
2p-ls 
(kev 


Element 
Li 8.7 
«Be $3 
sb 2.1 


<0.16 
0.33 +0.03 
046 +0.035 


af 75.0 0.00 
102 0.82 
133 0.80 


t-0.04 
+-0.07 
+ 0.05 


168 0.72 46.07 
249 O81 +0.06 
295 0.845 4.0.06 


~350 
wl ~410 
uP ~470 


0.84 
1.01 
0.88 


£0.06 
£0.10 
+-0.07 


0.86 


Cl ~590 
‘ 0.91 


iK ~730 


£0.06 
+009 


* Total absolute yield of u 0.80 40.15)x-1ra 


for example, in meson capture studies employing nu 

clear emulsions or bubble chambers filled with complex 
liquids. Fermi and Teller' (hereafter F-T), in studying 
the capture of negative mesons in matter, conclude that 
“in chemical compounds the probability of capture 
near the various atoms is roughly proportional to their 
atomic numbers,” ‘This simple Z-dependence is derived 
by assuming that the capture probability by each atom 
is proportional to the meson energy loss to the various 
atoms near zero energy. 

Experiments, up to the present time, have either 
contradicted the F-'T theory or have been too ambiguous 
to interpret simply. The first clear-cut experiment was 
that of Panofsky ef al.* in which x were 
absorbed by LiH and CH». In each case the theory 
predicts that about one-fourth of the incident mesons 


mesons 


should be absorbed by H. No hydrogen capture was 
observed, This contradiction with the F-T theory has 
been explained by proposing that the initial neutral 


hydrogen m~-meson system, formed when mw~ mesons 


TABLE IT. Energies and yields of the y— L series 


Ratlo of 
higher 
transition 
to total 


Relative 
radiative 
yields 


0.1440.015 


0,24 40.02 
0.3640.03 


Energy of 
Sd lp 
Klement (kev) 


Pe) 25 
Na 47 


0).28 
0.1% 
0.23 


Mg 56 
isAl 66 
15 77 


0.20 
0.23 
0.31 


04640.025 
0.6040.03 
0.7540.04 


0.35 
0.40 
0.37 
0.30 


iP 88 
16S 100 
wl 113 
wK 142 


0.77 40.04 
0.744-0.04 
0.78 40,04 
0.81 40.05 


Total absolute yield of p--Si(K) ~ (0.75 40.15 )x-rays/stopped meson 
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Fic. 10. X-ray spectra from x~- 
mesons captured in CaS and a 
mixture of Ca and S. The yields 
are the same to within 5%, indi- 
cating that meson capture in this 
compound is proportional to Z 
within 20%, 


sb ke be th 


ENERGY (kev) 


are captured by hydrogen, has a sufficiently long life 
time so that in subsequent collisions with the heavy 
elements in the lattice (i.e., Li or C) the meson is 
detached from its hydrogen partner and finally absorbed 
by the heavier atom. Experiments on the compound 
effect using photographic emulsion techniques suffer 
from the fact that while the gelatin is indeed a homo- 
geneous mixture of C, N, H, and O, the AgBr crystals 
have macroscopic dimensions. This complicates the 
capture effect. In addition, the interpretation of a 
particular atomic capture in terms of prongs and stars 
and the ratio of alpha particles to protons is ambiguous, 
although the results are not in contradiction with the 
F-T theory. More recently Fafarman and Shamos'® 
have studied the relative yields of mesonic x-rays from 
the capture of cosmic-ray ~ mesons in dioxane (C,O,Hs,). 
Their observed oxygen to carbon capture ratio was 0.33, 
which does not agree with the Z-dependence predicted 
by F-T (0.67). This experiment suffers from the very 
low intensity of cosmic-ray ~ mesons and the character 
of the corrections involved in making absolute yield 
measurements. Because of these difficulties the results 
may be considered inconclusive. 

Mesonic x-rays are an excellent tool in measuring the 
relative capture probabilities by the constituent atoms 
in compound. In principle one need only measure the 
relative radiative yields of some chosen transitions and 
then correct for nuclear absorption, Auger competition, 
detector efficiency, etc. In practice, however, the latter 
corrections, while perfectly straightforward, are large 
and the consequent errors can be large. It is, therefore, 
better, if possible, to compare the radiative yield from 
a compound with that of some sample which gives a 
simple Z-dependence, It can be shown that in a me- 
chanical mixture of elements, each having the same 
weight as in the corresponding compound, the capture 
of mesons by the different constituent atoms is nearly 
proportional to Z, Thus for each compound under 
investigation one prepares, as a Z-dependence reference 


” A, Fafarman and M. H. Shamos, Phys. Rey, 100, 874 (1955) 


standard, a mixture of the same constituent elements. 
If, further, the geometries of the two are identical, no 
corrections need be made for x-ray absorption, detector 
efficiency, etc. 

Using this method we have compared the r-mesonic 
x-ray yield from CaS with that from a mixture of pure 
calcium and sulfur. Figure 10 shows that the yields are 
identical to within about 5°. If we assume that the 
yield from each element in the compound goes as Z", 


then 
Zee nl 
& 
20 nl 
( ) 1.00+-0.05, 


16 
Hence, n~1.0+0.2. Thus for CaS, meson capture has 
a simple Z-dependence to within about 20%, 

We have also compared the w-mesonic x-ray yield 
from Al,O, with that from a mixture of aluminum and 
water. In this case 1-mil sheets of aluminum were 
uniformly stacked within a cylinder of water. (It can 
be assumed that those mesons originally captured by 
the hydrogen in water will subsequently be lost to and 
absorbed by the oxygen.) The results, shown in Fig. 11, 
indicate that the yields are identical to within about 
5%. Again assuming a Z" dependence for each element 
in the compound, we get 

=) 1 
Zo 


4(Z41/Zo) os 
134°" 
) = 1,00+0.05. 


4(Za1 ‘Zo) ( 
Hence, n™~1.0+0.1. Thus for both Al,O, and CaS the 
meson capture probabilities are roughly proportional 
to Z, as predicted by the F-T theory. 

We have not explicitly studied any other compounds. 
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However, we have indirect evidence from the radiative 
K and L series yield curves that mesons coming to rest 
in LiF are predominantly captured by the fluorine 
atoms. The radiative yields from fluorine were measured 
with this compound. The F-T theory predicts that 
three-fourths of the stopped mesons are captured by 
fluorine atoms and, therefore, the measured fluorine 
yield should be multiplied by the factor, 4/3. Doing 
this, however, gives an anomalously high yield for 
fluorine, putting it well above the smooth curve defined 
by its neighbors. Without the correction the fit is quite 
good (see Figs. 7 and 9 whege the fluorine yield has not 
been lithium capture). The 
radiative yields show the same effect. Perhaps, when 
the Z’s of elements in a compound differ by a large 
factor, the heavier elements capture a greater share 
than that alloted by a strict Z dependence. This prob- 
lem should be examined further. 


corrected for w-meson 


IV. DISCUSSION OF RESULTS 


A conspicuous feature of the K and L y-meson 
radiative yields is the rapid decrease in yield at lower 
Z’s. This behavior is difficult to understand. The most 
reasonable explanation is to attribute this effect to 
Auger competition. However, the Auger transition 
probabilities needed to agree with the experimental 
results are 30 to 300 times larger than the theoretical 
values. These have been calculated by Burbidge and 
deBorde" and by deBorde” in a manner analogous to 
calculations of the electronic Auger effect. To a first 
approximation the Auger transition rates involve the 
same selection rules as dipole radiation, and deBorde 
gives formulas for the emission of electrons from the 
K and JL shells for the meson transitions (,l,))—> 
(ne, l; +1), 

In an attempt to explain this discrepancy, we have 
investigated the effect of the initial capture distribution 
of the mesons and their subsequent cascade process on 
the radiative yield. Two different initial distributions 
of the mesons were examined. In both the mesons were 
assumed to be captured in the n= 14 levels. In the first 
distribution the mesons were distributed among the 
available / substates in accordance with the statistical 
weights of the states, (2/+-1). The second distribution 
was chosen proportional to (14)', which is strongly 
peaked at large / and, therefore, favors circular orbits. 
Each distribution was then followed down through its 
cascade scheme using values of the Auger and radiative 
transition probabilities given by deBorde. His formulas 
show that the more likely Auger transitions are of the 
type An= Al= —1. In calculating the cascade scheme 
we have neglected the transitions (An= —1, Al= +1) 
and (An>1), except in the case of 1) =0, where Al= +1 
is the important transition. The 2s level is an exception 
since mesons passing through the 2s level cannot radiate 
to the 1s ground state and must necessarily undergo an 


" G, R. Burbidge and A. H. deBorde, Phys. Rev. 89, 189 (1953) 
2 A, H. deBorde, Proc. Phys. Soc. (London) 67, 57 (1954). 
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Fic, 11, X-ray spectra for w~-mesons captured in AljOy and a 
mixture of Al plus H,O. The yields are the same to within 5% 
This indicates that meson capture in Al,Oy is proportional to Z 
to within about 10% 


Auger transition. Indeed, the cascade calculations show 
that the only practical way a meson can avoid making 
a K radiative transition in elements of 723 is by 
passing through the 2s level. 

In Fig. 7 the crosses give the calculated w»—K radi 
ative yields for the (2/+-1) distribution. As can be seen, 
agreement with experiment is poor, The small decrease 
in radiative yield at low Z is the result of mesons 
passing through the 2s level. The (14)! distribution 
gives even poorer agreement as might be expected, 
since, favoring higher / values, it gives even fewer 
mesons passing through the 2s level. 

The above might suggest that 
experiment could be improved by choosing initial 
distributions which favor the capture of mesons in low 
/ states. However, such distributions appear to be ruled 
out by the following argument. As will be shown in a 
subsequent paper, some of the r—JL radiative yields 
are as large as 0,70 x-rays per stopped meson, If the 
reasonable assumption is made that # mesons which 
pass through /=0 states are absorbed by the nucleus, 
then, in order to avoid an appreciable depletion of 
mesons, we are led to the conclusion that the initia! 
capture distribution must favor high /’s, However, 
there is evidence that it cannot do this too strongly, 
As shown in Tables I and II, an appreciable amount of 


agreement with 
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higher transitions was measured for both the w— K and 
u—L series and was quite independent of the target 
material, This is incompatible with an extreme distri- 
bution such as (14)', Therefore, we conclude that 
high-d states must be favored, but moderately. 

Thus it appears that the observed discrepancy be- 
tween experiment and the calculated Auger values 
cannot be simply explained by assumptions about the 
meson capture distribution and the subsequent cascade 
process. A more refined examination than that described 
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in the foregoing produces only greater disagreement. 
For example, no account was taken of the depletion 
of the K and L electrons due to previous Auger transi- 
tions. Such depletion would clearly reduce Auger 
competition. Of course, it is possible that the observed 
decrease at low Z is the result of some mechanism other 
than Auger competition. We cannot think of any likely 
prospect. Whatever the mechanism, its Z dependence 
is similar to that of the Auger effect in view of the good 
fit of Eq. (1) to the experimental points. 
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Nonradiative Absorption of Positive Pions by Deuterons at 118 Mev*t 
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Phe reaction r*-+d-+p+ p was studied at a center-of-mass pion energy of 11842 Mev, using scintillation 
counters and a liquid deuterium target. The angular distribution was given by do/dQ« A+-cos, with 
1 «0.216+0.033, while the total cross section was 12.09+4-0.93 mb. The total cross section for the inverse 
pion production reaction was calculated from detailed balancing as 3.10+-0.24 mb. These results are com 


pared with other work 


I, INTRODUCTION 


HE pion production reaction p+p-—>rt+d and 
the inverse nonradiative pion absorption reaction 
nt-+d-»p-+ p have been investigated by many workers, 
and data total 
angular distributions at center-of-mass pion energies up 
to 156.5 Mev. Most of the data has been compiled by 
Rosenfeld' with later work reported by Crawford and 
Stevenson,’ Meshcheryakov ef al.,** and Rogers and 
Lederman.’ The work on total cross sections for the 
higher energies is shown on Fig. 1, while that on angular 
distribution is plotted on Fig. 2. The data on Fig. 1, 
both from production and absorption measurements, 
are plotted in terms of the production cross section; the 
absorption cross section being related to the former by 
a simple detailed balancing relationship.° 
This paper describes measurements of the absorption 
reaction at a pion ¢.m. energy of 118+ 2 Mev. These were 


are available on cross sections and 
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t Based on a thesis submitted to the Faculty of the Department 
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done mainly to test the hypothesis of Meshcheryakov 
that the angular distribution parameter A is sub- 
stantially constant between 70 and 160 Mev. However, 
the results of Stadler’ suggest a rise with energy in this 
region, This question is of special interest because the 
(4,3) pion-nucleon resonance would be expected to take 
effect in this region. 

The present results are in substantial agreement with 
Meshcheryakov. The implications are discussed in terms 
of the phenomenological theory. 


II. THEORY 


At present, the best interpretation and correlation of 
these data are given by a phenomenological theory of 
Gell-Mann and Watson,* who assume that the pion 
participates in these reactions only in S or P angular 
momentum states. With this assumption, it is possible 
to enumerate the quantum states between which the 
reaction may take place. The result is shown in Table I, 


Tase I, Possible processes for reaction r*+dp+p 
with pion in S or P states. 


Cm angular dist. 
of reaction prod 
for isolated case 


Total J for 
pion-deuteron 
system 


Pion angular 
momentum 
state 


pP+p state 
ap, 
1S9 
iD, 


isotropic 
isotropic 
$+cos’6 


S 1 
P 0 
P 


TH. L. Stadler, Phys. Rev. 96, 496 (1954). 
* M. Gell-Mann and K, M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 219. 
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which gives all the allowable cases. There is one case 
with total angular momentum J=1, a pion S state, 
and a triplet proton spin state, and two cases with 
J=0 and J=2 involving pion P states and singlet 
proton spin states. 

In combining to yield the observed reaction, inter- 
ference effects may appear between the J=0 and J= 2 
cases. However, there may be no interference between 
these and the J/=1 case, because of the orthogonality 
of the singlet and triplet proton spin functions. For the 
observed reaction, the total cross section will be 
expressible as 

a=ant+ fr}, (1) 
where the first term arises from the pion S state and 
the second from the pion P states. Here is the pion 
c.m, momentum in units of yc. 
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Fic, 1. Total cross section data for reaction #*+de2p+p 


The differential cross section will be proportional to 
A-+cos*é, where 
A=X+(X+4)a/Bn’. (2) 


Here the first term is the isotropic part of the pion 
P-wave contribution, while the second term is the 
wholly isotropic S-wave contribution. The parameter X 
is a function of the interference between the two pion 
P-wave cases, and can be expressed as a function of the 
ratio 59 between the reaction amplitudes of the J=0 


and J=2 cases: 
|2—v25o|? 


1+V259) 


—1. (3) 


The parameters a, 8, and X have been determined 
empirically by Crawford and Stevenson.’ 

Substitution of these into Eqs. (1) and (2) yields the 
expressions 


o = 0.138+ 1.019), 
A = 0,082+-0,0579-*, (4) 
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Fic. 2. Angular distribution data for reaction 
w*+ditp+ p. da/dQ« A +cos¥ 


for total cross section and angular distribution, These 
functions are plotted on Figs, 1 and 2, They make a 
good fit to the experimental data below about 50 Mev, 
but show marked deviations at the higher energies, 

The deviations from Eq. (4) for total cross section 
are most marked for the data of Meshcheryakov,‘ which 
lie considerably below the curve and suggest a possible 
resonance around 140 Mev. These deviations need not 
cause excessive concern, because the assumptions under- 
lying Eq. (1) cannot be expected to hold far above 
threshold, especially if there is a resonance, 

In deriving Eq. (5), the theory assumes that 49 and 
hence X are with energy. However, this 
assumption would break down if the (4,3) resonance 


constant 


were operative, since this resonance would enhance only 
the J=2 state. Thus 4) and X could be expected to 
vary over the region of resonance, and Eq. (5) would 
not be expected to hold. Most of the experimental! data, 
however, with the exception of Stadler, indicates that 
above 70 Mev the value of A becomes constant, but at 
a higher level than predicted by Eq. (5). 


Ill, EXPERIMENTAL METHOD 


The reaction was studied by irradiating a liquid 
deuterium target with a positive pion beam from the 
Chicago synchrocyclotron, The target is essentially as 
described by Stadler, with some subsequent changes to 
improve the efficiency of liquefaction. The pion beam 
was brought out of the cyclotron using the apparatus 
and techniques described by Warshaw and Wright.* 
The geometry used is shown in Fig. 3 with the counters 
used listed in Table II. The 
through counters 1 and 2 on its way to the target, 


incident beam passes 
coincidences between these counters being used to define 
incident pions. 

The general features of the geometry are dictated by 
the necessity to observe the absorption reaction with 
full efficiency while rejecting counts due to other 


*S. D. Warshaw and 5S. ( 
published), 


Wright, Rev. Sci, Instr. (to be 
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Limiting 
Trajectories 


Fic. 3. Geometry for absorption measurements 


possible pion-deuteron reactions. This problem has 
heen considered by Stadler, and the type of setup which 
he used was adopted as a starting point. This consisted 
of a counter placed on each side of the target to record 
both protons, together with absorbers placed in front 
of the counters to stop recoil protons and deuterons 
from the pion-deuteron scattering reactions. 

This simple arrangement does discriminate against 
the undesired reactions. However, there is a source of 
spurious counts from the pion-deuteron inelastic scat- 
tering, r'+-d->w' +n-+ p. The pions from this reaction 
can penetrate the counters and be recorded, Although 
the protons will be stopped by the absorbers, the 
neutrons can penetrate the absorbers and make count- 
able recoils in the counters. This can produce an effect 
about 3% of the desired one. It can be eliminated, 
though, by placing another counter in front of each 
absorber, The energy spectrum of the neutrons is such 
that they cannot make recoils which could penetrate 
the absorber and record in both counters. Thus the 
neutrons could only record by making separate recoils 
in each counter, which reduces the contribution of this 
reaction to about 1 in 10, 

The two remaining possibilities for spurious counts 
are small and come from the pion-deuteron charge- 
exchange scattering and radiative absorption, x*+d-—> 
w+ p+ p and rt+d-—+y+ p+ p. The former may con- 
tribute if the gamma rays from the decay of the neutral 
pion each create a pair which is recorded by the 


TAB Le IT. Specifications of counters 


Counter 
number 


Width Thickness Material 


2 in 
2 in 
14 in 9 in 
17 in 12 in 
114 in 7 in 
18} in 9 in 


Height 


2 in. } in 


2 in #5 in 


Plastic 
Plastic 


{ft in. liquid, 


j in 
° t in. walls 


ERWIN COHN 


counters, while the latter may contribute if the energy 
partition between gamma ray and protons is such that 
the two protons have the proper energies and angular 
correlation to be counted. The former reaction con- 
tributes about 0.2% and the latter about 0.1%. 

In the complete geometry, as shown in Fig. 3, the 
solid angle is determined by counter 3, since it is 
farther from the target than counter 5. The counters 
are so placed and proportioned that every proton enter- 
ing counter 3 would be accompanied by a correlated 
proton recording in counter 5. This is shown by the 
“limiting trajectories” on Fig. 3. The limitation on 
usable counter widths was the need for a minimum 
angle small enough to give a sensible angular distribu- 
tion, while the counter heights were limited by the 
requirement that all protons counted should pass 
through the thin-walled sections of the target. 

Copper absorbers were placed between the counters 
as close as possible to the rear counters to reduce 
scattering losses. They were designed to meet the twin 
requirements of passing the least energetic protons 
from the desired absorption reaction, while stopping 
the most penetrating recoils from the pion-deuteron 
scattering reactions. These latter were taken to be the 
protons produced in the charge-exchange scattering 
with the neutral pion assumed to have zero kinetic 
energy in the c.m. system. (This reaction gives more 
energetic protons than the corresponding non-charge- 
exchange inelastic scattering because the mass differ- 
ence between charged and neutral pions goes into proton 
kinetic energy.) The calculations were done taking into 
account energy loss in the target and in the front 
counter, as well as the obliquity of some proton 
trajectories. It was found that the absorbers had to 
vary in thickness over the width of the counter, being 
thickest at smaller angles. 

Since the differential cross section was believed to 
depend on two parameters, it was decided to take 
measurements at three angles. Data concerning the 
counter radii and angles finally chosen are given in 
Table II. 

For each of the three cases, calculations were made 
of the product of solid angle and counting efficiency 
and of the effective c.m. angle which the counters see. 
(The angle 6,4 is the angle whose square cosine equals 
the average of cos*@ over all possible proton trajectories 
from the target to counter 3, when allowance is made 
for the variation of counting efficiency for the various 
trajectories.) The results of the calculations are given 
in Table IV. 

In the calculation, the area of counter 3 was divided 
horizontally into seven segments each two inches wide. 
For each segment, graphical measurements were made 
of the angular width of the segment, the angle of the ray 
to the center of the segment and the distance to the 
center of the segment. All measurements were made in 
the median plane looking from the center of the target. 
With 2H equal to the counter height in inches, R the 
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distance in inches, and dé the angular width of the 
segment in the c.m. system, the solid angle for that seg- 
ment is given by d2= 0.017543 (dé) (2H/R) in steradians. 
The quantity d2 was summed over all segments to get 
the total solid angle 2, which is the first entry in 
Table IV. 

The calculation of counting losses caused by absorp- 
tion of the protons by the various materials in their 
path was similar to the method of Stadler.’ However, 
refinements were introduced by using the experimental 
values of elastic/total cross section ratios instead of the 
theoretical value of one-half; and by taking into account 
the increase in path length caused by the obliquity of 
some proton trajectories in the counters. The cross 
section data used were those of Millburn ef al.,'° 
De Juren,'' and De Juren and Knable.'’? For each 
segment, an efficiency e was determined, which is the 
probability that neither of the two correlated protons 
be absorbed before registering in all counters. The un- 
certainty in the absorption due to uncertainty in the 
cross section data was taken as 10%. Since the absorp 
tion was about 20%, the resulting error in the final 
results was +2%,. For each segment, the quantity edQ 
was calculated, the sum giving the value of &2 which is 
given in Table IV. 

Also calculated for each segment was the quantity 
ed cos*6, where @ was the c.m. angle of the center ray 
to each segment. This was summed to give &2 cos*Oe4 
which is also entered in Table [V. From these calculated 
quantities, the numbers @ and cos*@,.., can be derived, 
and are given in the table. 

Because of the approximations made in the calcula- 
tions, it was necessary to make certain small adjust 
ments to the results. First, the adjustment to 2 due to 
the extended source produced by the finite width of the 
target ranged from 0.2% to 0.3%. Another adjustment 
to 2 resulted from the use of H in the expression for dQ 
instead of the correct expression R arctan(H/R). This 
ranged from 1.5% to 2.1%. 

There were three adjustments made to cos*@,4. The 
first was necessitated by the finite height of the counters, 
since a point on the counter off the median plane is at a 
different 6 than its projection on the median plane. This 
adjustment ranged from 1.0% to 2.4%. Another adjust 
ment was occasioned by the finite size of the segments 
and ranged from 0.01% to 1.2%. The third adjustment 
was necessitated by the finite width of the target and 
ranged from 0.02% to 1.16%. 

The electronic arrangement used in the measurements 
was essentially as described by Glicksman, Anderson, 
and Martin” with later modifications as described by 
Davidon and Frank.'* 

G, P. Millburn et al., Phys. Rev, 95, 1268 (1954) 

"J. De Juren, Phys. Rev. 80, 27 (1950) 

J. De Juren and N. Knable, Phys. Rev. 77, 606 (1950). 

“Glicksman, Anderson, and Martin, Proceedings of the 
National Electronics Conference, 1953 (unpublished), Vol. 9 
p. 483 


“W. C. Davidon and R. B 
(1956). 


Frank, Rey. Sci. Instr. 27, 15 
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Taare IIT. Proton counter settings. 


2 5 


( ase 


Angle of counter 3 ' 51° 80° 
Radius of counter 3* (Rp) 18} in 174 in 
Angle of counter 5 110 Ys 
Radius of counter 5* (Rg) 6y% in 6} in 


* To front surface of counter sensitive volume 


The energy of the pion beam was determined by 
taking a range curve. The curve indicated a mean pion 
range of 67.5 g/cm? of copper, and showed a (741)% 
muon component, No protons, positrons, or other con 
tamination were observed. 

Corrections for the thickness of the last counter, and 
the obliquity of the pion paths in the copper due to 
multiple scattering'® make the mean range 69.2 g/cm’, 
corresponding to a pion energy of 146.5 Mev.'® Since 
the pions lose 2.5 Mev in traversing one-half of the 


target, the pion energy at the center of the target came 
to 144 Mev, corresponding to a c.m. energy of 1182 
Mev. This spread includes uncertainties in the measure 


ments and the energy spread due to the finite target size 

The final quantity of importance is the number of 
deuterium atoms per cm?’ in the target which were 
exposed to the beam. This was obtained with the 
method described by Nagle!’ 
data of Woolley et al.'* The result was corrected for a 
1.51% hydrogen atom contamination as measured by a 
; and for the cylindrical 
shape of the target and the finite width of the beam, by 
taking a beam profile as described by Nagle. The result 
was 4.77810" atoms/cm’, with a probable error 
of 41%, 


using the thermodynami 


mass spectrographic analysis” 


IV. RESULTS 


During the cyclotron run, measurements were made 
at all three angles with deuterium in and out of the 


TABLE IV, Solid angle, efficiency, and effective angle calculations 


Case 


‘alculated quantities 

0 0.26379 
al 0.22403 
AL COs. 0.11714 


0.38916 
0.33106 
0.08607 


0.40776 
0.54285 
0.01695 


Derived quantities 
é 0.8495 
COB 14 0.52288 


0.8507 
0.25998 


0) 840K 
0.04948 


Adjusted quantities 
Al 0.22037 
COBB 44 0.5174 
6 44.1° 


0),.32472 
0.2596 
59.4 


0.44479 
0.0521 


16.45 


"WC. Davidon (private communication 

M. Rich and R. Madey, University of California Radiation 
Laboratory Report UCRL-2301 (unpublished 

'7]). EF. Nagle, Phys. Rev. 97, 480 (1955 

' Woolley, Scott, and Brickwedde, J 
Standards 41, 379 (1948) 

” The author wishes to thank Dr, Dwight Hutchison of Argonne 
National Laboratory for performing this analysis 
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Fic. 4. Observed angular distribution at 118 Mey with fitted line. 


target cell. For each measurement, counts were taken 
of coincidences between counters 1 and 2 (D12) and of 
coincidences between all six counters (8123456). Aver- 
ages of these counts and their standard deviations are 
given in Table V. About 3610*® D12 counts with 
deuterium in and about half that number with deu- 
terium out were taken for each angle. The D12 counting 
rate was about 40 000 per minute. 

The counting system was tested for efficiency by 
placing all counters in the beam with counter 1 in 
front of and counter 2 behind the others (3456). 
Doubles 12 (D12) and sextuples 123456 ($123456) 
were recorded, Ideally, in this geometry the ratio S/D 
should be 100%, At the beam intensities used in the 
measurements, though, the ratio was considerably 
lower, ranging from 56% to 66% at various times during 
the run. Although the origin of these losses was not 
established, their irrelevance in the present experiment 
was demonstrated by the following tests. The beam 
intensity was reduced, and it was found that at very 
low D12 rates the ratio approached unity, reaching 96% 
at about 100/min. In addition, counter 5 was replaced 
by a small (;%Xy°s) counter normally used for taking 
beam profiles. Because of its dimensions, this counter 
recorded only a very small fraction of the flux. Counts 
were made of sextuple coincidences between this counter 
(S’) and counters 1, 2, 3, 4, and 6. The sextuples to 
doubles ratio $12345'6/D12 was found to be constant 
within statistical error at beam rates from 83 000/min 
down to 8100/min. Thus, since the beam rate in the 
actual experiment was about 40 000/min, it was con- 
cluded that the protons from the absorption reaction 
were counted with 100% efficiency. 

Checks were also made to determine the contribution 
of accidental coincidences to the observed counts. For 
the sextuples this was done in two ways. First, a delay 
greater than the resolving time of the coincidence 


Case 1 


$123456 per t0* Di2 
Deuterium in: 281.2 44.2 
Deuterium out: 36.342.3 
Net 244.9448 
da/dQ, mb/sterad 1.285 +0.027 


233.1 
0.832 


circuit was introduced into one of the inputs. When 
counter 6 was delayed, one 5123456 count was observed 
for 500000 D12 counts, and when counter 3 was de- 
layed, no sextuples were observed for the same number 
of doubles. These counts were done with deuterium in 
the cell and with the counters set in the geometry 
of Case 1. 

Another check was made by placing counters 3 and 4 
so that no proton penetrating them could give rise to a 
correlated proton in counters 5 and 6. In this arrange- 
ment, three sextuples were observed for 500 000 doubles ; 
this was the case both with and without deuterium. 
Hence it was concluded that the contribution of acci- 
dentals to the sextuples counts was negligible. These 
sextuple accidentals tests were made at the beam in- 
tensity used in the experiment proper. 

A check on the contribution of accidentals to the 
doubles count was made, again by delaying one counter 
sufficiently. The counts so recorded were about 4.5% of 
the doubles rate. However, not all of these counts are to 
be interpreted as accidentals. Mesons in the beam, 
which can give only true doubles coincidences, con- 
tributed 4 of the observed singles rates. The true 
accidentals formed therefore 4.5X (2/3)?=2% of the 
observed doubles rate. 

This test was made at 65% of the normal beam in- 
tensity (because of reduced cyclotron output) so that 
the proper correction for accidentals should be 0.02 
x (1/0.65) = 3.1%. 

Differential cross sections calculated from these 
counts are also given in Table V. These cross sections 
were analyzed by the least-squares method to yield the 
angular distribution. The function used was da/dQ 
= a+b cos’@, which yielded a= 0.3792-0.049 and b= 1.75 
+0.15. Thus the angular distribution parameter A was 
0.2164-0.033, while integration gave the total cross 
section as 12.09+0.,93 mb. Using this number in a 
detailed-balancing calculation gave the cross section for 
pion production at the same c.m. pion energy as 
3.10+0.24 mb. 

All of the above numbers except the total cross 
sections have been quoted with statistical errors only, 
since other errors affect all angles equally and thus do 
not affect the angular distribution. However, all have 
been corrected for the muon contamination in the beam, 
for spurious reactions, and for accidentals. The error on 
the total cross sections includes the uncertainties in the 
proton absorption cross sections, the deuterium density, 
and the muon contamination. 

The differential cross sections from Table V have 
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been plotted against cos’@ on Fig. 4, along with the 
least squares line. The least squares sum is 0.0274 and 
the corresponding chi-square probability is about 88%, 
indicating a reasonable fit. 


V. DISCUSSION 


The relationship between the present work and 
previous work on these reactions can be seen on Figs. 1 
and 2. It is apparent from Fig. 1 that the present value 
of total cross section is in good agreement with the be- 
havior in this energy region as seen by Meshcheryakov. 

Figure 2 appears to support the hypothesis of 
Meshcheryakov of the constancy of A from 70 to 160 
Mev. The 94-Mev point of Stadler has been slightly 
raised to account for the finite width of his counters 
and target.” 

Now it is necessary to look at the implications of this 
in terms of the phenomenological theory. We note the 


” H. L. Stadler (private communication). 


PHYSICAL REVIEW VOLUME 


ABSORPT 


105, NU 


ION OF POSITIVE PIONS 1587 
existence of an apparent resonant behavior as suggested 
by the total cross-section data. If we attribute that to 
the (4,4) resonance, the J=2 state and not the J/=0 
state would be enhanced. This, as previously explained, 
implies a variation of 49 in the region of resonance, 
resulting in a variation in Y and thus in A. However, 
this is not observed. Thus it appears that some modifi 
cation or elaboration of the simple phenomenological 
theory is needed to deal with the situation in this 
energy region. 
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The total path length of 3625 penetrating charged secondaries of average energy 4 Bev has been measured 
in three plate assemblies of Al, Cu, and Pb inside a big square cloud chamber, The total number of nuclear 


interactions observed were divided into two groups, (i) nuclear disintegrations (high-energy transfers) and 
(ii) nuclear scatterings (elastic), and the total cross section and the cross section for nuclear disintegrations 
alone have been determined. It has been found that the equivalent square-well radii of Al, Cu, and Pb 
found from the latter cross sections agree well with 1.194! 10™ cm whereas the radii corresponding to the 
total cross sections follow 1.3441 10~" cm. The results thus indicate the same matter distribution in Al, 
Cu, and Pb nuclei as that determined from high-energy electron scattering, mu-mesonic x-ray data, and high 
energy neutron absorption data, Moreover, each nucleus appears to be surrounded by an equivalent spherical 
shell of thickness 0.1544! 10™ cm which chiefly accounts for the elastic nuclear scatterings. The existence 
of this shell is presumably the effect of the finite range of nuclear forces 


INTRODUCTION 


HE size of the nucleus of various elements has been 

determined in the past few years from (i) fast 
electron scattering,' (ii) mu-mesonic x-rays,’ (iii) high- 
energy (1.4 Bev) neutron absorption,’ and (iv) ultra- 
high-energy cosmic-ray data.‘ While the first two 
methods give the spatial extension of the nuclear charge, 
the third one determines the spatial distribution of 
nuclear matter. The fourth method surprisingly gives 
values of the size of the nucleus about twenty percent 


1 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 
(1953); D. G. Ravenhall and D. R. Yennie, Phys. Rev. 96, 239 
(1954). 

?V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953) 

*Coor, Hill, Hornyak, Smith, and Snow, Phys. Rev. 96, 1369 
(1955). 

*R. W. Williams, Phys. Rev. 98, 1393 (1955). 


higher than the first three methods, Williams® has made 
a critical analysis of all these data and has shown that 
experimental observations by the first three methods 
can be reconciled with each other if it is assumed that 
the nuclear density drops off smoothly at the edge of 
the nucleus. Furthermore, the larger values of the cross 
section from cosmic-ray experiments can only be under 
the basis of a nonuniform distribution of 
density inside the nucleus and a progressive increase 
of the elementary np and pp scattering cross sections 
at higher energies (~30 Bev). Whereas Williams’ 
analysis is based on the assumption that nuclear 


stood on 


matter and charge have the same spatial extension, 
Johnson and Teller® and Drell’ have put forward the 
*R, W. Williams, Phys. Rev. 98, 1387 (1955 


*M. H. Johnson and E. Teller, Phys. Rey. 93, 357 (1954) 
7S. D. Drell, Phys. Rev, 100, 97 (1955) 
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Total cross section for nuclear interactions and cross section for nuclear disintegrations alone (high-energy transfers) of 


relativistic penetrating secondaries of average energy 4 Bev, and the corresponding radius of the target nucleus. 


Thickness of 
matter traversed 
by the penetrating 
particles, after cor 
rection for w-con 
tamination in g/cm* 


Number of 
nuclear scat- 
terings 
observed 


Number of 
nuclear dis 
integrations 


Klement obeerved 


0.497 40,027 


Al 28631 245 72 


Rw =3.98 +011 
0.899 40.038 


54 210 


Rn =5.35 40.12 
2.05 40.13 


$9 229 


Rw =8.08 +-0.26 


view that the neutron distribution extends beyond the 
proton distribution by about ten percent in heavy 
nuclei, which is quite plausible in view of the neutron 
excess in such elements. The cosmic-ray measurements 
referred to by Williams® give the cross section for the 
attenuation of high-energy secondary protons by pro- 
ducing nuclear interactions in the absorber concerned, 


EXPERIMENT 


In view of the rather conflicting data of cosmic-ray 
measurements in the ultrahigh-energy region, it was 
decided to find out the cross section for nuclear inter- 
action of moderately high-energy secondary particles, 
and for this purpose a square cloud chamber with 
eleven plates was operated at Darjeeling (altitude 2300 
meters) by a penetrating shower trigger placed above 
the chamber. The vertical thickness of each plate 
inside the chamber was 2.6, 5.6, and 5.4 g/cm? for Al, 
Cu, and Pb, respectively. 

Relativistic secondaries produced in the lead absorber 
above the chamber passed through the plates inside the 
chamber and produced nuclear interactions. The aver- 
age energy of these secondaries as determined by the 
“F-plot” method of Duller and Walker* was 4 Bev. 
The particles analyzed consisted mainly of -mesons, 
protons, and a low percentage of heavy mesons, The 
average distance of the point of production of these 
penetrating secondaries from the central plate inside 
the chamber was 40 cm, and a correction was applied for 
the mu contamination in these secondaries caused by 
ny decay in flight,’ assuming that 80° of the second- 
aries consisted of x mesons,'° The heterogeneous char- 
acter of the secondaries with respect to mass does not 
affect the results in any way so long as w mesons or 
electrons do not enter into the picture, and the energies 
of the secondaries investigated are sufficiently high that 
one can assume a geometric mean free path for them. 

In order to ensure this condition, only high-energy 
penetrating showers were selected for analysis and the 
average multiplicity of the secondaries in the pictures 

*N.M. Duller and W. D. Walker, Phys. Rev. 93, 215 (1954). 


* The magnitude of this correction was less than 4%. 
J. G. Askowith and K, Sitte, Phys. Rev, 97, 159 (1955). 


Total cross section 
for nuclear inter 
action in barns and 
the corresponding 
radius of the target 
nucleus in 10°" cm 


Cross section for nuclear 
disintegrations alone 
(high-energy transfers 
in barns and the corre 

sponding radius in 10°" cm 


Expected values of Re and 
Ry in units of 10°" cm 
Re=119At = =Rw =1,34A8 


0.383 +0,032 
3.57 
Re #349 +018 
0.739 40.040 
Re =4.85 +0.14 
1.724014 
Re =7 Al +0.31 


chosen was more than four. The nature and average 
energy of the secondary particles remained the same 
throughout the experiment in which three plate- 
assemblies of Pb, Cu, and Al were used successively 
inside the chamber. The penetrating shower trigger and 
the amount of the shower-producing layer of lead above 
the cloud chamber was not altered. Askowith and 
Sitte’® have shown that the relativistic secondaries from 
the light elements Li, C, and Al show a geometric mean 
free path in Pb, and Duller and Walker’s® results also 
support this view. 

In view of the recent findings of a nonuniform distri- 
bution of nuclear matter, the idea of transparency of 
the nucleus to a certain radiation has to be modified. 
We approach the problem in the following way. Let us 
assume that all relativistic secondaries consisting of 
m mesons and protons of average energy 4 Bev will 
certainly produce a nuclear interaction whenever they 
come within a distance Ry from the center of the target 
nucleus, Since previous experiments’* and analysis®’ 
have shown that Ry is always greater than R¢ (which is 
either the equivalent square-well radius of a Gaussian 
charge distribution or the equivalent square-well radius 
of a uniform matter distribution corresponding to a 
Williams-type tapering nucleus), we further assume 
that large energy transfers occur only when the impact 
parameter is equal to or less than Re and that compara- 
tively smaller momentum transfers take place for an 
impact parameter b given by Re<b< Ry. These two 
kinds of collisions will manifest themselves in the plates 
of the cloud chamber as (i) secondary nuclear dis- 
integrations and (ii) elastic nuclear scatterings, respec- 
tively. The total number of these two kinds of events, 
which we call the number of nuclear interactions, will 
give a measure of Ry of the nucleus while the number of 
secondary nuclear disintegrations alone is expected to 
show a cross section corresponding to a radius Re for 
the same nucleus. 

The following experimental criteria were used to 
select the penetrating secondaries and their nuclear 
interactions, Firstly, the particles must exhibit mini- 
mum ionization throughout its visible track inside the 
chamber ; secondly, they must be secondaries of showers 
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produced in the absorber (20 cm of Pb) placed above 
the chamber. An event was called a nuclear disintegra- 
tion when there was an emission of one or more heavily 
ionizing secondaries and/or the emission of two or more 
particles that have penetrated two radiation lengths of 
matter without producing secondaries. In the case of 
the Pb and Cu absorbers this method of selection could 
be easily followed. However, in the case of aluminum, 
the total amount of absorber (in eleven plates) was only 
a little over one radiation length. Here, the criterion of 
selection of a nuclear disintegration was (i) the emission 
of one or more heavily ionizing secondaries and/or 
(ii) the emission of three or more penetrating particles, 
none of which showed multiplication or multiple scat- 
tering characteristic of electrons in at least four alumi- 
num plates of thickness 1 cm. The nuclear scatterings 
(elastic collisions) were identified by sorting out those 
cases where a minimum-ionizing secondary was de- 
flected through an angle of at least 15° and remained 
at minimum after deflection. This was 
necessary in order to exclude (i) multiple Coulomb 
scattering and (ii) diffraction scattering of low-energy 
pions by nuclei in which the angle of deflection is 
confined to small values (<10°) owing to the coherent 
nature of such scattering. These cases were events of 
low momentum transfer, so that neither the recoil 
nucleus nor any evaporation particle could come out 
from the plate. Furthermore, the secondary particles 
were of average energy 4 Bev (A~0.05X10~" cm), 
which excludes almost entirely the possibility of diffrac- 
tion scattering. 

The amount of matter traversed by the secondaries 
was measured by a long and painstaking process. The 
total number of penetrating charged secondaries selected 
for analysis were 1311, 1392, and 922 for Al, Cu, and 
Pb, respectively, the average multiplicity being more 
than four in each case. The projected zenith angle (6) 
for each of these secondaries was measured and a 
histogram was drawn for each element showing the 
zenith angular distribution of the particles expressed in 
units of traversals, where we termed the penetration of 
a plate as one traversal. A secondary nuclear event was 
always assumed to have occurred in the middle of a 
plate and accordingly the relativistic ionizing particle 
connected with that interaction was assigned a half- 
traversal for that plate only. The distribution was 
found to be nearly of the form cos*@ so that the ratio 
of the total projected path to the total vertical path was 


in ir 
f cos"é sec oad | f cos*6d6 = 1.058. 


) 


ionization 


From a knowledge of the counter geometry and the 
illuminated depth of the chamber, it was found that for 
a particle proceeding in a plane perpendicular to the 
front surface, a maximum correction of only 3% in the 
projected path length was necessary. 

The number of unobserved nuclear events due to the 
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Fic. 1. The straight lines are Ry=1.34A! and Re#1.19At 
plotted against A!. The experimental points falling on the Ry-line 
are obtained from the total number of interactions, while those 
falling on the Re-line are obtained from the number of nuclear 
disintegrations alone. 


finite thickness of the individual plates was determined 
separately for each plate assembly and was found to be 
0.4%, 1%, and 0.5% for Al, Cu, and Pb, respectively, 


RESULTS 


The results for the three elements are summarized in 
Table I, 

It will be seen from the table and also from Fig. 1 
that the nuclear radii Ry as obtained from the total 
number of nuclear interactions in our experiment 
closely follows an equivalent radius of the value!! 
Ry=1.34A' for all three elements, whereas the radii 
calculated from the nuclear disintegrations alone (which 
are events of higher energy transfer) follow almost 
exactly the radius given by the mu-mesonic x-ray and 
electron-scattering data as analyzed by Williams,® 
which is Re=1.19A', There is a slight indication of a 
larger radius for the Pb nucleus for high-energy events 
but this is not outside the statistical deviation. The 
difference Ry— Re (=0.15A') gives the thickness of an 
outer shell around a nucleus which is responsible for 
low-energy interactions produced by specifically nuclear 
forces between fairly high-energy pions, protons, and 
nucleons. It is clear from this experiment that the 
difference Ry— Re cannot be due to a neutron skin in 
nuclei for then it would be almost absent in Cu and 
more so in Al. The difference between Ry and Re in 
Cu and Al obtained by the present experiment should 


4 Unless otherwise mentioned, all nuclear distances are given 
in units of 10°" cm 
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be attributed to a finite long range of the nuclear forces 
which extends beyond an equivalent square-well radius 
of matter and charge distribution of 1.19A! by the 
amount 0.15A', The data for the cross section of the 
Pb nucleus can, however, be explained on the basis of 
a neutron skin if it is assumed that this skin does not 
take part in high-energy transfers with charged pions 
or protons. This assumption, however, is not warranted 
from the known properties of np or nm forces. 
Brown’s'* data for C, S, and Fe, with particles of a 
higher energy group, give the values of Ry equal to 
3.124-0,24, 4.724-0.31, and 5.074042 which checks 
well with Ry=1.34A!, the radius found out from our 
data on Al, Cu, and Pb. Brown’s data together with 
those obtained in the present experiment are plotted 
in Fig. 1. It will be seen that except for Brown’s results 
on the sulfur nucleus all the experimental! points fit well 
in the straight lines corresponding to two equivalent 
square-well radii of 1.34A' for Ry and 1.19A! for Re. 
The results obtained by Eisenberg" for cosmic-ray 
heavy nuclei of average energy 3 Bev give a value of 
Ry=1,3A' for the Pb nucleus, which agrees remarkably 
well with our data for Ry of the Pb nucleus probed with 
particles of about the same average energy. The mean 
free path for star production by 1.5-Bev pions in 
photographic emulsions has been found to be 35 cm by 
Walker and Crussard.'* This corresponds to a mean 
radius of emulsion nuclei equal to 1.214! for only star 
production as compared to our value 1,19A! for star 
production in Al, Cu, and Pb with particles of average 
energy 4 Bev. Williams’ calculated value of the mean 


free path with the “tapered model” is 37 cm, 


It should also be noted here that the analysis of 
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Saxon and Moszkowski'*® following the equation of 
Woods and Saxon"? reveal that although the charge 
distribution of the Au nucleus gives an equivalent 
square-well radius Rce=1.2A', the matching of the 
data on proton scattering by Au requires that its 
nuclear potential! well must extend considerably beyond 
Re and that the potential actually has a value equal to 
ten percent of the maximum depth at a distance 1.354! 
from the center. Furthermore, recent theoretical calcu- 
lations of Berg and Wilets,’* and Brueckner™ have 
shown that the “potential radius” of nuclei does extend 
beyond the matter distribution by 0.5 to 0.7 10~¥ cm. 
All of these results are in good agreement with the 
present data obtained from cosmic-ray interactions. 


CONCLUSIONS 

The conclusion which we arrive at from this experi- 
ment, is that the value of the nuclear radius obtained 
from cosmic-ray interactions of moderately high-energy 
particles is the same as that obtained from mu-mesonic 
x-ray data or from high-energy electron scattering and 
1.4-Bev neutron absorption experiments. Nevertheless 
low-energy interactions do take place even when the 
interacting particle comes within a distance 0.154 
from the nuclear surface defined by the high-energy 
interactions. This thickness around every nucleus might 
represent the space where a finite but small nuclear 
potential exists owing to an effect of the finite range of 
nuclear forces. 
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Measurements of the production of neutrons by negative « mesons which stop and interact in two ma 


terials, sodium and magnesium, are reported. The mean number of neutrons emitted per interaction was 
found to be 0.6+0.2 for magnesium and 1.0+0.4 for sodium, where the uncertainties include an estimated 


contribution from systematic sources as well as those of a statistical nature 
production in magnesium is less than in lead (multiplicity 1.7 


production in sodium also is shown to be measurable 


than in lead. In the course of the experiment a value 


mean life of negative ~ mesons in sodium 


I. INTRODUCTION 


HE general characteristics of nuclear interactions 

of stopped negative 4 mesons! are consistent with 
a charge-exchange reaction?* in which most of the meson 
rest energy is carried away by a light neutral particle, 
presumably a neutrino. In this reaction a moderate 
amount of energy (of the order of 15 Mev) is available 
for the excitation of the nucleus, and the expected 
emission of nucleons has been experimentally verified 
in the case of several elements.'*"® As part of a 
*.7.-i4 made at this laboratory of the u-meson 
the 
subsequent emission of neutrons, preliminary data on 


study 


nucleon interaction through measurements on 


the mean number of neutrons given off per interaction 
were obtained for the absorbers Ca and Mg." The 
preliminary work indicated that this number, the mean 
multiplicity, was much smaller for Ca and Mg than 
for Pb; the yield of neutrons was so small as to make 
modification of the apparatus advisable. An improved 


form of the equipment has therefore been applied to 
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The data confirm that neutron 


Neutron 


7+0.3), but show that it is not zero 


and probably greater than in magnesium, though less 


of (1.18 6 147") psec (statistical) was found for the 


measurements on the light absorbers Na and Mg, the 
choice of absorber having been made in the light of an 
argument, which will be discussed subsequently, that 
comparison of the multiplicities for these two elements 
would be of more significance. These two measurements 
form the subject matter of this paper. Such multi 
plicity measurements furnish a tool for investigating 
nuclear structure as well as the u-meson nuclear inter 
action; studies of the neutron yield as a function of Z 
should prove ESpec ially valuable 

Essentially, then, this experiment measures the mean 
by detecting neutrons associated with 
meson stoppings, the neutron detection efficiency being 
The relative the 
number of decays is determined from knowledge of the 


multiplicity 


known number of interactions to 
negative u-meson mean life in the absorber; the actual 
number of interactions is then computed from the 
stopping rate, 

Figure 1 furnishes a schematic view of the apparatus 
designating the various counter trays. Meson stoppings 
are selected by a coincidence-anticoincidence arrange 
ment using magnetized lenses of the Rossi type.” The 
neutron detection efficiency is measured by recording 
the rate from a neutron source of known strength and 
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Fic. 1. Schematic representation of the apparatus 
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Fic, 2. Functional schematic diagram of circuits 


of an appropriate energy spectrum placed at various 
positions in the absorber. The meson mean life is 
measured by determining the time distribution of 
pulses (from decay electrons) detected by the anti- 
coincidence tray (marked C in Fig. 1) with respect to 
the incident telescope pulse in the case of Na; for Mg, 
published data’ were used. 

Particles which trigger the coincidence-anticoin- 
cidence arrangement are restricted to a range interval 
by the requirement that they penetrate the iron 
magnets and paraflin barrier, /, but not the absorber, 
a. The magnetic deflection in the iron lens selects a 
momentum band the upper limit of which is set by the 
maximum radius which will still allow a trajectory 
appreciably dependent upon the sense of the magnet, 
since the neutron coincidence rate (A,;A2B—C:N) when 
the magnet is set to focus positive particles is subtracted 
from that for negative. A simultaneous momentum and 
range selection of course amounts to a restriction on the 
mass of the acceptable particles; in this case only 
# mesons contribute appreciably to the rate. Protons 
of the correct energy to stop in the absorber have a 
radius of curvature in the magnet of at least 300 meters; 
their trajectory is thus insensitive to the sign of the 
magnet and any contribution to the delayed neutron 
rate will be eliminated by the subtraction. » mesons 


718 and have only a small chance 


are rare at sea level 
of penetrating the magnet without a nuclear interaction. 
Thus the only appreciable contribution to the delayed 
coincidence neutron rate arises from uw mesons. For a 
more detailed discussion of the focusing properties of 
the magnetic lens one may refer to Conforto and Sard™ 
and Conforto." 

The average number of neutrons per interaction, or 
multiplicity, m, is determined by 


(A,A2B GC 


: N)t abs. diff 
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Here (A,;A2B—C: N)*'~gus. ait. = the measured rate of 
delayed neutrons in coincidence with stoppings; the 
superscript +/— indicates that the rate obtained when 
the magnet sense is such as to focus positive particles 
is subtracted from the corresponding negative rate; 
the subscript abs. diff. indicates that no-absorber rates 
have been subtracted for both magnet senses. ¢.1= the 
detection efficiency for neutrons created in the absorber ; 
because of the finite probability that the neutron may 
not trigger the BF, counter until after the delayed 
coincidence gate has closed, this efficiency is less than 
the incoherent efficiency. {=the fraction of stopped 
mesons that interact; f is related to the mean life in 
free space (designated 7* since it equals that of positive 
mesons) and the measured mean life in the absorber 
(Tue) a8 follows: f=1—(Tse/T*). (A1A2B 
—C)avs. ait.” =the stopping rate of negative u mesons; 
the no-absorber rate is again subtracted. 

Equation (1) may then be solved for m, thus giving 
a measure of the mean multiplicity. 


Il. APPARATUS 


As shown in Fig. 1, the main parts of the apparatus 
are the two magnetized iron lenses (15 000 gauss, 239 
g/cm? in vertical thickness) placed side by side over 
the absorber a; the input telescopes [A,A,B and 
I1A,A,B (each telescope has its own separate coin- 
cidence circuit); the paraffin barrier P (designed to 
eliminate the low-energy mesons which scatter strongly 
and therefore are not well focused, and also to decrease 
the detection efficiency for interactions in the magnet) ; 
the anticoincidence tray C; the neutron counter V and 
N’ surrounded by the paraffin moderator. The neutron 
counters were of course operated in the proportional 
region, and their output was fed first to a pre-amplifier, 
thence to an amplifier and: discriminator. The output 
of the C tray was sent to a three-channel delay dis- 
criminator triggered by input coincidence A,A>2B. 
Detailed descriptions of the magnets, their field meas- 
urements, and operation of the Geiger-Mueller counters 
and the circuits mentioned above may be found in 
references 13 and 14. The apparatus was modified in 
several respects in order to make it more suitable*for 
measurements on light nuclei. A description of the 
changes made follows: 

In order to reduce counts due to side showers and 
thus increase the purity of the apparent meson stop- 
pings (an especially important consideration in the 
case of sparse neutron emitters) the A; trays were 
added, making the input coincidence triple rather than 
double. With the same purpose, anticoincidence guard 
counters (C’) in parallel with C were placed on each 
side of the A and B trays. 

Some effort was made to 
cidence efficiency, since the stopping rate for light 
absorbers is relatively low, and any inefficiency gives 
rise to a background to be subtracted from an already 


increase the anticoin- 
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TaBve I. Comparison of anticoincidence rates with and without absorbers. 


Absorber Pb 


Absorber stopping rate 0.574+0.013 


No-absorber stopping 

rate 0.0903 +-0,005 
Measured background, % 15.7% 
Expected stopping in 


counter walls, “ 5.6% 


small rate. Thus, the anticoincidence (C) tray was 
extended so as to cover the sides as well as the bottom 
of the absorber. 

Previously, the counting efficiency of the C tray had 
been kept high by frequently monitoring counter pulse 
heights and discarding any counter whose pulses be 
came smaller because of age. In an effort to increase 
the average counter life and general reliability of the 
C tray, five univibrator quench circuits” were installed. 
The counters were divided into five groups, with one 
quench circuit per group. The univibrator, triggered 
by the counter pulse, applies a negative pulse of about 
250 volts, 80 wsec in duration, to the counter wire, 
stopping the discharge before it has traveled the length 
of the tube. The charge transferred (and, consequently, 
the number of alcohol molecules dissociated) is de 
creased and counter life thereby increased. Such quench 
circuits were also placed on the A;, A», and B trays 
during the sodium run 

False stoppings would be recorded when particles, 
having triggered an A,;A2B coincidence, penetrate the 
absorber but traverse C (anticoincidence) counters 
which are dead or not sufficiently recovered from a 
previous count. The circuitry was modified to minimize 
this effect by the use of two anticoincidence gates in 
series (see Fig. 2). The result is that no anticoincidence 
can be recorded for about 180 usec following any pulse 
in one of the C counters. During this interval the counter 
and the first anticoincidence univibrator can regain 
their sensitivity. 

False stoppings are thus strongly discriminated 
against at the cost of discarding a small, known portion 
(about 4.5%) of true stoppings. That penetrating 
particles could contribute to the delayed neutron rate 
without regard to the sense of the magnet is shown by 
the previous results,"* which indicated an appreciable 
rate of neutrons associated with nonstopping particles 
when the absorber was present. In addition, because of 
the high ratio of penetrating particles to stoppings, a 
small inefficiency in the C tray leads to a large error 
in the determination of the stopping rate. The measured 
rates (see Table I) indicate some improvement in the 
background compared to the unmodified form of the 
apparatus; for example, in the case of Mg the no 
absorber: absorber ratio was changed from 65% to 
17.5%. 

Elliot, Proc 


Based on a circuit described by H Phys. Soc 


(London) A62, 369 (1949) 


Na Me 


0.390-+-0.006 0.564+0.010 


0.099 +0.004 
17.5% 


0.0942 +-0.0054 
24.1% 


5.6% 5.2% 


For measuring neutron one should 


maximize the neutron detection efficiency while re 


production, 


taining reasonable constancy of efficiency with energy 
For this purpose, four more neutron counters (marked 
V’ in Fig. 1) were added, two on each side, ‘The paraflin 
immersion distance of each counter was made to vary 
along its length by placing it in a slanting orientation 
(The opposite ends of the counters shown close to the 
absorber in Fig. 1 are far from it, and vice versa.) 
Adding the side neutron counters had the virtue of 
making the detection efficiency less dependent upon the 
vertical position of the source in the absorber. The 
neutron detection efficiency was determined by placing 
a calibrated (+10°) Ra—a-— Be source in as many 
positions as practical in the absorber and comparing 
the \V rates with the known flux of neutrons. The 
incoherent neutron detection efficiency averaged over 
three positions of the source in Pb was determined to be 
3.6140.04%, (statistical standard error only). This 
result may be compared with the former value of 
2.2007." Relative efficiencies for the source placed on 
the bottom and two higher plates of the four sheets 
forming the Pb absorber were found to be in the ratios 
1.17: 1.08:1.00, numbers which may be compared with 
the approximately corresponding ratios obtained pre 
viously,” namely 2.3:1.7:1.0 

Some care was taken with the lightest absorber, 
Na, to maximize the amount introduced into the meson 
The 
material was cast into two galvanized iron parallele 
pipeds (13 in.X94 in.X7 in.) and was fitted into the 
apparatus with j-in the 
containers and the adjacent trays. In this arrangement 
of the absorber 


beam, in order to have a reasonable counting rate 


about clearance between 


the containers amount to about 5% 
(18.5 g/cm? of Na compared with 0.96 g/cm? of iron) 
Identical cans devoid of Na were used for the back 
ground measurements, A minor improvement was the 
removal of the 1,24 g/cm’? angle iron absorber-support, 
rate com 


which had contributed a coherent neutron 


parable with that of the Mg and Ca absorbers 


Ill, PROCEDURE 


Data were taken in periods of &-20 hours. Between 
each two periods a set of routine tests was performed, 
and the next run was made with the opposite focusing 
sense for the magnets, or with the alternative to the 
previous absorber—no-absorber arrangement, or both 
The time spent in measuring the background rates is 
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TABLE II. Neutron source rates. 


Conforto and Sard 
Pb 
Position Position 
of Kelative of 
source rate 


Kate 


source min * 


1 1 56.14-0.6 
2 7 2 60.74-0.6 
4 2.3 4 65 6+ 0.6 


Incoherent efficiency 
Coherent efficiency 


thus interspersed in small periods between that con- 
cerned with the raw data. This procedure was adopted 
to insure that the background rates (no-absorber and 
positive-focusing runs) are the same, on the average, 
when they are being measured as when they are con 
cealed in the raw data runs 

The neutron detection efficiency was determined, as 
has been mentioned, by placing a calibrated Ra—a— Be 
source in various positions in the absorber. Four posi 
tions of the source were used with Mg, but only one 
was found practicable in the case of Na because of the 
nature of the absorber holder. Table II gives the rates 
corrected for background and Fig. 3 defines the posi 
tions used, 

The (about 10°)) correction necessary to convert 
incoherent to coherent efficiency because of the finite 
time (32% wsec) in which the neutron may be counted 
involves the mean life of the neutron in the moderator. 
For this figure the value (152_35**”) usec as determined 
in the unmodified apparatus" was employed. 

The run with Pb was made as a check on the func- 
tioning of the entire apparatus, after most of the changes 


described above had been made. About 345 hours of 
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1G. 3. Positions‘of source used to measure neutron{detection 
efficiencies 


(3.614-0.02)% 
(3.244+0.17)% 


Present experiment 
Na 
Position Position 
of Rate of 
source min™ source 


Rate 
(min™) 


61.7+0.66 
66.0+0.71 
49.4+0.53 
54.2+0.50 
(3.3140.02)% 
(2,9340.19)% 


1 61.174-0.42 


(3.6340.02)% 
(3.2140.21)% 


running time led to a value for the mean multiplicity 
of 1.48+0.17, which may be compared with the pre- 
vious” value of 1.47+0.13. The Pb absorber thickness 
of 35.7 g/cm? used in this run roughly corresponds to 
the stopping power of the light absorbers employed 
later, namely, 18.5 g/cm? for Na and 25.13 g/cm? for 
Mg. Table III summarizes a comparison of this run 
with the data obtained previously.” 

The good agreement in multiplicity values obtained 
in the two runs engenders confidence in the correct 
functioning of the apparatus after being modified as 
previously described. The fact that a thinner absorber 
leads to essentially the same result as a thick one is 
perhaps significant with respect to the focusing proper- 
ties of the magnetic lens. The lighter absorber selects 
a lower momentum band (0 to 146 Mev/c instead of 
0 to 215 Mev/c upon leaving the paraffin barrier) and 
one expects poorer focusing with lower momentum 
because of greater Coulomb scattering. That the change 
in mean momentum does not grossly increase the 
leakage is shown by a comparison between the two runs. 
Comparison of the coherent neutron rate (with Pb) 
with three counters in the incident particle telescope 
instead of two (as used, see Fig. 1) indicated that the 
less-restrictive geometry the leakage of 
wrong-sign particles by an appreciable amount. On 
the other hand a run made with better geometry, 
using just one counter in each tray of the telescope, 
gave no indication of improving the purity of the beam 
over the two-counter case. This result would imply 
that scattering of wrong-sign mesons into the beam is 
small for the two-counter case. 

More direct information on this point had already 
been obtained” by looking for decay electrons after a 
stopping in Pb with the lens set to focus negative 
particles. In Pb, where interaction predominates over 


increased 


whelmingly over decay, one expects no decay electrons 
TaBLe III. Comparison of results for lead. 


Mean 
multiplicity, 


Neutrons 
detected 
per stopping 


Absorber 

thickness Hours 
Experiment a/cm* run 
Conforto 
and Sard 86 
Present 35.7 


3.14+0.3% 
4.7940 48% 
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TaBLe IV. Comparison of the incident telescope rates (min™'). 


Averaged 


Rate absorber Pb Mg Na 


(A,A-B) 23.784+0.05 27.964-0.04 23.3240.03 
(A,A2B)* 26.09+0.06 29.86+0.05 25.164+0.03 
Test run with no field gave 22.08+0.25. 


after one microsecond, and such counts may be at 

tributed to a leakage flux of positive mesons. The 
conclusion was that the upper limit of the leakage factor 
for the Pb absorber is about 5°}. 


IV. RESULTS 


Table IV summarizes the data relating to the incident 
telescope rate for the various absorbers. Comparison 
with calculated values indicates that, especially in the 
case of Na, the incident telescope was not always oper 
ating at 100°), efficiency. Because of the fact that 
inefficiency in the A,42B trays merely discards, in an 
unbiased manner, some of the incoming mesons, and 
the fact that interspersed 
between short periods of data taking, the results of 
runs made when the incident telescope rate was some 


background runs were 


what low were simply averaged with the rest 

Table V compares the observed stopping rate (ex 
pressed as percentage of the telescope rate and corrected 
for circuit dead time) with the same quantity calculated 
in various ways. ‘T'wo estimates of the absolute sea-level 
u-meson momentum spectrum are employed: one due 
to a survey by Rossi” and the other from cloud 
chamber data.” Following the previous procedure,” 
the effect of the magnetic lens was considered to be to 
increase the effective width of the bottom tray. 

In the sixth column these calculations are compared 
with a much cruder one made by ignoring the increase 
in lens-opening angle for the stopped particles. The 
lens is considered only as an absorber, and Rossi’s” 
of the 


spectra are used to find the relative stopping rate. As 


values differential and integral momentum 
would be expected, this estimate is lower than the 
observed value. It appears from Table V that although 
the Pb stopping rate agrees satisfactorily with the 


calculated value, the rates for Na and Mg appear to 


TasBLe V. Comparison of stopping rates.* 


I I! Wl IV \ Vi 


2.1807 1.33% 
3.15" 1.66% 
2.03% 1.22% 


Pb 
Mg 
Na 


19 
23.8 


17.7 


1.96°, 
1.85% 
1.33% 


1.86% 
2.33% 
1.73% 


rbher, I]: thi 
dfor 
adaptation of Sard ar 
V: cake 
chamber 


counter 


IIL: observed value 
telescope rate 
alues for flux 
ilated stopping ra COT ame method as IV using cloud 
alue for fl le calculations ignoring lens and using 
alue for flux 


» B. Rossi, Revs. Modern Phys. 20, 587 (1948) 
1 J. G. Wilson, Nature 158, 414 (1946) 


ing alent 
alc pping rate 
s method,"* using counter 


® 1: abe 


em? air equi 


correcté lead ilated at 


RATES, HR” 
1.11* 0,07 
0,74 * 0,06 
0.52 £0,095 


TIME, JL SEC 
29 4,0 We) 4.0 


+ 


Le IN SODIUM 


4. Time distribution of pulses from the C tray for the sodium 
absorber, focusing positive particles 


be too low. One would suspect inefficiency in the C 
tray, but the no-absorber rates do not indicate any 
difficulty for these runs 


is not known 


The reason for the difference 


| igures tf and 5 show the time distribution of pulses 
from the C tray with respect to incident coincidences, 
for the Na absorber +) 


are seen to be in good agreement known 
) 


Ihe data for positives (Tig 


with the 


2-usec mean life of the positive meson.” 

Ihe data presented in Fig. 5 were used to determine 
the mean life of negative « mesons in Na, and thereby 
the fraction that interact rather than decay. Correction 
was made for an approximately 10°), overlap between 
the second and third channels by the following method 

A straight line was fitted by eye to the data displayed 
in a semilogarithmic plot to give an initial mean life 
estimate, This estimate was then employed to compute 
the CXpec ted number of counts in the overlap reyion, 
which was then used to correct the third channel rate 

(The correction amounted to about 9 ,.) Asecond mean 
life estimate was then made in the same way by using 


the corrected third channel rate: 


the process could he 


repeated until subsequent estimates reach a limiting 


value. The third estimate differed so little from the 


second that the process was terminated there 


Time distri 
bution of pulses from 
the ¢ tray for the so 
dium absorber, focusing 
negative particles 


Fic. § 


™W. FE. Bell and EF. P. Hincks, Phys. Rev. 84, 1243 (1951) 
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Tasre VI. Multiplicity data for Na and Mg.* 


Ill 


abe. dint. min™ 


A ( 


0.2964-0.003 
0.496+4-0.008 


I (A ~ 


Na 0.2714-0,049 
Mg 0.280-4-0.067 


N)*/~ ete, aust or! 


a 


il 
mber of neutrons 


Vil 


*1: absorber coherent neutron rate; positive 
min Vin 


detection efficiency 


detected per stopping negative meson. V 


mean multiplicit statistical standard error only. 

The data corrected for overlap and background were 
analyzed by the least-squares method” to give an 
estimate of the mean life of negative ~ mesons in Na, 
Twa , of 

Twa (1.182 0 ma 190) MSEC. 

Since in the least squares method the mean life is 
expressed as an explicit function of the channel rates, 
it was found possible to use the usual rule for the 
propagation of precision indices to compute the error 
to be assigned to the mean life due to the statistical 
standard errors of the individual channel rates. The 
individual channel rates were assumed to follow a 
Poisson distribution. 

It is interesting that the same data when analyzed 
by the maximum likelihood method™ lead to a mean 


life value of 


Tne (1.1839 :197? ™) usec 


The errors correspond to the (1/e)! points on the 
likelihood curve, which was computed numerically 
from the exact expression based on Poisson statistics. 

The value 7.7 = (1.18-0.14*°") usec was adopted in 
the multiplicity calculations. This figure agrees well 
with 1.304-0.12 usec, a value obtained by extrapolating 
from Ticho’s'* negative u-meson mean-life measurement 
in NaF along the smoothed capture-probability versus 
Z* curve. 

For Mg, Ticho’s measurement of 


T Mg 0.96+ 0.06 psec 
was employed to find the proportion that interact. 
Table VI summarizes the data obtained and shows 
the calculated multiplicities for Na and Mg. Included 
in the table for comparison are the results for Pb for 
both this experiment and that of Conforto and Sard. 
The conclusion is that the multiplicity in Mg, while 
less than that of Pb, is clearly not zero. The Na multi- 
plicity is also seen to be appreciable and probably 
greater than the value for Mg but less than that for 
Pb. 
Only statistical standard errors are quoted in Table 
VI, but since these three elements were investigated in 


% AG. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley and Sons, New York, 1943), first edition 

% Following a method outlined by M. Annis (private com- 
munication), and discussed by Annis, Cheston, and Primakoff, 


Revs. Modern Phys. 25, 818 (1953) 


(0.94240.23)% 


and no-absorber rates subtracted (hr=') 


JONES 


Vv 
IV T ste” 
I/ill msec 


5240.27)% 


Vil 
m 


VI 
tof! 


(3.2140.21)% 
(2.9340.19)% 


1.03_. au? a 


0.58+0.15 


1.18_o 147° 
0,96+0.06 


no-absorber rate subtracted 
coherent neutron 


Il]: negative stopping rate; 
negative w-meson mean life in the absorber in question. VI 


essentially the same apparatus, systematic errors should 
be irrelevant to a comparison between them. 

A comparison is of some interest. Primakoff*® has 
suggested that because of the high momentum of the 
neutrino, the meson capture process should favor 
relatively large angular momentum changes. This 
assumption allows one to draw some conclusions about 
the multiplicity to be expected in certain cases. Con- 
sider the situation in which the ground state of the 
original nucleus and the low-lying states of the nucleus 
resulting from the meson interaction have nearly the 
same angular momentum quantum number. Under 
these circumstances, the probability is in favor of the 
product nucleus’ ending up in an excited state differing 
appreciably in angular momentum from the original 
nucleus, rather than in a low-energy state having the 
same angular momentum as the original. The product 
nucleus would then be more likely to emit a neutron, 
and one would expect a reasonably large value for the 
mean multiplicity for this element. 

Although detailed knowledge of the level scheme of 
Na is lacking, the available information is consistent 
with the situation described above. The spin has been 
measured as 3/2, and B-decay data of Ne® (the product 
nucleus in this case) indicate that it has a spin of 
5/27; therefore the angular momentum change upon 
meson interaction would be only one unit if the Ne* 
were formed in the ground state. Thus the argument 
would favor a relatively large probability of neutron 
emission in the case of Na, if the low-lying states have 
approximately the same angular momentum as the 
ground state. 

This situation may be contrasted with that of Mg”, 
where the ground state spin is zero** (an even-even 
nucleus). The spin of the product nucleus for u-meson 
interaction, Na”, has been measured as four,” so that 
transitions to the product nucleus in the ground state 
would not be unfavorable because of a low angular 
momentum change. One would, from this point of 
view, expect a relatively low multiplicity from Mg”, 
again assuming that the ground state and its neighbor- 
ing levels have nearly the same angular momentum. 

**H. Primakoff (private communication). 

* R. W. King, Washington University Ph.D. thesis, 1952 
(unpublished). 

*7 Hollander, Perlman and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 


** J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
*K. F. Smith, Nature 167, 942 (1951). 
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Taste VII. Comparison of the mean multiplicity (m) for Pb from various experiments. 


Crouch and Sard* 


Statistical error only 2.1640.15 
Including estimated 


systematic uncertainties 2.1+0.5 


Conforto and Sard This experiment W idgoff 


1.47+0.13 1.48+4-0.17 2.1440.13 


1.5+0.4 1540.4 


Sard and Crouch’s* weighted mean = 1.7+0.3 


* See reference 12 
» See reference 13 
¢ See reference 15 
1 See reference 1 


Mg” constitutes about 78.4% of the natural isotopic 
mixture with the remainder being composed of about 
10.2% Mg* and 11.4% Mg*®. Of the latter two, Mg” 
should perhaps behave like Na™ so far as neutron pro 
duction is concerned, since Mg*® and its product nucleus 
are also related by an allowed 8 decay.*® (The spin of 
Na® is not known.) Mg*® would become Na*® which is 
almost certainly very unstable because of the high 
neutron excess. (It is not listed as a known isotope.?’) 
Because of this excess one might expect it to be a fairly 
copious source of neutrons. 

The presence of these other isotopes would tend, then, 
to make the multiplicity in the natural material slightly 
higher than in pure Mg”. Since Mg™ constitute about 
¢ of the natural mixture, the relative multiplicity values 
of Na and Mg expected from the original argument 
remain approximately the same. 

Table VI indicates the degree to which this ex 
pectation is confirmed. Although the difference is not 
striking, it is in the sense consistent with the above 
point of view. To investigate this and other hypotheses 
concerning neutron production by stopped m mesons 
it would be desirable to make multiplicity measure 
ments on many other elements. Recent work” has 
indicated that only 9+5%™ of stopped negative 
wu mesons interacting with C™ leave the product nucleus 
B in a bound state. The fact that C” has a spin of zero”? 
and that 6 decay data indicate that the spin of B” is 
one** makes this result also consistent with the above 
interpretation, since the angular momentum change 
between the ground states would be only one unit as in 
the case of Na. 

Widgoff'® has determined the multiplicity in Pb, Sn, 
Bi, and Al by a counter experiment performed under 
ground without a magnetic lens in an experimental 
arrangement essentially the same as that of Crouch 
and Sard.” The result obtained for Pb (see Table VII) 
is in excellent agreement with Crouch and Sard and is 
somewhat higher than that found with the present 
apparatus; a measurement with the present apparatus 
for Al, say, would help to show whether this difference 
persists for different elements. Until this is done, direct 
comparisons of different elements studied in the two 


experiments are perhaps not proper. However, Prima 


» TN. K. Godfrey, Phys. Rev. 92, 512 (1953). 


1 £. P, Hincks (private communication), 


koff’s qualitative argument would suggest a fairly high 
neutron multiplicity for Al, similar to Na. Widgoff's 
result is certainly in accord with this expectation 

Winsberg® has recently studied the interaction of 
negative « mesons with I'*’, In this case, radiochemical 
analysis showed that reactions to Te'’ involving spin 
changes of three and one units were present to the extent 
of 5.2 and 3.0%, respectively. Hence two reactions 
differing in spin change value by two units appear 
approximately equally probable. 

Our experiment also gives some information about 
the absolute values of the multiplicities. They are of 
course subject to uncertainties of a nonstatistical 
nature, most of which have been briefly mentioned 


The 


certainty are (1) possible uncertainties in the meson 


before three major sources of systematic un 


stopping rate due to imperfect focusing, (2) the 10% 
indeterminacy in the Ra~a-Be 
strength, and (3) the possibility that the neutron energy 


neutron source 
spectrum from y-meson interactions is very different 
from that of the Raa 
of course contribute an error to the determination of 
the coherent neutron flux. 


Be source. The last two would 


The item (1) has been discussed in some detail, and 
evidence that any leakage is reasonably small has been 
presented. It is estimated that the uncertainty in the 
£15%. It is 
to be borne in mind that a contamination of positive 


stopping rate is not greater than about 


mw mesons in the negative beam would depress the 
apparent multiplicity, since there would be fewer 
neutron producing interactions than would be con 
sidered as such in the analysis of the data 

It was, of course, to guard against the possibility 
mentioned in item (3) that the neutron counters were 
rearranged to increase the flatness of the neutron 
detection efficiency. Evidence bearing on this question 
is contained in the results of a determination of the 
Pb multiplicity by a counter experiment performed 
underground (Crouch and Sard’). Essentially, it was 
found that changing the flatness of the neutron de 
tection did not appreciably change the apparent 
multiplicity, so the conclusion was that the two neutron 
spectra in question are not grossly different. However, 


a +10% uncertainty is attributed to the energy 


"1. Winsberg, Phys. Kev. 95, 205 (1954), 
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spectrum. The assigned systematic uncertainties in this 
case would then be 


quoted. They are that the neutron multiplicities due 
to « mesons’ stopping in Mg and Na are clearly nonzero 
and the Na value is very probably less than that for 
Pb but greater than that for Mg. The indicated relative 
multiplicity values for Na and Mg are consistent with 
the particular hypothesis that influenced the choice of 
absorber, namely, the view that the meson-nucleus 
interaction process favors a relatively large angular 
momentum change. Further experimental work is 
desirable to improve our understanding of this inter- 
action. 

The author wishes to express his sincere thanks to 
Professor R. D. Sard for his continued help and en- 


(1) uncertainty in stopping rate, + 15%; 
(2) uncertainty in neutron rate from source, +10%; 


(3) uncertainty due to energy spectrum, + 10%. 


The final multiplicity values become 1.0+-0.4 for Na 
and 0,64-0.2 for Mg. 

At the present time, it is possible to compare only 
the Pb multiplicity with other independent deter- 
minations. Since the primary interest of this experiment 
is not in Pb and not 
multiplicity, we merely quote such a comparison in 
Table VII. couragement, to Dr. M. Annis for his valued assistance 

We reiterate here the principal conclusions of the and suggestions, and to Mr. J. D. Miller for his work 
experiment, aside from the numerical values alreadyem with the electronics. 


in the absolute values of the 
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Pion Production in Electron-Proton Collisions* 
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The close relationship between photopion and electropion production from protons allows an unambiguous 
first estimate (the standard value) for the ratio of these cross sections, based on assumptions very close to 
those of the Weizsiicker-Williams method. Deviations of the ratio from this estimate arise from pion pro 
duction by the longitudinal components of the field of the scattered electron and from the variation of the 
off-diagonal transverse excitations from their diagonal photoproduction values. The dependence of these 
deviations on the physical processes contributing to the electromagnetic excitation of pions is discussed in 
terms of matrix elements specified in the pion-nucleon center-of-mass system, both for various phenomeno 
logical contributions and for specific meson theories. The experimental values reported are interpreted as an 
indication of the smallness of longitudinal production, in qualitative accord with the fixed source theory 
These features may also be investigated by study of the energy spectrum of inelastically scattered electrons 


and of the azimuthal variation of pion production relative to the scattering plane, which are also discussed 


here 


1. INTRODUCTION 


EASUREMENTS on direct pion production by 
electrons incident on hydrogen have recently 
been made by Panofsky, Woodward, and Yodh.' Since 


this pion produc tion is induced by the action of, the 


virtual electromagnetic field of the scattered electron, 
it is closely related to the photoproduction of pions from 


* The research reported here was supported in part by the 
U. S. Air Force through the Air Force Office of Scientific Research, 
Air Research and Development Command, and was also sponsored 
by the joint program of the Office of Naval Research and the 
U.S. Atomic Energy Commission 

t This research was begun at Stanford University under the 
joint program of the Office of Naval Research and the U. 5 
Atomic Energy Commission and was continued under the same 
program at Cornell University. This author enjoyed support, 
also, as a member of the Institute for Advanced Study and as a 
Visiting Associate Physicist at Brookhaven National Laboratory 
during the progress of this work 

! Panofsky, Woodward, and Yodh, Phys. Rev. 162, 1392 (1956) 


hydrogen. However, in contrast to photoproduction, 
the energy ko transferred by this virtual field is not 
necessarily equal to the momentum transfer &. Further 
more, while the electromagnetic field in the photopro- 
duction process is transverse, the virtual electromagnet ix 
field in the electron-production process contains both 
transverse and longitudinal components, For these 
reasons, it is expected that the experimental results will 
contain new information on the electromagnetic prop- 
erties of the pion-nucleon system. 

The close relation between the interactions produced 
by a moving charged particle and those due to incident 
electromagnetic waves was first pointed out in 1924 by 
Fermi,’ who related stopping power for a particles to 
the electromagnetic properties of the material. Weiz- 


*E. Fermi, Z. Physik 29, 315 (1924) 
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sicker and Williams* later considered particularly the 
case of relativistic electrons. By making a Fourier 
analysis of the field produced at a given point by a 
passing electron of energy « and momentum p>>m, they 
showed that this field contained predominantly trans- 
verse components and concluded that an incident 
electron would produce the same effects as a beam of 
photons with spectrum V,(p,k,) given by 


N (phy) (dhy/ky) 
a dk, 


= {2° K (2) — Ko? (z) ]—22K 0(2)K,(z)}. 
Tv ky 


(1.1) 


Here ky is the photon energy, = (Mbminks/€), bmin 1S 
the least impact parameter for which the electron is 
effective in the given process, and Ko, K, are the usual 
Bessel functions. This discussion assumes that the elec 
tron motion is not appreciably affected by the process 
induced, in particular that the scattering angle of the 
electron is small. The contribution from field com- 
ponents parallel to the incident direction is omitted in 
this approximation. A convenient approximation to 
Eq. (1.1), valid for 21, is 


N.(p,ky) = (2a r){In(e/ky)—In(mbmin) — 0.39}. (1.2) 


Nordheim et al.‘ have made a more detailed classical 
analysis of the virtual field of the uniformly-moving 
electron by Fourier analyzing the field considered as a 
function of space and time. This analysis shows clearly 
that the least impact parameter 6,,;, is to be taken as 
1/Rmax, Where Riyax is the greatest transverse momentum 
transfer strongly effective in the process.® This mo- 
mentum transfer may be as large a8 kings p; but if R 
is the radius of the region over which the electromag 
netic interaction with the then 
Rina S1, Generally the appropriate byi, is given in 
order of magnitude by the larger of R and 1/p. For very 
high electron energies, experimental results on the 
relative effectiveness of electron and photon in a given 


system is strong, 


process will give direct information on this radius R of 
strong interaction, according to Eq. (1.2). 

In the Stanford experiments, the electron energy 
(600 Mev) is not large compared with the energy 
transfer to the pion-nucleon system. Also the pion 
production process is quite complex, a number of dif 
ferent transitions being effective. Thus, while Eq. (1.2) 
is adequate for an order-of-magnitude estimate, a more 
precise treatment is needed for the interpretation of the 
experiments. Such a treatment may be based on the 
Mller potential for the scattered electron, For energy 
and momentum transfer ko, k, this potential has 


*K. F. Weizsiticker, Z. Physik 88, 612 (1934); E. J. Williams, 
Phys. Rev. 45, 729 (1934); Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 13, 4 (1935) 

‘Nordheim, Nordheim, Oppenheimer, and Serber, Phys, Rev 
51, 1037 (1937). 

* We use units such that h=c=1. 
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components 


u(p k)y,«(p) 
A, (Ro, k) e ’ (1 5) 
ko? — k? 


where ko= e(p)—e(p—k). The interaction of this poten 
tial with the pion-nucleon system may be denoted by 


H'(k) = J, (ko, kt) A, (Ro, kk), (1.4) 


where J,(ko,k) is the matrix element of the current 
operator for the system between initial nucleon and 
final pion-nucleon states. 

First consider the case of an infinitely heavy nucleon 
For a given pion energy the energy of the scattered 
e(p—k) | is definite. The ratio of the total 
cross section for the electron process to that for the 


electron [¢ 
corresponding photon process may then be calculated 
by using Eqs. (1.3) and (1.4) to give® 


(1.5) 


N.(p,ky) 
| ed k Pd(k*) 
Tipp’)? (ko? — k*)? 

(Cipt+p’)*— ILE (p— p')] Bet 

x t 

| - _ 

4p’k 2p" 

(J F(k*)) 


x (1.5 
(JF(k/) 


Ne pkpt+Nn.'(pky), 


where 


V.'(p,Ry) 


N'(p,ky) 


“{" p’)* k Pd (k*) 
w + 4k? p’ 


(pp 


(ptpy? | Jee) 
x| 1 > (1.50) 
hk? lu e(kA)) 


In this equation, k= p— p’ and k?= p+ p"—2pp’ cosé, 
6 being the electron scattering angle. Neglecting the 
electron’s mass, the momentum of the real photon is 
equal to that of the virtual photon for forward electron 
scattering: ky= p— py’. In Eq. (1.5), (J) denotes the 
square of the part of J(ko,k) transverse to k, averaged 
over initial and final nucleon spins, over meson dire« 

tions and over the two photon polarizations; (J/) 
denotes the square of the longitudinal part of J(hko,k), 
similarly averaged, The last term in each of the curly 
brackets of Eq. (1.5) is due to the electron magnetic 
moment, The invariant quantity 


ko? — k? = 2(m? ee + pp’ cod) (1.6) 


has the small value m'(p— p')*/pp’ for forward 
scattering (@=0). The main (logarithmic) contribution 
to N.(p,ky) therefore comes from the region k? = ky’, 
owing to the denominator (kg — k*)* of the first integral. 
This corresponds to small-angle electron scattering and 
transverse production only and can be predicted without 
further knowledge of the pion process. Knowledge of 


* See the remarks following Eq. (2.14) 
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off-the-energy-shell matrix elements (k?> ko?) for inter- 
action with the transverse and longitudinal fields is 
necessary for the complete evaluation of N,(p,k,). The 
additional contribution clearly corresponds to relatively 
large electron scattering angles. Because of this addi- 
tional contribution, N.(p,k,) will depend on the mode! 
considered as well as on the energies involved. It is 
these differences which interest us here. 

The simplest estimate of NV,(p,k,) is obtained by (i) 
giving (J(k*)) the value it has on the energy shell, 
ie., the value (J?(k/*)) effective in photoproduction ; 
(ii) omitting the longitudinal matrix elements J;. This 
estimate will be referred to as the “standard value” 
of N.(p,k,) and is explicitly 


2 e+ pp’ +m 
N "(py ky) In / 
m(e—e 


(e+e)? ptf’ P| 
. In ~ 


» 
2p’ p—p' Pp 

The contributions to Eq. (1.7) come very predomi 
nantly from small scattering angles; e.g., for p= 600 
Mev/c, ky= 200 Mev, 95% of the integral comes from 
scattering angles less than 6°. The physical situation 
for this case therefore corresponds closely to the 
approximations of Weizsicker and Williams’; and this 
expression (1.7), which is based on the use of the 
Mller potential, may be regarded as a more quantita- 
tive generalization of Eq. (1.2). 

The function NV,(p,k,) of Eq. (1.5) has frequently 
been calculated for special cases in the past, although 
not presented in this form, Electrodisintegration of the 
deuteron was considered by Bethe and Peierls,* assum- 
ing only an electric dipole transition; this is equivalent 
to the assumptions that the longitudinal and transverse 
matrix elements (J) and (J/*) are equal and are inde- 
pendent of k®. Such relations between longitudinal and 
transverse matrix elements are typical only of physical 
situations such that kR<1, For situations where the 
momentum transfer is such that RR>1, the transverse 
and longitudinal matrix elements may have quite 
different magnitudes and k dependences. This is, for 
example, the case for pion production where & neces- 
sarily exceeds uw, and may be illustrated by the explicit 


calculations of Sec. 3. Higher multipoles have been 


7 For an “equivalent-photon” energy ky<p, Eq. (1.7) reduces 
to N,"*(p,ky) = (2a/r)(In( p/m) —0.5]. This agrees with Eq. (1.2) 
for the choice bmin=1/k;. For buin=1/p, however, Eq. (1.2) gives 
N, rather larger than the standard value. This increase is due to 
the fact that the Weizsicker-Williams calculation comprises the 
contributions of the matrix elements transverse to the incident 
direction. Since the momentum transfers actually make some 
angle with this direction in general, some contributions corre 
sponding to matrix elements longitudinal to the momentum trans 
fer are consequently included in the semiclassical calculation, but 
are omitted in the calculation of the standard value NV,*(p,ky). 

*H. A. Bethe and R. E. Peierls, Proc. Roy. Soc. (London) 
A148, 146 (1935). 
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discussed by Wick,’ without specification of the par- 
ticular nuclear process involved; these expressions are 
again valid only for electron energies such that RR<1. 
For the magnetic dipole or transverse electric quadru- 
pole transitions, V,(p,k,) has the value 


aé+eé? 
r PP 


corresponding to (J;*)« k®. A longitudinal #2 transition 
may also be effective and will add 


ee’ + pp’ +m’ 
In (1.8) 


m(e— €’) 


2a =p” 
P (1.9) 


" 7 
nw (e—€')? 


to the transverse contribution (1.8), where 7? is the 
ratio (J?(k/))/(J2(k7)) of the effectiveness of longi- 
tudinal #2 to transverse /2 transitions at k=k,. The 
value of 7? is 4/3 for any system such that RmaxRK1. 
This expression is in fact valid only as long aS kmaxR&1 
and may be very large if (e—«’)<p. This is particularly 
the case for the excitation of low-lying quadrupole 
transitions in nuclei by electrons of moderate energy 
(<30 Mev) where 7? will be equal to 4/3. From Eq. 
(1.5) it is clear that large contributions then come from 
large values of k?, i.e., from large-angle electron scatter- 
ing. Formulas for the case of an octupole transition 
have been given by Thie et al." 

In the process e+ p-n+nt+e, the electron loses a 
large proportion of its energy and therefore delivers 
considerable momentum to the pion-nucleon system. 
In the experiments of Panofsky et al., observations are 
made of pions with definite directions and energy; in a 
photoproduction process these observations on the pion 
suffice to determine the kinematics completely, but this 
is not so for the electron process where there are three 
particles in the final state. However, the final electron 
energy is a definite function of its direction. For forward 
scattering its energy loss is very closely equal to ky, 
the photon energy necessary to produce a pion of this 
momentum and direction from a proton which is 
initially at rest. Since small-angle scattering contributes 
so strongly in Eq. (1.5), a reasonable second approxima- 
tion V,"'(p,ky) is simply obtained by neglecting the 
variation of p’ with scattering angle in Eq. (1.5), re- 
placing p’ everywhere by the value p’(@=0)=p—ky 
which it has for forward scattering. The values then 
obtained are significantly less than those obtained in 
the approximation p’=p—w, corresponding to the 
assumption of an infinitely heavy nucleon (see Table I). 

However, as the electron scattering angle becomes 
large, the neutron recoil necessarily increases so that 
the final electron energy falls appreciably. For large 
angles the momentum transfers k are therefore smaller 

*G. C. Wick, Ricerca sci. 11, 49 (1940). See also B. Peters and 
C. Richman, Phys. Rev. 59, 804 (1941), and J. S. Blair, Phys. 
Rev. 75, 907 (1949). 

” Thie, Mullen, and Guth, Phys. Rev. 87, 962 (1952). 
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and the energy transfers larger than with the assump- 
tion of constant energy loss ky; further, the phase space 
for the final electron is now diminished for large-angle 
scattering and the value of N, is further decreased. 
For the standard value, small-angle scattering con- 
tributes so predominantly that the decrease due to the 
variation of neutron recoil with scattering angle 6 is 
quite small, being between 2% and 3% for all physical 
situations of interest at present. 

It will now be clear that the new information on the 
pion-nucleon interaction contained in experimental 
values of N, depends only on its deviation from the 
standard value N,*'. This deviation may depend on 
(i) the variation of the transverse matrix element with 
increasing momentum transfer k>ko, for given energy 
transfer ko; (ii) the effectiveness of longitudinal pro- 
duction. Contributions to V, from these causes neces- 
sarily correspond to values k? considerably greater than 
ko?, and therefore to large-angle scattering. These 
deviations are consequently affected greatly by the 
variation of neutron recoil with electron scattering 
angle and will be very much less than the values sug- 
gested by the above formulas, Eqs. (1.8) and (1.7), 
for example, in which a constant p’= p—ky is assumed. 
This reduction follows both from the reduction in the 
momentum transfers effective for large-angle scattering 
and from the decrease in the phase space available to 
the final electron. This is particularly marked for the 
longitudinal #2 production, Eq. (1.9), whose large 
value depended so strongly on large-angle scattering. 
The remarks are illustrated quantitatively in Table I 
by consideration of some typical cases of interest here. 

The values of N, do not have a simple relation to the 
new pion-nucleon matrix elements of interest but de- 
pend on integrals over these off-the-energy-shell matrix 
elements. Complementary information on these matrix 
elements would be given by experiments in which the 
spectrum of inelastically-scattered electrons at a given 
angle is observed. This latter situation will be discussed 
briefly in Sec. 4; experiments of this type are in 
progress at Stanford. In the interpretation of the elec- 
tron-pion results, it is necessary to take account of the 
on-the-energy-shell transverse matrix elements deduced 
from the more complete data on pion photoproduction. 
The guidance of successful meson theories is also needed, 
although these experiments depend on situations for 
which the validity of these theories may be in doubt. 
In these experiments at 600 Mev, momentum transfers 
effective in electroproduction may be as large as ~ Mc 
(M is the nucleon mass). The matrix elements may be 
expected to fall rapidly for k such that RR>1, where R 
is the radius of the region of strong electromagnetic 
interaction for the pion-nucleon system. At present 
we have very little knowledge of the appropriate radius 
R for the various transitions, and it is just in this 
region that our theories may be least valid. However, 
preliminary estimates of off-diagonal electromagneti: 


ELECTRON 


PROTON COLLISIONS 1601 


TABLE I, Values of N,(p,ks) calculated for P=600 Mev and 
ky=228.2 Mev (appropriate to 60-Mev pions observed at 75° to 
the beam) with various kinematical assumptions. The matrix 
elements used are the simple forms appropriate for kR«1. The 
various assumptions relating the longitudinal and transverse 
matrix elements are labeled (lab), (c.m.), and (c.m.)* and are 
defined in Sec. 2. 

Correct kinematics 
and a matrix ele 
ment (Yukawa 


shape) with 
Nucleon Variation With rms radius 
assumed of nucleon correct R10 R#20 
infinitely recoil kine x10" —K«10°" 
heavy neglected matics cm em 


0.0216 0.0207 0.0192 0.0181 


Ne(p,ky) 


Standard value 0.0200 


0.0187 
0.0193 
0.0190 


(lab) 0.0214 
(c.m.) 0.0254 
(c.m.)* tee tee 0.0226 


0.0201 
0.0218 
0.0209 


Electric 
dipole 


0.0253 0.0237 


0.0238 
0.0238 


0.0212 
0.0212 


0.0191 
0.0191 


(lab) 
(c.m.) 


Magnetic 


0.0284 0.0265 
dipole nilaah . 


Electric (lab) 0.0283 
quadrupole (c.m.) 0.0506 
(c.m.)* see ree 0.0337 


0.0238 
0.0323 
0.02064 


0.0202 
0.0226 
0.0212 


0.0536 0.0430 


matrix elements will be made is Sec. 3 on the basis of 
simple treatments of pseudoscalar meson theory. 

Previous calculations of electroproduction of pions 
on the basis of meson theory are rather incomplete. It 
has generally been assumed that the nucleon is in- 
finitely heavy, the corresponding kinematics being used; 
this leads to a quite considerable error in the interesting 
part of N,. The total cross section for all meson pro- 
duction has been considered by Feshbach and Lax! 
using the Weizsicker-Williams approximation, and by 
Strick and ter Haar," who give the threshold behavior 
Oror(€) & (e—e)'. For the fixed-source pseudoscalar 
theory, Sneddon and Touschek" have given expressions 
(calculated in Born approximation) for the meson 
spectrum, integrated over angles, neglecting all nucleon 
recoil effects. Further, these authors have explicitly 
omitted the longitudinal terms in the matrix elements. 
Kaplon has given more complete expressions for the 
differential cross section, but again with neglect of 
longitudinal production and recoil effects. The recoil 
will of course have its greatest effect through the 
kinematics of the process and the resulting phase-space 
factors. 


2. GENERAL FORMULATION 


In this section we shall derive some general expres 
sions for the electron production of pions, and apply 
them to a simplified treatment of the process. In Eq. 
(1.4), the matrix element for pion production by an 
electromagnetic field has been expressed in terms of the 


1H, Feshbach and M. Lax, Phys. Rev. 76, 134 (1949) 

2. Strick and D. ter Haar, Phys. Rev. 78, 68 (1950) 

4T. N. Sneddon and B. Touschek, Proc. Roy. Soc. (London 
A199, 352 (1949). 

4M. F. Kaplon, Ph.D. thesis, University of Rochester, 1951 
(unpublished). See also R. E. Marshak, Meson Physics (McGraw- 
Hill Book Company, Inc., New York, 1952), p. 40. 
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current j, associated with the transition from nucleon 
to final pion-nucleon state. Using charge conservation 


kojo ~k-j 0), (2.1) 


the fourth component of j, can be expressed in terms 
of the space components; here ko, k are the energy and 
momentum transfer in the transition. Similarly the 
M@ller potential, Eq. (1.3), the Lorentz 
condition 


satisfies 


kyAo—k- A=0. (2.2) 


Using these two relations, the matrix element for the 
transition may be written 


HH’ =j-A— ko *k- jk-A. (2.3) 
It is now convenient to separate the current into a 
longitudinal component 
jem kk- j/k’, (2.4) 
and transverse component Ie, so that 
j=het+he 
Then H’ can be written in the compact form 
H'=m.-A, 
where m,= j, and m,= j,(1—k?/ko?). 
In terms of m, the differential cross section for the 
production of a pion of momentum q is 


(2.6) 


5(€'+we+E—e—M) 


am 7” M d*p’ d*q 
4 > | cyem,) |? , 
(hk? — ky*)* 0424 E pe w, 


(2.7) 


where the sum is to be taken over initial and final spin 
states for the electron and the nucleon. Here £ is the 
energy of the recoil neutron 


E=[( M*+ (p—p’—q)? |}. (2.8) 


The appearance of the factor (M/E) in (2.7) is a conse- 
quence of assuming that the nucleon wave functions are 
normalized relativistically in calculating the matrix 
elements j. Since we do not have an adequate rela- 
tivistic theory for m, there is some question whether it 
is appropriate to include this factor; it is convenient 
to include it since the phase space expression for the 
final particles then has simple transformation properties. 
Since only the meson is observed in the present ex- 
periments, Eq. (2.7) is to be integrated over all possible 
final electron states. For each electron scattering angle, 
the electron’s energy is fixed by the conservation laws 
[see Eq. (2.14) ] below, so that the integration is over 
electron directions only. The result is to be compared 
with the corresponding expression for photoproduction 
by a bremsstrahlung spectrum ¢(K)dK/K, which is 


o(K)dK 1 M dq 
K~M) Dl(m,)|=——, (2.9) 


5(wet E 
K 064K D We 
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the sum being over the two photon polarizations and 
the nucleon spin states. For given q, the appropriate 
value of K is ky=e—e,’, where e,’ is the energy of the 
final electron for forward scattering (@=0). 

Let 7T,; denote the sum over electron spins in Eq. 
(2.7): 


Tyj=m > (a(p)yu(p—k) J a(p—k)y,u(p) ] 


= 2pipj— pikj— pki t 4 (Ro— ho?)b,;. (2.10) 


Then the remaining sum may be written 


&,= (>> Timm, (k’— ko?) = Tr{2| p-m:|? 
+4(k?— ko*)|m,|?+ 2 Re(p-m,k-m) (p?— p”) /k? 
+4 —14+ (pt p’)?/k? ](ko?/k?) | k-m|?} 


XK (R?— ko)". (2.11) 


The trace here is with respect to the nucleon spin. The 
corresponding expression for photoproduction is 


Pon: Tr(m,*-m,);. (2:42) 


The subscript f denotes that the current is evaluated 
for K ky. 

The ratio of the meson intensity produced by elec- 
tron bombardment to that produced by bremsstrahlung 
will be denoted by N,./¢(K) where, from Eqs. (2.7) 


and (2.9), 
a of | ?, 
© ppt Dyn (k 


where p,’ is the momentum of the recoil electron for 
forward scattering. Specifying the electron scattering 
angle by 6, the angle between p and p’, and ¢, the angle 
between the planes (p,q) and (p,p’), the final electron 
momentum is given by 


N.(p,Ry) (2.13) 


ko’) 4a 


M (p—w)+p(q cosa—wy) +)" 


M+ p—w,— p cos8+q(cosa cosé+sina sind cos). 


(2.14) 


This expression is correct to order (m’/p’); the angle 
of pion emission relative to the incident direction is a. 
Typical curves of p’ have been given in reference 1. 
The expression (1.5) for total cross sections may be 
obtained from Eq. (2.13) by replacing p’ by the con- 
stant value py,’ everywhere and integrating numerator 
and denominator over all meson directions; the cross 
term between transverse and longitudinal production 
averages to zero in the total cross section. 

In the calculation of NV, for some models it is some- 
times more convenient to proceed without separation 
of the transverse and longitudinal parts of the inter- 
action current. For these cases it may be convenient to 
use the covariant form 


B=} Trl Jujut | Pajul*(h— ho?) ], 


where fujn=lirl?+[42l?+[is|?— [iol and p= py 
+p,’. This form may be obtained directly from Eqs. 


(2.15) 
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(1.3) and (1.4) by using covariant projection operators 
in the usual way for evaluation of the sum over elec- 
tron spin states. An equivalent form is 

= Trl jujut (4/ko?) (b-9*) (b- 3) (R— ho?) ], (2.16) 
where b= e'p—ep’. To a close approximation, this vector 
b is perpendicular to the bisector of the angle between 
p and p’ and lies in the plane of p and p’ (see Fig. 1, 
reference 1). In each of these expressions (2.15) and 
(2.16) the virtual photons may be regarded as con- 
sisting of an unpolarized part giving rise to the first 
term and a polarized part responsible for the second 
term. 

The expression (2.15) for ®, is explicitly a relativistic 
invariant. Hence, despite their noncovariant appear- 
ance, the equivalent expressions (2.11) and (2.16) must 
each have the same value in every Lorentz frame pro- 
vided the value j appropriate to that frame is used. 
Now, even in a relativistic theory, the discussion of the 
final pion-nucleon state is most conveniently carried 
through in a particular Lorentz system, the pion 
nucleon center-of-mass (c.m.) system, and by con 
sideration of scattering states which have definite 
angular momentum and parity in this system. The 
fixed 
source theory, which neglects the motion of thenucleon, 


matrix elements calculated for a nonrelativistic 


are best used in this c.m. system where neglect of the 
nucleon motion is most justified. The corresponding 
matrix element for calculation of ®, in some other 
Lorentz frame must then be obtained by a Lorentz 
transformation; if the fixed-source matrix element is 
used directly in another Lorentz frame, a different 
approximation is being made and a different value will 
be obtained for ®,. It is clearly desirable therefore to 
evaluate ®, in a Lorentz frame which varies with the 
electron scattering angle, namely, the c.m. system of 
the virtual photon and target nucleon (which is of 
course identical with the final pion-nucleon c.m. sys 
tem). In this Lorentz frame we shall denote the various 
momenta by capital letters corresponding to the lower 
case letters used in the laboratory system; thus Q and 
K will denote the pion momentum and the momentum 
transfer of the virtual photon as seen in the pion- 
nucleon c.m. system. 

However it is most convenient to carry out calcula 
tions using the variables defined directly in the labora 
tory Since the 
k/(M-+k») relative to the laboratory, the energy and 


frame. c.m, system has velocity 
momentum transfers Ko, K seen in the c.m. system 


may be expressed in terms of the laboratory quantities 
kok: 
ky (M + ko) — 
{[ (M+ ko)?— k? ] 
M 
k 


{{ (M+ ko)? 


yy) 


Cc 
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These expressions necessarily satisfy the relation Ko? 
K*=k,? 


components of current in the two systems are equal, 


k*. Similarly, it is clear that the transverse 


T Ji (2.18a) 


the between the com 


ponents is 


while relation longitudinal 


Jo ky Jo Ko, (2 1&8b) 


taking account of Eq. (2.1). With these relations (2.18), 
direct computation of (2.11) yields the same value in 
either of these Lorentz frames, confirming the remarks 
of the previous paragraph. 

The first case of interest is transverse electric-dipole 
excitation. The assumption of a point dipole corre 
sponds to a constant matrix element J;, with J;=0; 
with Eqs. (2.18), the current in the laboratory system 
0. The value NV, then ob 
tained is just the standard value; the result for a 


also has constant 7;, and 7, 


typical case is given in Table I. Results are also given 
on the same line of the table for a transverse dipole of 
finite interaction volume (or corresponding form factor) 
specified in the c.m, system. 

For longitudinal excitation, a point electric-dipole 
(E.D.) interaction giving a constant matrix element 
Ji=J, in the c.m. system corresponds to a matrix ele 
ment j:=jko/Ko in the laboratory system, following 
Eq. (2.18). The c.m. assumption “equal transverse and 


longitudinal matrix elements.” 


E.D. (c.m.): J¢( K)=J (Ky), Ji(K)=J,(Kyz), (2.19a) 


therefore leads to a quite different result from the corre 
sponding assumption, 


E.D. (lab.): 7c(k)=filky), 7i(k)=7c(Ry), (2.19b) 


In 


fact for the case considered, the longitudinal contribu 


in the laboratory frame, as shown also in ‘Table L. 


tion with (2.19a) is about four times that obtained for 
(2.19b). This large difference can be traced to the fact 
that ky>Ko at the larger angles. (2.1), it is 
that I; 
requires Jo to be very large when Ko is small. For 


Irom hq 
clear the assumption constant, necessarily 
sufficiently high electron energy and a sufficiently large 
scattering angle it is possible for Ao to pass through 
zero and become negative; clearly both Jp and J should 
remain finite for all K, Ko so that we can conclude that 
J,->0 as Ko-0. Thus the more appropriate assumption 
for J; is that it has the form Ko times a slowly varying 
function of K and Ko. For electric-dipole excitation, the 
simplest such assumption is then 


ELD. 1.(K)=JA(K,)), 
Ii(K) 


(¢ m.)* 


(2.19¢c) 


I (Ky) Ko/Ky, 


for which the N, obtained is intermediate between those 
for the original assumptions (2.194) and (2.19b). 
Higher multipole moments correspond to the use of 
form factors vanishing for K =0 in the present approxi- 
mation where the multipole moments are assumed to 
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have no dependence on the pion momentum. For mag- 
netic dipole (M.D.) excitation, a point dipole corre- 
sponds to form factors 


M.D. (c.m.): Ji K)=Ji( Ky) K/Ky, Ji(K)=0. (2.20) 


As shown by Table I, essentially the same result for V, 
is obtained for a k/ky dependence, corresponding to a 
point magnetic dipole in the laboratory system. For 
electric-quadrupole (E.Q.) excitation, the transverse 
part is identical with the magnetic-dipole case, but 
there is also the longitudinal excitation; with “equal 
transverse and longitudinal matrix elements,” 


1,(K)=J\(K ))K/Ky, 
Ji(K) -J(Ks)K/Ky, 
J,(K)=J(K)K/Ky, 
JIi(K) - JAK) KKo/K/. 


K.Q. (c.m.): 
(2.21a) 


E.Q. (c.m.)*: 
(2.21b) 


Following the discussion of the last paragraph, the 
latter expression gives the simplest reasonable assump- 
tion. For this case there is an especially large difference 
between this expression, the expression (2.21a) and 


the assumption 


E.Q. (lab.):  7e(k) = 7k) =7elky)R/Ry, (2.21) 


in the laboratory frame. Owing to the heavy weighting 
of the contributions from the large-angle scattering, the 
longitudinal contributions are completely different for 
each of these cases. For each situation listed in Table I, 
it is the value labeled with asterisk which corresponds 
to the most reasonable treatment of the longitudinal 
contributions. 

Except for electric dipole excitation near threshold, 
these models are all too crude to explain pion produc- 
tion by electrons. However, they serve to illustrate the 
pitfalls associated with the improper treatment of 
nucleon recoil. Except for the relativistic weak coupling 
theory'® and the relativistic Tamm-Dancoff theory,'® 
there are at present no treatments of the electro- 
magnetic production of pions which do properly take 
nucleon recoil into account. Since the nucleon recoil 
will not be unimportant in the c.m. system for large- 
angle scattering, this introduces an additional uncer- 
tainty in the discussion of the matrix elements in this 
region, 

3. CALCULATION OF N, 


A. Phenomenological Treatment 


We first describe the process phenomenologically, 
following the method of Brueckner and Watson,'’ and 
Gell-Mann and Watson.'* The separation of the inter- 


4 See, for example, Marshak," p. 4. 

16 Tyson, Ross, Salpeter, Schweber, Sandaresen, Visscher, and 
Bethe, Phys. Rev. 95, 1644 (1954); Marc Ross, Phys. Rev. 94, 
455 (1954); 103, 760 (1956) 

17K. A. Brueckner and K. M. Watson, Phys. Rev. 86, 923 
(1952) 

18M. Gell-Mann and K. M. Watson, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1952), Vol. 4, p. 219, 
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action into terms corresponding to states of definite 
angular momentum and parity is rigorous and well 
defined in the c.m. system; however the dependence of 
the strengths of the various terms on the energy and 
momentum of the virtual photon are, of course, not 
known in advance. 

In the cases of present interest, the pion-nucleon 
relative energy is sufficiently low for consideration of S 
and P waves alone to suffice. For S-wave pion produc- 
tion, both transverse and longitudinal electric dipole 
transitions may be effective. The corresponding matrix 
elements may be written 


iD,(a— Ko- K/K*)+-iD,Ko- K/K°, (3.1) 


where the coefficients D,, D; are independent functions 
of K*® and Q* (or K? and Ko). In photoproduction, only 
the transverse term D, is effective, and also there is a 
definite relation between K? and Q*. For production of 
mesons in the P; state, a monopole transition is possible 
in addition to the magnetic dipole transition effective 
in photoproduction, giving terms 


(M,/KO)(—Q K—iQo- K+ieQ- K) 


+i(O,/KQ)Ke-Q. (3.2) 


l‘inally there are the transitions to the P, state, the 
magnetic dipole M; and transverse electric quadrupole 
EF, terms effective in photoproduction and also a longi- 
tudinal electric quadrupole term E, 


(M;/KQ)(—2Q K+iQe-K—ioQ- K) 
+i(E./KQ)(Qe-K+eK-Q—2Ke-KK-Q/K?) 


+i(E,/KQ) (20 KK-Q/K?—20-Q/3)K. (3.3) 


We are concerned here specifically with the production 
of positive pions, so that these matrix elements do not 
refer to definite isotopic spin states. In terms of matrix 
elements to final states 7; and 7, each of the terms 
above, Xa, has the form’ 


i = [Xas exp (Has) +V2X as exp (16.41 ) \/N3, 


(3.4) 


where 54, denotes the pion-nucleon scattering phase 
shift for isotopic spin 7/2 in the final orbital state to 
which Xq leads and the amplitudes X,, are real. For 
neutral pion production, the corresponding matrix 
elements X,4 are given by 


Xq =(V2X a3 exp(i8a3)— X a1 exp(ida1) |/V3. (3.5) 
J I 


The phenomenological analysis of charged and neu- 
tral pion photoproduction given by Watson and col- 
laborators has led to considerable knowledge of the 
transverse matrix elements on the energy shell K?= K,. 
The dominant matrix elements are the S-wave excita- 
tion D, and the enhanced matrix elements M3; and Ey; 
leading to the resonant (33) state; the most complete 
information on the magnitudes of E,;, M33, and D, has 





PION PRODUCTION 
been given recently by Watson et al.'* The other trans- 
verse matrix elements are relatively small and are 
important mainly through their interference with the 
terms above. These results will be used as a guide in 
discussion of electroproduction of pions; the interpreta- 
tion will depend on the form of these dominant matrix 
elements for K?>Ko?, and on the effectiveness of the 
longitudinal terms. 

Even though it has not been expressed in a covariant 
form, this description of the electromagnetic production 
of pions in terms of multipole moments is quite rigorous. 
It is assumed that the four-component Dirac spinor 
has been reduced to two-component form by expressing 
the two “small” components in terms of the two “large”’ 
ones. All the terms arising from this reduction, as well 
as the relativistic normalization factors, are included 
in the definition of the X,’s; the remaining two-com- 
ponent spinors are normalized to unity. Of course we 
do not actually have available the covariant form of 
J, for carrying out this reduction, but we know from 
angular momentum and parity considerations in the 
c.m. frame that the result must be in the form of Eqs. 
(3.1) through (3.3) for the lowest few states. In a more 
general Lorentz frame, such a simple expansion as this 
would no longer hold because the total momentum of 
the system gives an additional vector which would 
appear in the various angular factors of the expansion. 
It happens that an expansion of this form does hold in 
the laboratory frame since the total momentum is 
parallel to k; however, in passing between the labora- 
tory frame and the c.m. frame the multipole moments 
become mixed together. [According to Eqs. (2.19) and 
(2.20), the separation into longitudinal and transverse 
parts would remain invariant in passing between these 
two frames. | From these considerations, we believe the 
c.m. frame is the preferred one for a phenomenological 
calculation. Some of the kinematical relations and 
formulas required for such a calculation are given in 
the Appendix. 

A difference from the situation considered in the 
Introduction is that the direction q of the pion is ob- 
served. Even for a particular multipole transition and a 
definite momentum transfer k, the angular distribution 
of the pion relative to k differs from that for photo- 
production owing to the p dependence of 7; [see Eq. 
(2.11) ]. This distribution has next to be averaged over 
all momentum transfers effective, with appropriate 
weighting, so that the pion angular distribution in 
electroproduction will differ somewhat from the photo- 
production distribution. In addition, the longitudinal 
transitions effective in electroproduction will have 
different angular distributions. 


Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
(1956). {Evidence on #°® photoproduction presented by D. R 
Corson at the Rochester Conference [ Proceedings of the Sixth 
Annual Rochester Conference on High-Energy Physics (Interscience 
Publishers, Inc., New York, 1956) ] indicates that /y is much 
smaller than given by the analysis of Watson et al.} 
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Because of the large number of unknown functions 
occurring in Eqs. (3.1) through (3.4), it seems imprac 
tical at the present time to use the phenomenological 
treatment for making anything better than very crude 
estimates of N,. This will be carried out by direct 
numerical calculation of (2.13) using the complete ex 
pression for ®, (given in terms of c.m. quantities in the 
appendix) corresponding to the sum of the matrix 
elements (3.1), (3.2), and (3.3). For purposes of illustra 
tion we present here the result obtained for the transi 
tions M;, £,, and &;, leading to the resonant state, when 
recoil is neglected. 


P,?= p'{( (243 sin’a) | M3|?+2 Re(M;*E,) (1—3 cos*a) 
+ | E,|?(14-cos’a) |X + (4/9) | F,\?(14+3 cos’a) Y 
+[ (3 costa—1)/2 ][ (3) Ms|?— | Ey |?)V 
+8 Re(M;*E,)W—4 Re(M,*E.4-4EFE)Z 
(4/3)| £i\*¥ sin’s |}, (3.6) 

where 

X = (2p*) '+-sin’a/(k?— ko’), 

VY =( (pt p’)?—k? ](k?— ho?) /2kPrh?p’, 

Z= (e+ €’) cosa sin’a/kkop, 

V=sin’o/2p’, 


W = 2X sin’a— V/2, 


and o is the angle between the momentum transfer k 
and the beam direction. This angle is related to the 
momentum transfer by 
C (pt p’)?—k? Lk? — (p— p’)* |/4k*p?. 
In Eq. (3.6) the integration over @ has already been 
carried out; this integration corresponds roughly to the 
averaging over polarizations in the photoproduction 
process. The square-bracket coefficient of X in (3.6) is 
in fact the photoproduction distribution function ®,,),. 
It will be noticed that the pion angular distributions for 
the pure excitations differ from those for photoproduc 
tion. The functions X and Y appear also as factors in 
the integrals (1.5); this is natural since, on integration 
over a, the cross terms of Eq. (3.6) vanish and the 
expressions (1.5) are regained. Each of the functions Z, 
V, and W vanishes in the forward direction o=0, 
k=k/~ko, so that the additional terms in the pion 
angular distribution arise from relatively large-angle 
electron scattering. 

For S-wave excitation, the corresponding expression 


sin’@ (3.7) 


1S 


2| Di\?X+ | D,|?Y. (3.8) 


p,% 


This is essentially the same as Eq. (2.18) if we place 
Me=|D/Dy) and y= | Di/Diy|. The result is exactly 
as discussed in Sec. 2 and tabulated in Table I for some 
simple assumptions about D, and D,. ‘The transverse 
P, excitation wilk be neglected. Although it leads to a 
state of weak scaitering, the interesting longitudinal 
excitation O; may be comparable with D, (see Fig. 1) 
for pion energies considered here and it is therefore 


e 
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included since it will contribute a positive addition to 
N,; it should be added here that O, has no interference 
with M 33. 

The function ®,), equals the sum of the coefficients of 
X in (3.6) and (3.8), the matrix elements being taken 
on the energy shell for forward scattering, K’=k/. 
Deviation of N,(p,ky) from the standard value will 
then arise from the variation of M33, Ei, and D, with 
momentum transfer k’, from the interference terms of 
Eq. (3.6), and from the longitudinal production terms 
of Eqs. (3.6) and (3.8). On the energy shell, D, and 
M 4, are dominant matrix elements: it is possible that 
Ev, is also “enhanced,” and that E,,;/M3, is roughly 
0.5 over a large energy range across the resonance.'® 
In the numerical calculation the following momentum 
dependences were assumed for the various multipole 
moments: D,«const; Di« Ky; M,y« KO; O.« KOK ; 
M,«KQO; E.« KQ; and E,« KOK». This is necessarily 
their behavior for small K, Q, and Ko (see Sec. 2) and 
would continue for large values if the interaction 
volume were sufficiently small. Since there is a finite 
interaction volume, there will be “form factors” and 
there will also be the phase factors of Eqs. (3.4) and 
(3.5) which depend on the energy of the meson in the 
c.m. frame and vary slightly from angle to angle. At 
the present stage only two experimental numbers are 
available, so that it is clearly not possible to provide 
a unique interpretation of the result without theoretical 
guidance, even following the “enhancement model.” 
Simple meson theoretical considerations will be dis 
cussed in the following subsections, and the interpreta 
tion will be discussed in Sec. 5. 


B. Fixed-Source Pion Theory of Chew 


In this subsection, the current J associated with the 
pion production will be considered according to the 
linear fixed-source theory of pseudoscalar pions. On the 
basis of this theory, Chew and collaborators” have 
given a rather successful account of the data available 
on pion-nucleon scattering and pion photoproduction. 
Here it is the ratio of production of pions of definite 
energy and direction by electrons and by photons which 
is of interest. This ratio will depend on rather broad 
features of J: the relative magnitude of its longitudinal 
part and the momentum dependence of its transverse 
part. 

lor reasons which have been discussed by Kroll and 
Ruderman,” the Born approximation for J is adequate 
near the pion-production threshold. This is given by 

Vleg 
) (3.9) 
u’-+(Q—K)? 


for rt production. As the pion energy increases, modi 


fications to this become important especially because 
* The results are summarized by G. F. Chew, Phys. Rev. 95, 
1669 (1954) 


"1 N.M. Kroll and M. A. Ruderman, Phys. Rev. 93, 233 (1954). 
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of the resonant interaction in the (33) state. However, 
since S-state scattering is weak, it seems reasonable to 
use the S-wave part of Eq. (3.9) up to quite high en- 
ergies ; for photoproduction, Watson et al.'* have shown 
that this provides an adequate account of the data. 
Equation (3.9) contains two terms of distinct physical 
origin. The first refers to the production of pions which 
have interacted with virtual nucleon pairs and are 
therefore produced at a radius of order 1/M. The 
second term describes photoejection from the meson 
cloud of the proton; these pions are produced at rela- 
tively larger radii” up to 1/u. The second term therefore 
has considerable k dependence. 

The S-wave current may be obtained from Eq. (3.9) 
by averaging over the direction of Q, leading to the 
form (3.1) where 


D.=1—(Q/2K)[Io(A)—12(A)], 


Di=1—(K/20)[To(A)—3(Q/K)11(A) 
+ 2(0/K)*I2(A)], 


(3.10a) 


(3.10b) 


and A= (wg’+ K*)/20K. The functions J, are given by 
the recurrence relation 


Tn(A)=AIn-s(A)—[1—(—1)"]/2n, (3.11) 


with J)(A)=4 Inf (A+1)/(A—1) ]. At threshold (0=0), 
D, is unity and D,;=p?/(w’?+ K*); on the energy shell 
(K=y), Di/D, equals one-half and with increasing K’, 
D, falls rapidly while D, remains constant. Thus at 
threshold the transverse contribution to N,(p,k,) is 
just the standard value; the total V,(p,k,) is slightly 
greater than the standard value because of the longi- 
tudinal contribution. Above threshold both D, and D, 
depend on the momentum transfer K ; typical curves of 
these and the other multipole moments are shown in 
Fig. 1. Generally, the second term of D, is quite small 
as only pions at relatively large radii can be ejected 
effectively by the transverse field ; however, D,; increases 
with K?, and this causes the transverse contribution to 
N, to exceed the standard value slightly. On the other 
hand, the two terms of D; tend to cancel for large K, 
the second term being large (of order one) because 
pions at rather small radii in the cloud have a strong 
interaction with the longitudinal field. Generally, D, is 
appreciably smaller than D; on the energy shell (K = we) 
and falls rapidly with increasing momentum transfer K?. 

The fixed-source theory is, of course, not relativisti- 
cally invariant. Following the discussion of Secs. 2 and 
3A it is most reasonable to use the matrix elements of 
such a theory in the c.m. frame, rather than the labora- 
tory frame. At our present energies, the energy transfer 
Ky in this c.m. frame becomes rather small over a cer- 
tain region of electron-scattering angles; the longitudi- 
nal current should vanish with Ko, whereas the fixed- 
source matrix element is independent of Ko. To include 


# In pseudoscalar theory the pion cloud is somewhat singular, 
with dependence e'/r? so that radii <h/yc do play an important 
role. 
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the dominant Ky dependence, whose importance has 
been emphasized in Sec. 2, the longitudinal part of the 
current (3.9) is multiplied by the factor (Ko/Ky,), the 
transverse current being unmodified: this factor is 
unity for forward scattering. For the case of the Born- 
approximation matrix element (3.9), this procedure 
will be justified by examination of the relativistic 
Born approximation in the next subsection: the re 
maining relativistic corrections to both transverse and 
longitudinal parts of J should be quite small under 
present experimental conditions. 

The Chew-Low matrix element is obtained from a 
treatment of photoproduction based on field-theoretic 
methods developed recently by Low.¥ ‘This method has 
the great advantage that it deals only with physically 
observable quantities, but it has been developed for 


‘ 


photoproduction only as far as the “one-meson” 
approximation. Chew and Low™ have pointed out the 
dominant modification to Eq. (3.9) which arises from 
this approximation; this is the addition of a magnetic 


moment term 


2e 


g 
. D)(2iQ& K+-e-KQ—o«Q- K) 


e638 sind; 
. ——TF(K?); 
OF/u 
where 
Do=}(u/4M) (427/f?) (gp- 


gn) =0.740.1. 


The factor F(K*) is the form factor for the nucleon 
magnetic moment, as given by Chew and Low. Since 
rather little is known of this form factor, we shall take 
F=1 for the present situation.2®> Chew and Low then 
show that the sum of Eqs. (3.9) and (3.12) is able to 
account directly for certain outstanding and well 
known features of pion photoproduction. However, this 
matrix element does not include a modification to the 
E2 matrix element for final-state scattering. The /2 
term included in Eq. (3.9) has phase zero instead of 
633 and will not interfere with (3.12) near resonance. 

Calculation of V,(p,k;) may now be made by sub 
stituting this expression for J into Eq. (2.11) and in 
tegrating Eq. (2.13). Complete expressions for ®, are 
given in the appendix and the results will be discussed 
in Sec. 5. 

The fixed-source theory may also be considered in 
the Tamm-Dancoff approximation.'® In this form the 
theory of pion processes has less elegance than in the 
Chew-Low approximation ; the problem of renormaliza- 
tion involves considerable complication in practice, and 
calculations have not been carried through to include 
as much as is included in the one-meson approximation 

*% F, E. Low, Phys. Rev. 97, 1392 (1955). 

4G. F. Chew and F. E. Low, Phys. Rev. 101, 1597 (1956) 

* Electron scattering experiments at Stanford indicate that the 
rms radius of the magnetic-moment distribution in the proton 
is about 0.7K 10" cm. This work is reported in R. W. McAllister 


and R. Hofstadter, Phys. Rev. 102, 851 (1956), and E. E. Cham 
bers and R. Hofstadter, Phys. Rev. 103, 1454 (1956) 
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Fic. 1. Matrix elements 
for production of positive 
pions of (c.m.)‘energy 55.4 § 
Mev as a function of mo o 
mentum transfer A, calcu : 
lated for various multipoles 3 
in Born approximatiog from == 


the expression (3.9 


f 


! é J 4 
MOMENTUM TRANSFER K/p 


of Chew and Low. However, the features of interest in 
our problem may be illustrated in a familiar physical 
way by use of the Tamm-Dancoff theory in its simplest 
form. The desired matrix element is that of the current 
operator of the pion-nucleon system between initial 
nucleon and final state of interacting pion and nucleon. 
In the simplest Tamm-Dancoff theory, no more than 
one pion is allowed in the nucleon’s pion cloud and the 
final state is represented by the Tamm-Dancoff wave 
function of the pion-nucleon system. After taking into 
account the isotopic spin dependence of the pion 
nucleon interaction, this results in the following ex 
pression for the amplitude for production of positive 


pions, 


[J*(S,K) +v2J°(S,K) | 
} 


(ws) 


+a, »*(S) 


(Ws) ‘ 


(2J*(S,K)—2J°(S,K) | 


x (wa) id Sy, ( 5 1 4) 


In this expression, J' (SK) and J°(S,K) denote the 
current amplitude for production of positive and neu 
tral pion ol momentum = resper tively, and Wa 7(S) 1S 
the final 
pion-nucleon system of isotopic spin 7, mp= +4 


motion of a 


and 


oy 


tate wave function for the c.m 
of pion momentum Q. The foregoing expression (3.9) 
gives the dominant term of J*. The neutral amplitude 
J® arises mainly from higher order corrections which 
field 
with the nucleon magnetic moment. This term is pro 


describe the interaction of the clectromagneti 


wn) and is naturally appreciable only 
However J® 


production only when the final-state 


portional LO (fy 
for mi: 
strongly to the wrt 


wnetic transitions. contribute 
scattering 1S strong: for states of weak interaction, 
y;=y, and the terms J® cancel in Eq, (3,13). The mag 
netic moment interaction is therefore important only 
for the M1 excitation of the resonant (33) state: it i 
indeed just this effect which is estimated by the addi 
tional term (3,12) of Chew and Low. The contribution 
of the magnetic moments to J* will be neglected here 


since it is proportional to the small quantity (up,+-yn 


i 
The amplitude (3.12) may now be expressed as a 


sum of the amplitudes (3.1), (3.2), and (3.3) for various 





1608 R. H. DALITZ 
multipole excitations. The contribution of the (33) 
state to the final-state wave function Yq4(S) is, for 
example, 


ec c0sb43(0:Q XK S— 2iQ-S)gq(5), (3.14) 


where #g(.S) has the form 
F9(S) tanbg:(Q) 
goq(S)=6(0—S)+P. ———, (3.15) 


WQ~-@s 


IntEq. (3.15), P denotes principal value integration 
over the singularity and F9(S) is the function obtained 
from the Tamm-Dancoff calculation of pion-nucleon 
scattering.” The contribution of (3.14) to (3.13) may 
now be separated into the three multipole terms of 
(3.3), each of the coefficients having the form 


el B(K,Q) cosby4+7T(K,Q) sinbs,], (3.16) 


where B(K,Q) is the Born approximation matrix ele- 
ment for this particular multipole and T(K,Q) is the 
corresponding final-state integral over Fg(S). The im- 
portance of this form (3.16) for the photoproduction 
matrix elements has been discussed particularly by 
Ross."* 

The £2 excitations of the resonant state may now 
be considered, These estimates are of particular interest 
since the £2 excitations have not yet been calculated 
in the Chew-Low approximation. The Born approxima 
tion amplitudes may be obtained from (3.9), and are 
given explicitly by 


egv2 
B( Ey) 
30 | 
x | aLra(a) I,(A) ]——[h(A) L(A) Tf, (3.17) 
aK 


egv2 3K 
SB(E,) - 
2M 40 


?\? ?\' 
x| 14) i( ) 1004) +2( ) na] (3.18) 
K K 


For these £2 excitations, T(K,Q) has been calculated 
numerically using Tamm-Dancoff wave functions ob- 
tained by Salzman and Snyder.** A typical curve of 
B(K,Q) and T(K,Q) as a function of the momentum 
transfer K for pion energy near the resonance is shown 
in Fig. 2 for both , and £,. In Born approximation, 
the pions tend to be produced in outer regions of the 
nucleon cloud, so that B(K,Q) tends to fall off as the 
momentum transfer increases beyond the energy shell, 
and inner regions of the cloud are explored. This de- 
crease of B(K,Q) is especially marked for the longi- 
tudinal transition £,. Now the pion-nucleon interaction 
in pseudoscalar theory becomes increasingly stronger 


B( Ey) 


* J. L. Gammel, Phys. Rev. 95, 209 (1954); F. Salzman and 
J. Snyder, Phys. Rev. 95, 286 (1955); M. Kalos and R. H. Dalitz, 
Phys. Rev. 100, 1515 (1955). 
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for closer and closer approach, so that contributions 
from the inner regions of the cloud are more strongly 
enhanced above Born approximation than are the outer 
contributions. Consequently the matrix element T(K,Q) 
will continue to rise for larger momentum transfers K 
than B(K,Q), owing to this singular attraction between 
pion and nucleon in the final state. 

Finally, the Py excitations are to be considered. 
Since the pion-nucleon scattering is weak in the Py 
states, the final-state effects will be neglected here. 
For the M1 excitation, the matrix element is given by 


2M 


4 
There is also the monopole excitation 


QO K 
+ Jn} (3.20) 
K 20 


These matrix elements are plotted as a function of K 
in Fig. 1 for a pion-nucleon relative energy of 55 Mev. 
It is of interest to note that, at this energy, O; and Dy 
are comparable on the energy shell, and that, in general, 
O, decreases much less rapidly than D, with increasing 
K. At this energy then, since £, is small and falls rapidly 
with increase of K, it follows that the greater part of 
the longitudinal production of pions may be expected 
to arise from the monopole excitation. At higher 
energies, near resonance, the quadrupole excitation 
may be expected to contribute to the longitudinal 
production and to interfere with the dominant reso- 
nance excitation. 


egv2 
B(O)) = [araca)+1aca)—( 
2M 


C. Relativistic Born Approximation 


Owing to the uncertainties arising from the non- 
relativistic character of fixed-source pion theory, as 
discussed in Secs. 2 and 3b, it is of some interest to 
examine briefly the matrix element of the relativistic 
weak-coupling theory, the relativistic counterpart to 


on 


" 
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Fic. 2. Matrix elements 
for electric quadrupole ex- 
citation of «+ production 
near resonance (pion c.m. 
energy 126 Mev) as func- 
tion of momentum transfer 


TRANSFER K/» 
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expression (3.8). This takes the form 


J,= egv2)(s)7s 


y(r), (3.21) 


1 2qu— ky 
ae 
r—k—iM (qx— ky)? +? 


where ¥(r) denotes the four-spinor for momentum fr 
and P=y'ypo is its adjoint. 

In the c.m frame, the initial and final nucleons have 
momenta —K and —Q, respectively. For comparison 
with the phenomenological and fixed-source theories, it 
is convenient to express the current J in this frame in 
terms of Pauli spin functions by the replacement 


¥(P)=V p(1+iyse- Rp)u, 
where Rp=P/(Ep+M) and Vp=[(Ep+M)/2M }}. 


With this replacement, the current matrix element 
becomes 


(3.22) 


o ao: Reoa: Rx 
J= een] - : 
_E+M E-—M 


, (2Q— K)e: (Re— Rx) 


|v (3.23) 
(Eg— Ex)*—we’—K 
the energy relation being Ko+ Ex= Egtwe= FE. It may 
readily be verified that expression (3.23) reduces to 
the previous fixed-source expression (3.9) when the 
nonrelativistic limit 0, KM is taken for the nucleon. 
Consider in particular the longitudinal part of J, 
which may be written 


- 
0 


J. K=iegv2— 


ph 
E+M 
x (« Rg : | 1 


E-M (watEx—Eg)(E?—M?) 
pe ay 
2E —- 2E[we_-x*— (Eq— Ex)*] 


(E- M) (wet Ex = Eg) 


Wg x’ oe (Eg a Ex) 


+a-R 


Ki — 


where Ky,= (?— M*)/2E is the photon energy neces- 
sary to produce .this final pion-nwcleon state in the 
center-of-mass system. For the energies of interest at 
present, the fixed-source limit K,Q«<M provides a 
quite good approximation for thé terms within the 
curly brackets of Eq. (3.24); however the factor 
(Ko/K pn) outside can change very greatly (and even 
change sign) from its fixed-source value of unity for 
_ quite moderate Q, K such that the fixed-source limit is 
elsewhere quite adequate. It should be added here that 
a corresponding examination of the transverse current 
shows that no significant error is made (at present 
energies) in going to the fixed-source limit. 

For direct calculation of NV, with the covariant matrix 
element (3.21), any convenient Lorentz frame may be 
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used for evaluation of ®,, using expressions (2.15) or 
(2.16). It is in fact most direct to carry calculation 
through in the laboratory frame: expressions are given 
in the appendix for the quantities occurring in ®,, and 
the results of numerical calculations for the cases of 
interest will be discussed in Sec. 5. 


4. INELASTIC ELECTRON-PROTON SCATTERING 


Complementary information bearing directly on the 
off-diagonal behavior of the current matrix element J 
may be obtained from the measurement of the spec 
trum of electrons inelastically scattered into a par 
ticular direction after pion production from protons. 
Since the energy transfer ko from the electron to the 
struck system is related to the momentum transfer k by 


ko=[(Eqtwo)? +k }— M, (4.1) 


it is clear that, for given electron direction, each final 
electron energy corresponds to a final pion-nucleon state 
of unique relative energy (Hg+we). The differential 
cross section for inelastic scattering (without observa- 
tion of the resultant pion) therefore has a particularly 
direct relationship with the desired matrix elements J 
In this situation, it is, of course, the total cross section 
for production of both positive and neutral pions of 
given we which is effective. 

To discuss this, we return to the differential cross 
section (2.7), 


5(M+ko—w,— E,)8(k—q—s) 


(4.2) 


aM ds dq d ip’ 
x , 


. ‘p, 
6444 (kh? —ki?) Ey we pe 

where ko=e—e’, k= p—p’, and #, is the expression 
(2.11). It is naturally convenient to the 
nucleon and pion variables to their c.m, system. 
Consider. 


transform 


dys dag 
5(M+ko—w,— E,)i(k—q—s) (4.3) 


i Wy 


This quantity has simple transformation properties 
for change of Lorentz frame for s and q; in the pion 
nucleon c.m. system it takes the form 
, ; dyS dO 
5({(M+ko)?—k }}—we— Es)5(QO+S) (4.4) 


iD S W¢g 


By integration over S§ and Q, this expression (4.4) is 
reduced to 
4r0 
dQ, 
E¢ + we 


(4.5) 


where dQ denotes an average over all directions of Q, 
and Q is given by 
Eet Wq [ (M + ko)? — k? | (4.6) 


in accord with Eq. (4.1). 
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Fic. 3. Spectrum of electrons scattered inelastically off protons 
The laboratory angle of scattering is 30° and the incident electron 
energy is 600 Mey. The curves plotted are (a) Longitudinal pro 
duction -(calculated in Born approximation for the fixed-source 
Total Born approximation result; (c) Result for 
Result for 


theory); (b 
Chew-Low 
Chew-Low matrix 
factor). The dashed curve 


for the assumption Dy= Dy. 


form factor unity); (d) 
(empirical magnetic moment 
longitudinal contribution 


matrix element 


element form 


shows the 


For the final integration it is naturally convenient to 
express ®, in terms of c.m. variables: ®, is expressed in 
terms of the laboratory current matrix element j by 
Eq. (2.11), and the components of j are related to the 
components of the c.m. current J by 


hkoJ 1/Ko. (4.7 ) 


we Jy ji 


After averaging over directions of Q, the interference 
between longitudinal and transverse matrix elements 
vanishes, with the final result 


kik; 
) Ji: J, / hy 
k? 


RN? ke? 
) Ie Jine (4.8) 
k,? Ke? 


where the angular braces ( ),4 denote an average over 
directions of Q and over initial nucleon spin orienta 
tions, and a sum over final spin orientations. This 


expression reduces at once to 


ko 3 
2p X(J,- J, wt v( ) Ie Jin (4.9) 
Ky 


where X and Y are defined by Eq. (3.6). Further, 


different partial waves no longer interfere: for example, 
with the matrix elements (3.1), (3.2), and (3.3) 


(Jy: Jaw = 2) De|24-2| My |2+-4| M5 |2+ (4/3) | E, |?, 


(Ji: Ji\a= | Di|?+ |O,|?+ (8/9)| Fy |%. (4.10) 


The total wt and r® production is obtained, following 
Eqs. (3.4) and (3.5), by replacement of each X,? in 
(4.10) by (Xar+Xa37). 

For the Chew-Low matrix element, expressions for 
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Fic. 4. Results for the same cases as Fig. 3 for a laboratory scat 
tering angle of 90° and incident electron energy of 600 Mev. 


(Ji: Ji)m and (Ji-Ji)y are given in Eqs. (A.18) and 
(A.19); the term |D|?* given is to be multiplied by a 
factor 3 to take account of neutral pion production 
which has amplitude v2 times the expression (3.12). 
For calculation of the inelastic energy spectrum for 
this case, an additional factor (Ko/Ky») will be in- 
cluded in J; for the reasons discussed in Secs. 3b and 
3c; here K,, denotes the photon energy necessary in 
the c.m. system for photoproduction of this final state 
Q, given by 

K »n=[Eqt+wo— M?/(Eotwe) /2. 
The electron energy spectrum is finally 

a dp’ M 
(Pe) ny 
p(k? — ko?) [(M+ko)?— FR? }} 


167° 


dp'd. (4.11) 


In Figs. 3 and 4 typical electron spectra for incident 
energy 600 Mev are plotted for scattering angles 6= 30° 
and 90°, based on the Chew-Low matrix element. In 
these diagrams it is shown how the final curve is made 
up of contributions from longitudinal excitations, 
resonance excitations and other transverse excitations. 
Roughly speaking, such a curve depicts (apart from 
some slowly-varying factors) the total electromagnetic 
pion-production cross section for a given momentum 
transfer as a function of the pion-nucleon relative 
energy. 

From the curves of Figs. 3 and 4, it is apparent that, 
according to the matrix element of Chew and Low, the 
longitudinal contributions to pion production form only 
a small part of the total inelastic scattering, especially 
near the pion threshold. The shape of the longitudinal 
curve obtained derives from the fact that D;<<D, for 
large momentum transfers K, so that S-wave pion 
production is negligible compared with the P-wave 
production through the monopole transitions O;, which 
falls only slowly with large K? and is therefore dominant 
here; however, even the contribution predicted for O; 


y 


is never more than 25% of the total inelastic scattering. 
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The dashed curve depicts the contribution obtained 
from a longitudinal matrix element D,; equal to the 
transverse D, (which is a constant for these large 
momentum transfers). Observations on the inelastic 
intensity for final energies corresponding to definite we 
near the pion threshold would provide a direct check 
on the smallness predicted for the: longitudinal pro 
duction and on the validity of the Born approximation 
for S-wave excitations, as a function of K. 

For larger energy losses, it is the excitation of the 
pion-nucleon resonant the enhanced 
matrix elements -which is expected to be dominant. 
The Chew-Low matrix element does not include any 
enhanced £2 transitions which would add to the con- 
tribution of the well-known M1 resonance excitation. 
The importance of this M1 excitation for large scatter 
ing angles will depend on the magnetic-moment struc- 
ture function /(K*), which is generally taken as unity 
in the Chew-Low expression—the present indications 
from the analysis of elastic electron-proton scattering,”® 
which gives an rms radius of about 0.710~-" cm for 
the magnetic-moment structure (Gaussian shape as- 
sumed), would suggest that the magnetic excitation for 
90° electron scattering would be reduced to about 25% 
of its value for a point magnetic moment (see Figs. 3 
and 4). It seems reasonable to say that observations on 
inelastic scattering in the resonance region would pri- 
marily give information on this magnetic-moment 
structure function /(K*), Some uncertainty in /(K?) 
would arise from the fact that these observations cannot 
distinguish between M1 excitations and #2 resonance 
excitations which would add to them; however other 
evidence suggests that the #2 excitations are relatively 
weak in this process so that this uncertainty is probably 


state through 


not of importance. 

Thus, information on inelastic electron-proton scat- 
tering will be of the greatest interest since it will pro- 
vide a stringent test, for large momentum transfer, of 
any theory of the structure of the pion-nucleon system. 
However, it is also apparent that its analysis and 
unambiguous separation into the various excitations 
occurring will be very difficult in the absence of know! 
edge concerning the angular correlations between pion 
and virtual photon, and that the guidance of theoretical 
models will be desirable for its interpretation. 


5. RESULTS AND DISCUSSION 


Calculations have been carried out for several dif 
ferent combinations of the experimental parameters 
incident electron energy and pion angle and energy 
and for various models of the process. These combina- 
tions of parameters are tabulated in Table II, together 
with the published experimental results! for two of the 
cases. A summary of the results for the more important 


theoretical models is presented in Table III. These 


results were obtained by numerical integration of Eq. 
(2.13) using Gauss’ method; in all cases ®, and #,), 
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TABLE II. The experimental parameters for which N, has been 
computed. The experimental values are from reference 1, 


To P;' Experimental 
Mev Mev N, 


372) »=—- 0.0193+0.0010 
39 


60 
147 
170 
170 
170 
46 
70 
Vill 93 

IX 30 


~I~J 


0.0155+0.0020 


—— 
mE wwen~s~ 


Mmmm uunuwn 


were evaluated in the pion-nucleon ¢.m. system. To 
illustrate how the contributions to V, depend on the 
scattering angle of the electrpn, we have tabulated the 
integrand of Eq. (2.13) for various models in Table IV. 
In the phenomenological treatment the simple mo 
mentum dependence expected for the X,’s was assumed 
without any additional “form factor.” In Table III, 
the terms “pure D/’,” etc., refer to V, values calculated 
as though only that particular contribution appeared 
in ®, and ®,,,; this is true also for the quantities appear 
ing in ‘Table IV. In combining these ‘‘pure” terms to 
obtain the “transverse mixture,” the values of /243, M43, 
and D; given by Watson ef al." were used; the inter 
ference between D; and the enhanced contributions is 
included in this mixture. The additional longitudinal 
and interference contributions were calculated assuming 
that Di= D,, O.= Dy, or ky 
of Di, O1, and £; may be obtained simply by scaling 


/:,; results for other values 


those given in the tables. 

The theoretical results obtained follow the general 
pattern expected from the discussion in the introduc 
tion. The influence of the recoil of the nucleon and the 


appropriateness of the use of the matrix elements in the 


pion-nucleon ¢.m. system have been repeatedly empha 
sized and are illustrated by the results of Table [ As 
shown in ‘Table ILI, the values of NV, for the magneti 
dipole and transverse electric quadrupole excitations 
are somewhat larger than for the transverse electri 
dipole matrix element; this results of course from the 
fact that the former matrix elements increase in pro 
portion to K while the latter is independent of the 
momentum of the virtual photon However, in contrast 
to the “simplified phenomenological model” of Sec. 2, 
the magnetic dipole and transverse electric quadrupole 
matrix elements, as well as their interference contribu 
tion, lead to slightly different values of V,; this was 
already indicated in the fixed-nucleon approximation 
(3.6). In principle this allows the possibility of deter 
mining the relative magnitudes of these phenomeno 
logical coefficients by carrying out experiments at 


appropriate values of p, w,, and a, especially as their 
relative weight in the net pion production depends 
strongly on cosa. Several runs carried out at the same 
(with the 


energy at each angle fixed by the photon energy), 


photon energy k;, but various meson angles 
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Tasre III. Summary of N, values for some of the more important theoretical models. The terms “pure D?,” etc., refer to N, values 
calculated for the assumption that all other phenomenological constants vanish; “transverse mixture” refers to N, values obtained by 
using the parameters of reference 19. The additional longitudinal and interference contributions are given for the assumption D,=D,, 
O:=D,, or Ey= Fy. In the meson theory results, the two different “Born approx” headings refer to the two ways of treating the longi- 
tudinal contribution, as explained in the text. 


Ill IV 





Phenomenological 


0.0152 0.0184 0.0209 0.0199 0.0173 0.0156 0.0219 


Pure D? 
Pure M? 
Pure FE? 


Pure E,—M, 


Transverse mixture 


De 

OD, 

OF 

(Ms4 4F,) Ky 
kf 


Chew-Low 
Transverse 
Longitudinal 
Interference 


0.0200 
0.0238 
0.0247 
0.0205 
0.0207 
0.0021 
0.0001 
0.0064 
0.0002 
0.0001 


0.0217 
0.0209 
0.0005 
0.0003 


0.0161 
0.0178 
0.0180 
0.0170 
0.0167 
0.0006 
0.0003 
0.0010 
0.0001 
0.0000 


0.0175 
0.0169 
0.0002 
0.0004 


0.0165 
0.0166 
0.0160 
0.0155 
0.0005 
0.0004 
0.0007 
0.0000 
0.0000 


0.0162 
0.0157 
0.0002 
0.0003 


0.0206 
0.0210 
0.0191 
0.0190 
0.0012 
0.0005 
0.0022 
0.0001 
0.0001 


Meson theory 


0.0203 
0.0194 
0.0004 
0.0005 


0.0238 
0.0245 
0.0212 
0.0219 
0.0018 
0.0005 
0.0050 
0.0001 
0.0001 


0.0236 
0.0223 
0.0006 
0.0007 


0.0248 
0.0256 
0.0261 
0.0204 
0.0021 
0.0017 
0.0082 
—0.0001 
0.0002 


0.0211 
0.0206 
0.0003 
0.0002 


0.0201 
0.0206 
0.0207 
0.0178 
0.0010 
0.0008 
0.0023 
—0,0001 
0.0002 


0.0177 
0.0178 
0.0001 
— 0.0002 


0.0175 
0.0177 
0.0178 
0.0159 
0.0005 
0.0004 
0.0010 
—0.0001 
0.0001 


0.0156 
0.0156 
0.0001 
—0,.0001 
0.0159 


0.0270 
0.0265 
0.0404 
0.0220 
0.0037 
—0,0041 
0.0145 
0.0000 
0.0000 


0.0227 
0.0226 
0.0011 
—0,0010 
0.0225 


0.0158 
0.0160 
0.0157 


0.0170 
0.0172 
0.0168 


0.0212 
0.0218 
0.0213 


Born approx* 
Born approx 
Relativistic weak coupling 


would in effect determine slightly different combinations 
of these coefficients. However, the difference between 
the various enhanced contributions is much smaller 
than the difference between the enhanced and un- 
enhanced contributions, and it would require very great 
experimental accuracy to separate out all the effects. 
Most important of all, no form factors have been in- 
cluded in these phenomenological calculations of ‘Table 
III; the presence of a form factor for each multipole 
introduces a greater uncertainty in the theory than the 
difference between some of the ideal point interaction 
values for NV,. In fact it would seem best to use meas- 
ured values of NV, together with information obtained 
from photoproduction to infer information about the 
longitudinal contributions and form factors. Such in- 
formation will always be somewhat ambiguous because 
a form factor would be expected to decrease the value 
of N, while the longitudinal contributions would in- 
crease it, 

In contrast, a specific meson theory will generally 
make a quite definite prediction for N,, so that these 
experiments can then be considered as a check on this 
theory. For example, assuming the correctness of our 
treatment of the longitudinal components in the fixed- 
source theory, the experimental value of V, provides a 
test of the Chew-Low matrix element in a region in- 
accessible to photoproduction experiments. In Secs, 2 
and 3, it has been argued that it is appropriate to 
modify the longitudinal part of the Born approximation 
matrix element by a factor (Ko/K,). Values of N, for 
this case have been calculated with and without this 
factor (the former is labeled “Born approx*” in 
Table III). Whenever the difference is significant, the 
former gives the closer agreement with the calculation 


0.0196 
0.0201 
0.0195 


0.0177 
0.0178 
0.0176 


0.0205 
0.0206 
0.0204 


0.0224 
0.0238 
0.0224 


0.0159 


0.0157 0.0225 


for relativistic Born approximation, thus providing a 
check on the discussion of Sec. 3c. Next, it is of interest 
to compare the Chew-Low and Born-approximation 
values for case I with the phenomenological treatment, 
using the Born-approximation values for the coefficients. 
These have been plotted (for a slightly different energy) 
in Fig. 1. The principal transverse contribution comes 
from D,. Since this increases slightly with K, the trans- 
verse part of NV, should be slightly greater than the 
standard value; it turns out to be 0.0203. The principal 
longitudinal contributions come from O; and D,; these 
are about one-half of D,; on the energy shell and drop 
considerably below the energy dependence assumed for 
the phenomenological treatment (D;« const, O,« K). 
The resulting longitudinal contribution is 0.0006, The 
remaining Born-approximation contribution of 0,0003 
arises from the interference between transverse and 
longitudinal production; it cannot be attributed to 
D,— D, interference (which always vanishes), or O;— D, 
interference which is small at this energy and angle 
(the c.m. angle is 91° for forward scattering), but arises 
from the interference of O, with the transverse P-wave 
excitations. The Chew-Low value?’ is further increased 
above this value (0.0212) to 0.0217 owing to the con- 

27 R. B. Curtis [Phys. Rev. 104, 211 (1956) ] has also calculated 
values of N, for cases I and III, based on the Chew-Low matrix 
element. (We thank Dr. Curtis for sending us a copy of his paper 
before publication.) His results are, respectively, 0.0220 and 
0.0157. The difference between his results and ours arises partly 
from his use of the Chew-Low matrix directly in the laboratory 
frame rather than the pion-nucleon c.m. frame, and partly from 
the comparison of the calculated electropion production (in ex- 
cess of the standard value) with the empirical photoproduction 
data rather than with that given by the Chew-Low matrix ele- 
ment (which means that the off-diagonal matrix elements used 
do not necessarily join smoothly with the photoproduction matrix 
element). 
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TABLE IV. The integrand of Eq. (2.13) for Case I for the various theoretical models of Table III. The headings (i), (ii), 


(i) 
(ii) 
(iii) 
(i) 
(ii) 
(iii) 


De 


428.9 


450.7 
474.2 


10.74 
12.54 
14.86 


PRODUCTION 


IN 


ELEC 


TRON 


PROTON 


COLLISIONS 


and (iii) refer, respectively, to the azimuthal angles 30°, 90°, and 150°. 


M# 


343.3 


710.4 
333.5 


15.59 
29.83 
13.61 


E? 


702.1 
50.7 
636.1 


34.64 
4.15 
21.99 


M; Ei 


676.5 
50.0 
623.3 


20.21 
3.20 
14.42 


Mixture 


425.1 
476.0 
458.0 


11.96 
14.91 
14.71 


Oi Di 


101.0 
3.5 
102.9 


13.90 
1.97 
14.20 


Or 


10.4 
11.0 
11.6 


9.65 
9.08 
8.10 


Ma + hk 
Ki 


1.1 
0.0 
0.8 


0.71 
0.02 
0.45 


Chew 
Low 


393.7 
470.8 
514.7 


10.96 
15.90 
25.72 


8.47 
2.13 
3.81 


1.85 
0.93 
2.68 


(i) ea 3.74 
0=39.1° (ii) 1.3 6.20 
(iii) 1.¢ 2.92 


1.87 
2.74 
1.41 


0.34 
0.47 
1.59 


(i) 0.37 
6=55.5° (ii) 0.43 
(iii) 0.50 


4.11 
1.54 
1.69 


2.15 
1.11 
0.95 


0.01 
0.25 
0.94 


‘ (i) 0.14 
== 74.6° (ii) 0.16 
(iii) 0.18 


Lao 


0.70 
0.56 
0.48 


0.01 
0.09 
0.23 


(i) 0.03 
(ii) 0.04 
(iii) 0.04 


6=126.9° 


tribution of the M1 resonance excitation (3.12) and its 
interference with other transverse terms (this excitation 
does not interfere with O; and the D,— M; interference 
is small at this angle and energy). The separation of the 
Chew-Low value into transverse, longitudinal, and 
interference contributions is given for all cases in 
Table TTI. 

The experimental results of reference 1 may now be 
compared with these various estimates; only a brief dis- 
cussion is given since these experiments are being re- 
peated with better statistics and for other experimental 
parameters. The result for case I lies below the standard 
value of N, and significantly below the electric dipole 
estimate with D,;= D,. It should be noted that moderate 
form factors in the transverse excitations are rather in- 
effective in reducing N, much below the standard 
value; this follows from the fact that the large mo- 
mentum transfers whose effect is to be diminished by 
the form factor already contribute rather weakly in the 
standard value. Thus, the assumption of an rms radius 
as large as 10~" cm involves only a 4% decrease in N, 
for transverse electric dipole. It may be concluded that 
longitudinal production contributes relatively little to 
the observed V,. The known presence of P-wave excita- 
tion in the corresponding photoproduction strengthens 
this conclusion since these excitations increase the 
transverse V, above the standard value. In the Chew- 
Low theory the resonance excitation increases the 
transverse NV, to 0.0207; the presence of longitudinal 
production in this theory increases NV, only by 0.0009. 
Hence this experimental] result appears to provide an 
indication that the longitudinal matrix elements are 
small relative to the transverse, and this indication is in 


qualitative accord with the prediction of pseudoscalar 


1.71 
2.40 
3.30 


0.35 
0.03 
0.42 


0.10 
0.06 
0.05 


3.28 6.50 
0.61 


3.40 
0.73 
0.94 
1.03 


0.07 
0.05 
0.03 


1.35 
0.24 
1.49 


0.19 
0.02 
0.03 


0.35 
0.42 
0.38 


0.04 
0.03 
0.01 


0.09 
0.01 
0.01 


0.56 
0.08 
0.67 


0.11 
0,12 
0.07 


0.02 
0.00 
0.01 


0.00 
0.00 
0.00 


0.09 
0.01 
0.10 


pion theory. An experiment at lower pion energy or 
more forward angle (essentially, for lower k;) would be 
of particular interest to strengthen the conclusion that 
this specific feature of the theory, the weakness of 
longitudinal relative to transverse electric-dipole matrix 
elements, is reflected by the data, For lower ky, the 
P-wave monopole excitation will be correspondingly 
weaker while the value of NV, becomes more sensitive to 
a given longitudinal matrix element. The result for 
case III has a considerable statistical error, and the 
difference between theoretical models is so small that 
almost any model is compatible with experiment; the 
experiment could put an upper bound on / through its 
interference with M, and &;. 

The effect of varying the incident electron energy for 
fixed-pion angle and energy (and hence fixed-photon 
energy) is illustrated by cases IIT, IV, and V. At the 
lowest electron energy (600 Mev) the difference be 
tween the various models is quite small and they would 
be hard to distinguish experimentally. At higher in 
cident energies the difference between models becomes 
pronounced, but a new experimental uncertainty is 
introduced because of the double-pion correction dis 
cussed in reference 1. If the double-pion correction can 
be made with confidence, it would be best to carry out 
experiments at the highest available electron energy. 
This dependence of N, on the incident energy may be 
understood qualitatively as follows: When the energy 
of the scattered electron is small, the longitudinal con 
tributions tend to be decreased relative to the trans 
verse ones; this may be seen by comparing the behavior 
of X and Y, introduced in Eq. (3.6). In addition, the 
range of variation of K is reduced so that the transverse 
matrix elements deviate less from their real photon 
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values. These two effects tend to make different models 
less distinguishable for smaller incident energies. 

The dependence of the various contributions on 
electron-scattering angle, given in Table IV, shows 
some interesting features, The first of these is the genera] 
forward peaking of the transverse contributions and the 
more spread-out nature of the longitudinal contribu- 
tions as was expected from previous discussions. More 
striking perhaps is the marked azimuthal asymmetry 
which occurs for several of the models, This asymmetry 
is associated with the fact that the virtual photons may 
be considered to be partially polarized, as mentioned in 
connection with Eq. (2.16). The asymmetry in the 
magnetic dipole production indicates that the meson 
tends to be emitted in the direction of the H vector, 
while in the electric quadrupole production the pre 
ferred direction of emission is along the FE vector. 
Except for slight deviations arising from recoil effects, 
both of these distributions are symmetrical about 
¢=90°. In contrast the O,—D, interference shows a 
different type of asymmetry which is roughly propor- 
tional to (—cosp), The asymmetry occurring in the 
Born approximation results primarily from the presence 
of the O; contribution, A coincidence experiment which 
would give the correlation in direction between the 
meson and the inelastically scattered electron would 
provide valuable information about the strength of the 
monopole production, Such an experiment would be 
very difficult using counter techniques; however, a 
cloud-chamber experiment which would lead to some 
information about this angular correlation is now under 
consideration at Stanford. 
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APPENDIX 
A. Kinematical Relations 


We shall discuss here the derivation of the kine- 
matical relations which are necessary for calculating 
pion production by electrons. The following notation 
will be employed: Small letters refer to quantities 
evaluated in the laboratory reference frame and capital 
letters refer to quantities evaluated in the center-of- 
mass frame of the virtual photon and the proton (which 
is of course the same as that of the pion and the neu- 
tron). For example, a, is the wth component of a four- 
vector, a is the magnitude of its space part a, and dp is 
its time component, all evaluated in the laboratory 
frame. The invariant inner product is defined a,b, 


a-b—aobo. The four-momenta of the various par- 


AN 
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ticles are as follows: incident electron, p,; final electron, 
p.'; pion, qu; proton, r,; and neutron, s,. The four- 
momentum of the virtual photon is k,=p,—p,’. The 
four-momentum vector for each particle satisfies the 
usual relation between energy and momentum. The 
difference in mass between the proton and neutron will 
be neglected; this introduces a slight error which is 
negligible in comparison with the other uncertainties in 
the calculation. Wherever possible the mass of the 
electron will be neglected in comparison with its energy ; 
This requires some care because of the singular nature 
of the integrand of Eq. (2.13) in the forward direction. 
First we consider the derivation of Eq. (2.14). From 
energy and momentum conservation we have 


Putt u= pu t+ qut5,. (A.1) 
Expressing the invariant s,s,=—M? in terms of this 
equation and evaluating the resulting invariants in 
terms of the laboratory quantities, we easily find Eq. 
(2.14). For each electron-scattering angle, this fixes all 
momenta with which we shall be concerned. We can 
accordingly evaluate all invariant inner products in 
terms of laboratory quantities. 

In order to evaluate matrix elements in the c.m. 
frame, we shall frequently need quantities of the form 
A-B. Such a quantity may be expressed in terms of the 
invariant a,b, 


A-B= dybyt AoBo. (A.2) 


Now in the c.m. system, the four-vector D,=K,+R, 
by definition has no space components (D=0). Ac- 
cordingly we can write 

Ao= —A,D,/(—D,D,)! 


(A.3 
= a,d,/(—d,d,)}. 


In this way, all the quantities we need can be simply 
evaluated; we need give no special examples. 


B. Phenomenological Calculations 


In this section of the Appendix we tabulate the 
various quantities occurring in Eq. (2.11) which arise 
from the phenomenological expressions Eqs. (3.1), 
(3.2), and (3.3). It will be convenient to introduce the 
following abbreviations for some of the frequently 
occurring quantities : 


C,\=Q-K/OK; C.=P-K/PK; C;,=Q-P/OP; 
V,=[P-(QXK)}/(OK)?;  V2=(PXK)?/K?; 
Vi=LQx (KX P) }/ (OK); 
V.= (PX K)-(Q& K)/(K’0). 


(A.4) 


Then 

1 Tr(J,*-J,)=2|De|?+2| Mi |?-+ (5—3C,)| M5 |? 
+(14Cy)| E,|?+4C; Rel D,*(M,—M,+E,)] 
+ 2(1 ~~ 3X ’) Re[ M,*(M,- E,)+Es*Ms]. (A.5) 
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4 Tr(P-J/P-J,) 

Vo! De \?-+ V2) My\?+ (3VitV2)| Ms; 
+2C V2 Re[ D,*(M, st£,) | 
+2(3Vi— V2) Re(M,*M3)+-2(V3 

X Rel E*(M;, 
| Tr(P-J.K-J+c.c.)=KV, 

* Re{—Di*(M,—M; 

—2E*(4DitCi(M,— Ms; 
Tr(K-JK-J)=K*{ D,)2+ |0,)? 
+ (4/9) (3C P41) | Bi)?+2C; Rel D*(O,+- (4/3) Ey | 
+ (4/3)(3C—1) Re(O;*E))}. (A.8) 


. { V3 E,\? 


2V,’) 


M;) }. (A.6) 


E)+0O7(Dit+2Cik)) 


SE.) ]}, (A.7) 


C. Meson-Theory Calculations 


Omitting multiplicative factors (which divide out in 
the expression for V,), the current density for positive 
pion production in the Chew-Low theory may be 


written 


a: (Q—K)(2Q—K) 
™ 


qj? 


+D(2iQ& K+Qe-K—oQ-K)/OK, (A.9) 
where 
D= (Ku /Q*)e'**® sinds,Do, (A.10 
and 
(= (Q— K)?+,’. 
Using this expression, the various terms occurring in 
Eq. (2.11) are 


1 Tr(J,*- J.) = 2—4(0%2/) (1—C,’) 
+4 ReD[ —C\4+ (OK /2) (1 
+ | Di2(5 


C;’) | 
C7): (CA.12) 


5 Tr(K- J*K- J) 
; Tr(P- J,*K- J+c.c.) 


[K2(O?+-u2)/22]—p2A x2; (A.13) 


| Tr(P- J*K- J+c.c.) 
4C, Tr(K- J*K- J); 
i Tr(P- J,*P-J.)=4{Tr(P- J*P- J) 
—C, Tr(P- J*K- J+ c.c.) 
+C? Tr(K- J*K- J) ], 


(A 14) 


(A.15) 
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where 
1 Tr(P- J*K- J+c.c.)=P-K+4K°A pt+4hP- KAg 
WA pAxk+ReD KV 4(O? +p?) /Q; 
} Tr(P- J*P- J) p+ P-K 1 p pA p* 
+2 ReD[ —(PXQ)- (PX K)/KO+KV AP] 
+ |D|?(3VitVe2), (A.17) 


(A.16) 


Ap [P (2Q K) ]/22, 
Ax=[K-(2Q—K) |/2? 


(A.18) 


The average of expressions (A.12) and (A.13) over 
directions Q in the c.m. frame gives the following 


results: 


faa} Tr(J,- J) 2[ 1 (u?/K*)T,(A) 


tReD [Io(A)—Jo(A) }+4!)D\*, (A.19) 


[eas Tri J J,) 


(1+ 2y2/K?) (wo?/20K)Io(A) — (u2/K?) 


(u?wot/4K407(A?—1)), (A.20) 
where the i, A are defined in Kq. (3 11 a 

We consider finally the produc tion"of pions according 
to the 


relativistic weak-coupling theory, Since now 


there is no question about which is the best Lorentz 


frame for the evaluation of ®,, we may evaluate it 

directly in the laboratory frame. The current density 

has been given in Eq. ( 3.21 ), and the quantities occur 

ring in Eq. (2.16) are given by 

1M /D? b’(q D4 Ro") 

+ (—8M/D,D2)d- b(qok: b— koq: b) 
t+ (2/ Do?) (> b)? (qu — Ry)? |/4M? 


My") 
k ( 5" 1 2g uu) 
gu)?}/M?, (A.22) 


! Tr(b-jb-j)=[ ( 


(A.21) 


Tr juju) = ((—8M/D3?) (qDi+ kaw? 
{ (SM DD» lq (Qu? t k? k ’ 
+ (2/D22)r,2(R, 
where 
dD, 2M hot kh? — ho?, 
Dy= — 2h,0,+-— ke’, 
d (2q,—R,). 
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Angular Correlations in K’-Decay Processes 


A. Pats, Institute for Advanced Study, Princeton, New Jersey 


AND 


S. B. Treman, Palmer Physical Laboratories, Princeton University, Princeton, New Jersey 
(Received December 10, 1956). 


The reactions K°-+{e* or u*}+v4-2* afford a good opportunity to study fully the dynamics of decay 
processes involving leptons. It is shown that, under certain rather general assumptions customarily adopted 
in regard to weak lepton interactions, the distribution in angle between and » has a simple, uniquely 
specified form, independent of the properties of the K particle; namely, aside from a known, angle-dependent 
factor related to phase volume, the distribution is proportional to A+B cos#+-C cos, where A, B, and C 
may depend on the momentum. For any given momentum, the relative magnitudes of A, B, and C, 
when determined experimentally, can be expected to illuminate a second aspect of the problem; namely, 
the detailed nature of the lepton coupling. The situation is especially transparent for the e-v-r mode in 
the case that the K particle has zero spin. This is discussed in some detail 


I. INTRODUCTION 


HE existence of at least one kind of long-lived 

neutral K-particle has recently been established.!? 
The analysis of the decay modes is in its early stages. 
It has been found that electrons and charged pions 
occur as decay products, sometimes in association.’ 
Thus by arguments of simplicity the modes 


K°—rt+eF+y (1) 


have been suggested.‘ It is the purpose of this note to 
show that, under rather general assumptions concerning 
the weak lepton interaction, useful information can be 
extracted® from the angular distribution of the decay 
products in a reaction of the type (1). 

The fact that reaction (1) has two charged decay 
products makes it possible in principle to study fully 
the dynamics of individual events. As a matter of fact 
this is the first instance of such a favorable situation 
involving leptons aside from the 8 decay of the neutron. 
In the latter case there is so little phase space, however, 
that the statistical factor predominates. Reaction (1), 
on the other hand, with its ample phase volume, seems 
particularly suited for the study of the dynamics of 


lepton processes. In particular it should be more easily 


amenable experimentally® than the corresponding 


charged mode K *,5. 
Irom this general point of view the modes 


K® orttput+ty (2) 

‘Lande, Booth, Impeduglia, and Lederman, Phys. Rev. 103, 
1901 (1956) 

* Fry, Schneps, and Swami, Phys. Rev. 103, 1904 (1956) 

*L. Lederman, private communication. 

* See reference 1, footnote 9 

*It has been noted by S. B. Treiman and R. G. Sachs, Phys. 
Rev. 103, 1545 (1956), that reaction (1) is of interest for the 
study of interference effects in particle mixtures. The question 
of such mixtures is not our concern here. In fact, the results to 
be discussed in this note are independent of whether particle 
mixtures exist or not 

* This process has been studied by S. Furuichi et al., Progr. 
Theoret. Phys. 16, 64 (1956), 


would likewise be of interest. The charged counterpart 
K+,s has been established with fair certainty’ ; .-mesons 
have been identified’ among the decay products of long- 
lived K°’s. It will be shown below, however, that K°,s 
will yield detailed information more readily than K°,5. 

Although the net speed of processes (1) and (2) is 
mainly governed by weak interactions, both K° and r 
are strongly coupled, to baryons for example. This 
circumstance makes it desirable to avoid perturbation 
theory in calculating transition rates insofar as such 
strong virtual interactions are concerned. With respect 
to the weak interactions perturbation theory seems 
admissible, however. It is with regard to these weak 
interactions that we shall make the only dynamical 
assumptions on which the present work rests. They are 


I. Both leptons are produced at one vertex.® 

Il. The coupling responsible for the production of 
the lepton pair does not involve derivatives of the 
lepton field (no ‘““Konopinski-Uhlenbeck-interactions”’). 
Thus, diagrammatically the situation is as shown in 
Fig. 1(a). This implies that the weak lepton interaction 
is taken to first order only and that in particular the 
final-state electromagnetic interaction between a and 
electron is ignored, which means an error of order 
1/137; see Fig. 1(b). 

In the following we always work in the rest-system 
of the K°; E, p shall denote the w energy and momen- 
tum. We consider first the K°®,3-mode. Let @ be the 
angle between w and electron and W’,(p,6)dpd cosé the 
probability distribution in terms of p=|p! and 86. It 
is convenient to define F,(p,0) by 

F .(p,0) = (14+ cos0)'W ,(p,9), (3) 
x=p/(M-—E), (4) 


where M is the K® mass. F,(p,9) contains essentially 
only the dynamical dependence of the distribution on 


7Cf, Yekutieli, Kaplon, and Hoang, Phys. Rev. 101, 506 (1956). 


* In the sense of Feynman diagrams, 
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angle. In Sec. II it is shown that 


F .(p,0)= A+B cosé+C cos’, (5) 


where A, B, and C are functions of p only. To be 
precise, this result is obtained under the neglect of the 
electron mass m,, which implies kinematic errors of 
order at most m,./m (m=mass of the 7). If we would 
have taken @ to be the angle between x and neutrino, 
Eq. (5) would be exact without this last slight approxi- 
mation. 

The main interest of Eq. (5) lies in its generality: 
it will be shown in Sec. II that the angular dependence 
given by Eq. (5) is 


(a) independent of the parity of the K°, 

(b) independent of the spin of the K°, 

(c) independent of whether parity is conserved or 
not in weak interactions,® 

(d) independent of whether time-reversal and/or 
charge conjugation invariance is valid or not in weak 
interactions. 


Thus it will be clear that the result (5) is independent 
of whether we deal with one K°-particle or with a 
superposition of A°’s with very nearly the same mass. 
The variance of the functions A, B, C with the alter- 
natives implied by (a): -~-(d) will be discussed below. 

The validity of relation (5) rests in essence only on 
the invariance with respect to the orthochronous 
Lorentz-group and on the validity of assumptions I and 
IT. In fairness it should be said that these latter assump- 
tions are perhaps only well-defined in the language of 
the usual field theories. 

In discussing quantities like W,(p,6), F.(p,@) we have 
made no distinction between the modes (m~,e*,v) and 
(rte ,v). If the long-lived K° is described by a real 
field’’ (or if we deal with a superposition of K°’s of very 
nearly the same mass, each of which is described by a 
real field) such a distinction is indeed unnecessary, for 
then F, or W, will be identically the same for both 
modes. In particular we will have the same A, B, and C, 
It has been pointed out by Lee and Yang that we may 
have to envisage a situation in which the long-lived K° 
(and likewise the corresponding short-lived one) is 
described by a complex field." In this case the expression 
(5) is still separately valid for (#~,e*,v) and the (#*t,e~,v) 
but now the A, B, and C need no longer be the same 
for these two cases. A similar comment applies to the 
(w-,u*,v) and the (wt, ,v) decays. 

For these K°,; modes we first introduce the corre- 
sponding distribution W,(p,9). In order to get simple 
results it is now essential to define 6 as the angle between 
mw and neutrino. Put F,(p,0)= (1+ cosé)'W,(p,6) for 
the purpose of defining a function /, which again essen- 


*T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 
” See M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 


4 Private communication. As noted by Lee and Yang, this 
situation may arise if one is forced to give up charge-conjugation 
invariance for weak interactions 
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Fic. 1. (a) Schematic diagram 
for wev-decay with leptons emerg- 
ing from one vertex. (b) An 
ignored diagram involving a vir 
tual photon. 


(b) 


tially only depends on angle through the dynamics of 
the interaction. In Sec. II it is shown that the depend 
ence of F, on @ is again given in general by an expres 
sion of the form (5). 

Thus up to this point, the 43 and the e3 mode behave 
in the same way. It will be seen in Sec. I that the 
e3 mode is much more suited for studying further 
details of the lepton coupling, however 

The e3 mode, whether for neutral or for charged A’s, 
is of special interest in that for the first time electrons 
appear in boson decays. In particular, the experimental 
appearance of the K*,; and K*,3 decay modes with 
comparable rates” again raises the question whether 
there is some sort of equivalence between w and e in 
weak processes, a suggestion which had first come up in 
the study of the relation of w capture to B decay.” If 
one takes this equivalence seriously one is, of course, 
faced with the task of reconciling, both for r* and K4 
decays, the presence of the uy mode with the spectacular 
absence so far of the ev reaction, perhaps one of the 
most significant pieces of information in particle physics 
Some dynamic inhibition of the ev mode would then 
be necessary. In this spirit it has often been suggested, 
but this may be too naive, that the explanation could 
lie in the dominance of one particular covariant in the 
uv and ev decay ; for example, in the case of the m decay, 
a pseudovector coupling. Such an assumption could 
not be put to a direct test thus far. It may be noted in 
passing that for a K-spin 21 it is not possible without 
further inhibit 
relative to the uv decay by means of the device of a 


restrictions to dynamically the ev 
single dominant covariant 

In this connection it should also be observed that, if 
the diagram sketched in Fig. 1. 
K* decay, the ev mode cannot be absolutely forbidden 
for the simple reason that the w which is actually 
emitted in the e3 mode can be imagined to be virtually 


makes any sense for 


2 See, e.g., S. Goldhaber, Proceedings of Sixth Rochester Confer 
ence (Interscience Publishers, Inc., New York, 1956) 

4 See, e.g., L. Michel, Progress in Cosmic Ray Physic 
science Publishers, Inc., New York, 1952) 
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we angular correlations, for zero spin 
K meson, for pure S, V, T couplings, respectively. The curves 
are drawn for the particular case x=0.5 (corresponding to 
» momentum~140 Mev/c) and for convenience are normalized 
to give the same area 


Fic, 2. Characteristic 


reabsorbed via a strong interaction. This is true even 
if the e3 mode is due to a primitive interaction, that is 
to say if the three vertices in Fig. 1(a) coincide. 
Returning to the neutral A, we will see in Sec. I 
that for the case of zero spin the angular distribution 
I .(p,0) is significantly dependent on the nature of the 
covariants in the lepton vertex; see Fig. 2. Thus if the 
spin of the K® is actually zero it is not beyond hope 
that direct experimental information on the lepton 


coupling can be obtained. For a A°-spin >0 the theo- 


retical situation gets much more involved and a 
discussion of the experimental data in terms of con- 
tributing covariants becomes more complicated. 

The p dependence of the distribution cannot be 
without further assumptions involving the 
strong interactions. For possible p 
dependence, momentum plots for the K* decay have 


been given by Furuichi et al. Under the same assump 


studied 
the simplest 


tions these would, of course, apply to the present case. 

Before we discuss in more detail the assertions made 
above, it may be appropriate to point out that all we 
have said for the e3 and u3 modes of a long-lived K° 
au tually has nothing to do with the magnitude of the 
lifetime of the particle and would equally well apply to 
anomalous e3 or 3 decays of the @;. 


B. TREIMAN 


Il. THE DETAILED ARGUMENT 
(a) The K°,, Mode 


We shall begin with a discussion of the case that the 
K° has the spin-parity assignment O~ and that parity is 
conserved. From the analysis of this special instance it 
will then be easy to incorporate the alternatives 
(a)---(d) of Sec. I. 

For the case in hand the effective matrix element R 
has the form" 


R Isa + (ify/M Werle 
+ (fr, M?*)P ou OW, (6) 


where y, and y, are, respectively, the electron and 
neutrino spinors, and ~=yW'y,4. The Dirac matrices are 
taken to be Hermitian; o,, if Yu;¥v |/2. The vectors 
P,, Q, are arbitrary linear combinations of the inde- 
pendent four-vectors of the problem; and the functions 
fs, fv, and fy are scalar functions formed from these 
vectors. The crucial kinematic point is now this: the 
four-vectors we have to deal with are the energy- 
momentum vectors P* for the K, P for the m7, and P¢ 
and P”, for the e and », respectively. Because of assump- 
tions I and I, however, these latter occur only in the 
combination P*+P". This fact together with energy- 
momentum conservation, means that there are only 
two independent vectors, say P* and P. Thus the 
functions f depend only on the * momentum [PA 

(0,0,0,iM) |. Furthermore, neglect the 
electron mass, we have that 


Veru(Put t+ Py pr =0. 


Hence the most general form for R, evaluated in the 
K rest system, is 


R= {sbab.—fvbevdst+ fr/MWevey: ph. (7) 


The transition rate is now readily found in the 
standard way. Summing over lepton spins, we have for 
the function F,(p,0) of Eq. (3) 


since we 


F (pO~ 1-2")? (M— Ey pe {| fs|\?(1+2 cos6)? 
+ | fy |*x* sin’6+- (p?/ M*)| fr|?(x4+-cos6)? 
+ilfsfr*—fs*fr)(p/M) (cosd+x) (1+ cosé)}, (8) 


which is of the general form (5). 

Observe that the value of the ST cross term depends 
on the relative phase of fs and fr. Charge conjugation 
and/or time-reversal invariance’ require fs and fr to 
be relatively imaginary. But regardless of whether this 
is so or not, the form (5) persists, which proves 
assertion (d) for the special case: 0~, parity conserved. 

Consider next the case where the A® has positive 
parity, everything else unchanged. All we have to do 
is to insert a factor ys in each of the three covariants 


4 Factors M have been inserted to give fs, fv, fr the same 
dimension 

'® We want to thank Professor S. Furuichi for a fruitful cor 
respondence on the subject of time-reversal. 
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in Eq. (6). Evidently this does not change F,, which 
proves assertion (a) for spin 0, parity conserved. 

If parity is not conserved we must replace in Eq. (6): 
Isha by fsbaby +f’ sbeve, and analogously for the V 
and 7 terms. This changes each | /|? in Eq. (8) to 
| f\?+| "|? while (f/sfr*—fs*fr) becomes the sum of 
this term plus a term with primes on each f. There can 
be no ff’ cross terms: for this to be possible we should 
be able to construct a pseudoscalar out of the inde- 
pendent 3-vectors of the problem. There are only two 
such vectors and this is therefore impossible. Thus 
statement (c) has been verified for spin zero. 

It is clear from Eq. (8) that the three cases of pure 
S, V, or T, respectively, give quite distinct angular 
distributions. Figure 2 gives a sketch of the situation. 
We repeat that these characteristic plots are independ- 
ent of parity-conservation, and are separately valid for 
both (r~,e*,v) and (r*t,e~,v). It is not necessarily true, 
however, that the /’s in Eq. (8) are the same for both 
modes." Note in particular the characteristic pure V 
case which corresponds to the dominant covariant in 
the sense discussed in Sec. I. 

It remains to discuss the case of higher spin. There are 
now more free vectors in the problem: for spin V we 
have NV polarization 3-vectors, which occur in the 
combinations of the appropriate irreducible tensors. 
However, due to assumptions I and II the occurrence 
of these vectors cannot bring with them the occurrence 
of p™ separately to a higher power than before, and 
therefore the angular distribution (5) remains un- 
changed in form after one sums over the polarization 
of the K°. Of course, different spins will give in general 
different A, B, and C. Note in this connection that /s, 
fr, fy.may depend on e- p, where e is some polarization 
vector. Upon averaging over polarizations one will find 
again that A, B, and C depend on p only. 

The discussion of the independence of parity and of 
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time-reversal invariance is the same as before. The 
remaining point is parity conservation: for spin 21 
there are enough independent 3-vectors in the problem 
to ensure the possibility of constructing a pseudoscalar 
Hence for polarized K°’s there will exist the possibility 
of a parity interference. However, for unpolarized K°’s 
the interference effect clearly vanishes. 


(b) The K°,; Mode 


The general trend of the argument showing that 
F,(p,8) is of the form (5) is identical with the one given 
for the e3 case. We will conclude by showing that even 
for spin zero it will be much less easy to disentangle 
the various covariants. 

Call the mass of the meson uv. The expression for R 
corresponding to Eq. (7) for the electron case now 
becomes 


M ® Ir : 
R= (Js &v ar fi Viv» r Wurst’ py», 
M M 


where the gyu/M term is due to a separate new vector 
interaction Py: (P,4“+P,")¥,. This by itself already 
shows that it will be hard to disentangle the S from the 
gvu/M = fs’. Then 
F,(p0)~1—-2?—y')?(M— Ey pe 

‘L| fs’ |?(14-% cos0)?+- | fy |?(a? sin*0+- y’) 

+ p’M~*| fr|*{ (cosd+x)?+-y* sin’0} 

+(fs"*futJfs" fv*)y(14+% cos6) 

—1i(fs" fr*—fs*" fr) pM (1+ cos8) (x+cos6) 

{ i(fy fr* fv* fr) uM ly ( osO(1 + x cos@) |, 
where y=u/(M—E). Note that the range of x/y is 
from zero to ~2. Thus all angular effects for special 
covariants lose their transparency as compared with 


V-covariant. Put fs 


the e3 case. 
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Production of Photostars by Bremsstrahlung of 250 to 500 Mev* 


Vincent Z. Peterson, California Institute of Technology, Pasadena, California 


AND 


Cuarres E. Roos, University of California, Riverside, California 
(Received September 28, 1956) 


The yield of photostars in nuclear emulsion as a function of bremsstrahlung energy has been found to 
increase rapidly from 6.8 millibarns per Q (total beam energy/maximum beam energy) at 250 Mev to 
22.8 millibarns per Q at 500 Mey, for stars of 2 or more prongs from silver nuclei. The cross section for 
silver was derived by averaging the emulsion nuclei (excluding H) in proportion to their atomic weights. 
The total photodissociation cross section is estimated to be at most 20% larger due to the addition of one 
prong and zero-prong stars. The cross section per photon is derived by the photon difference method, and is 
found to be about 30 millibarns per silver nucleus above 300 Mev. This very large cross section is approxi 
mately 100 times the free nucleon total photomeson cross section. Therefore, photostar production from 
reabsorption of real pions produced in nuclear matter requires a very short mean free path (A~ 1X10" cm). 


INTRODUCTION 


HE photodissociation of nuclei by high-energy 
x-rays, well above the “giant resonance” at 20 

Mev, has been assumed to involve explicit mesonic 
effects as the photon energy exceeds the 150-Mev 
threshold for pion production from nucleons. Indeed, 
early experiments on the yield of photostars in nuclear 
emulsions by Kikuchi! and Miller? showed a rapid 
increase above the meson threshold. Observations of 
slow pions emitted from photostars and the strong 
interactions of pions with nuclear matter suggested that 
photodissociation at high energy may be due to the 
reabsorption of photopions within the nuclear interior. 
Special attention has been paid to the high-energy 
photoprotons emitted from light nuclei.* These protons 
are emitted with a strongly forward angular distribu- 
tion, and the energy spectra exhibit a discontinuity in 
the power-law exponent suggestive of the absorption of 


the photon by a small nuclear subunit rather than the 


nucleus as a whole. This led to the proposal by Levinger* 
model, which has recently gained 


’ 


of a “quasi-deuteron’ 
confirmation by the observation of neutron proton co 
incidences in Li and Be at the University of Illinois® and 
the Massachusetts Institute of Technology.* Most, if 
not all, of the high-energy protons emitted from light 
nuclei can be attributed to photodisintegration of 


‘quasi-deuterons.” 

Photodisintegration in the heavier elements has not 
been as extensively studied, although radiochemical 
analyses of some products of photospallation medium- 


* This work was supported in part by the U. S. Atomic Energy 
Commission 

'S. Kikuchi, Phys. Rev. 86, 41 (1952). 

?R. D. Miller, Phys. Rev. 82, 260 (1951). 

*C. Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951); 
J. C. Keck, Phys. Rev. 85, 410 (1952); D. Walker, Phys. Rev. 84, 
149 (1951) 

‘J. S. Levinger, Phys. Rev. 84, 43 (1951). 

*M. Q. Barton and J. H. Smith, Phys. Rev. 95, 573 (1954). 

*Odian, Stein, Wattenberg, Feld, and Weinstein, Phys. Rey 
102, 837 (1956) 


weight elements has been studied at 370 Mev.’ The 
importance of reabsorption of mesons within the nucleus 
increases with nuclear radius, and the concept of a 
“mean free path” for interaction of pions with nuclear 
matter becomes meaningful. The “deuteron” photo- 
dissociation cross section is small compared with the 
total photomeson production cross section, and thus 
will decrease in importance as more mesons are re- 
absorbed. 

The study of photostars in nuclear emulsion measures 
most of the total photodissociation process and permits 
study of the photodisintegration process in detail. The 
present experiment extends the work of Miller and 
Kikuchi to 500 Mev. We have examined more than 
3000 events and measured the yield of photostars of 
two or more prongs as a function of peak bremsstrahlung 
energy, in the region 250 Mev to 500 Mev. The results 
are compared with other experiments and an estimate 
of the total photodissociation cross section is obtained 
for photons of 250 to 500 Mev. 


EXPERIMENTAL PROCEDURE 


Electron-sensitive G-5 emulsions were used to insure 
detection of all prongs. Kikuchi' has shown that the 
correction for fast star prongs not observed in C-2 
plates is 35% for 300-Mev bremsstrahlung. The dis- 
advantage of using electron-sensitive emulsion is the 
reduction in the maximum allowable exposure density. 
This places greater stress on the reduction of pre- 
exposure stars due to cosmic rays and radioactive 
contamination. 

Single emulsions, 200 or 400 microns thick and glass- 
backed, were exposed at normal incidence to a well- 
collimated beam of x-rays produced in a 0.015-in. 
copper target in the California Institute of Technology 
(CalTech) electron synchrotron (see Fig. 1). The beam 
area at the emulsion was about 4 cm? and considerably 


7 Debs, Eisinger, Fairhall, Halpern, and Richter, Phys. Rev. 97, 
1325 (1955). 
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Fic. 1. The location of collimators and broom magnet during exposure 


smaller than the plate. The beam after collimation was 
cleared of charged particles by a strong magnetic field. 

The amount of bremsstrahlung energy passing 
through the plate was determined by placing a thick- 
wall, Cornell-type air ionization chamber in the beam 
after the plate. This monitor is insensitive to stray 
low-energy radiation, and its calibration at 500 Mev 
has been determined at CalTech by means of a pair 
spectrometer and also by the shower curve method.* 
The energy dependence of the monitor calibration is 
known from shower theory and from calibration at 
315 Mev to be about 5% per 100-Mev change in 
bremsstrahlung energy in this region. Effects of satura- 
tion at high beam intensities have been found to be 
negligible under the exposure conditions used, namely a 
1-millisecond beam duration and a collection field of 
1500 volts per centimeter. 

The peak energy of the bremsstrahlung spectrum was 
determined by measuring the magnetic field at which 
the electron beam struck the internal target, and was 
controlled by the turn-off time of the rf accelerating 
voltage. The magnetic field integrator had been cali- 
brated against the pair spectrometer at 500 Mev to an 
accuracy of about 1%. Our estimate of the accuracy of 
relative changes in peak energy is about +2 Mev. 

The optimum exposure density was determined by 
conflicting considerations of keeping the slow-electron 
background low, the observer scanning efficiency high, 
and the number of photostars large compared with the 
pre-exposure star background. High star density means 
a large slow-electron background and reduced scanning 
efficiency. Very low exposure densities mean that the 
cosmic ray and thorium star backgrounds constitute a 
serious subtraction problem. Thorium stars accumulate 
at the rate of 1 star (3 or more prongs) per day per cm? 
of 400-micron thick emulsion. The cosmic-ray star 
density was 6 stars per cm? of 400 micron emulsion for 
14-day old plates. Typica] photostar densities were 50 
to 60 per cm? when one used the “optimum” exposure 
density of 5X 10° Mev per cm*. Under these conditions 
the scanning efficiency, determined by scanning a second 
time, was 97% for stars having 3 or more prongs and 
90% for 2-prong events. The lowest scan efficiencies 


* Walker, Teasdale, Peterson, and Vette, Phys. Rev, 99, 210 
(1955). 


were 85% for stars with 3 or more prongs and 67% for 
2-prong events. The number of radioactive stars relative 
to total observed stars varied from 12% to 45%, and 
averaged 20%. Most thorium stars can be easily 
identified by the dense tracks (all shorter than 50 
microns), or by the migration of the residual nucleus 
between decay steps, giving a disjointed star. The 
numbers of such identified stars during photostar 
scanning agreed with the control plate density to within 
the statistical error and we believe that the error in the 
photostar count due to radioactive star contamination 
is less than 2%. The cosmic-ray stars were, in general, 
indistinguishable from the photostars, and could be 
eliminated by statistical subtraction alone. Fortunately, 
their number was low (7 to 20% of the photostar yield), 
and the error in the correction is estimated at 1 to 3%, 

An area somewhat greater than the beam was 
scanned on each plate, using systematic overlapping 
sweeps. All stars found within the area were recorded 
and classified as to type and prong number, if they 
involved two or more joined tracks. Thus, all stars with 
2 or more prongs, or scatterings of single tracks were 
included. Single tracks starting in the emulsion without 
visible associated “recoil” (dense black track shorter 
than 5 microns) were not recorded. Kikuchi! has shown 
that at 700 Mev essentially all slow single protons are 
produced by the “giant resonance” interaction of low 
energy photons, well below the energies of interest 
here. Light single tracks would be very difficult to 
detect in the electron background of these plates. 

The separation of two-prong “stars” from scattering 
of single tracks can be done qualitatively by examina 
tion of the event, and quantitatively by estimating the 
scattering contributions from known cross sections 
The problem is simplified by the fact that the incident 
x-ray beam is uncharged and hence contributes no 
track length, and also because the target is quite thin 
so that secondary interactions of star prongs are un 
likely. In fact, the measured track length per star 
produced in a 400-micron emulsion is 1320 microns, as 
compared to the mean free path for nuclear interaction 
in emulsion of 30 cm for secondary protons. Including 
the 1300-micron-thick glass backing, the individual 
prongs from all photostars created in the plate will 


produce only 1,1 secondary nuclear interactions of all 
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Fic, 2. The cross section per Q per emulsion nucleus for photo- 
stars with 3 or more prongs. The data of Kikuchi has been reduced 
2.7 times while Miller’s corrected values have been reduced by 
30%, the limit quoted for his monitor error. These adjusted 
values are compared with the work of George and our values. 
The solid line is a visual fit to the experimental points and implies 
that the cross section per photon is constant above 300 Mev. 


types in the emulsion per 100 photostars created in the 
emulsion. Hence, the number of spurious 2-prong stars 
due to nuclear elastic and inelastic scattering is much 
less than 1%. Although the above track length does 
not include single tracks, the data of Kikuchi indicates 
that this will be only a slight correction. 

In ‘Table I the “definite” two-prong stars include 
stars in which (a) a “recoil” is observed, (b) the grain 
density of both prongs increases outward from the star 
center, and (c) both prongs have markedly different 
grain density. The “probable” two-prong stars are the 
other two-track events in which the grain density is 
visibly the same in both tracks, but the included angle 
is less than 150 degrees. Thus, the contributions to 
“probable” 2-prong stars from Coulomb and diffraction 
scattering of fast prongs from other photostars in the 
plate will include only scattering events beyond 30 
degrees, These events are even less probable than the 
nuclear interactions. Hence, we have assumed all 
“probable” 2-prong events to be photostars, and have 
corrected the yield by the factor 180/150. 

The thickness of the emulsion containing the photo- 
stars was measured by weighing a known area of 
emulsion from each batch. Variations from plate to 
plate were estimated from the processed thickness, and 
were less than 2%. It is worthwhile noting that the 
cross section does not depend on the shrinkage factor 
for this experiment where target and detector are 


identical. 
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RESULTS 


The normalized yields of photostars having various 
prong numbers are shown in Table I as a function of 
peak synchrotron energy. Data from three separate 
series of exposures for which the plates were completely 
scanned are given. The number of stars of a given prong 
number is normalized to an exposure of 4X 10" “equiva- 
lent quanta’”® and emulsion thickness of 200 microns, 
in order to directly compare the observed yields. The 
actual exposure in Q is also given. The numbers are 
corrected for scan efficiency. The distinction between 
2-prong “definite” and “probable” stars has been dis- 
cussed above. 

An excitation function for photostar production can 
be obtained by plotting the yield of stars per equivalent 
quantum as a function of bremsstrahlung energy, as 
shown in Fig. 2. In order to compare with previous 
experimental work by Kikuchi! and Miller,? we have 
plotted only stars of 3 or more prongs and calculated 
the cross section per emulsion nucleus (excluding 
hydrogen). The data of both Miller and Kikuchi, taken 
with C-2 plates, have been corrected for unobserved 
fast prongs on the basis of Kikuchi’s comparisons 
between C-2 and G-5 emulsions at 300 Mev. In addition, 
Kikuchi’s absolute values have been lowered by a factor 
of 2.7 in order to bring them into agreement with the 
present data and that of Miller. The reason for the 
disagreement in scale is not completely clear, but 
Kikuchi’s reliance upon a single G-5 exposure at 300 
Mev seems more subject to error than the series of 
absolute measurements made with a thick-wall ion 
chamber used in the current work, or the pair spec- 
trometer used by Miller. Confirming evidence that our 
scale is correct is given by George,'° who used G-5 
emulsions exposed at Cornell at 315 Mev and obtained 
a cross section og= 2.9 millibarns per Q per emulsion 
nucleus for stars of 3 or more prongs. (See Fig. 2.) 

Figure 2 demonstrates the rapid rise in the yield of 


TABLE I. Number of photostars normalized to 410" equiva- 
lent quanta per 200-micron thickness and corrected for scan 
efficiency. 


Prong number 
2 defi 
nite 


Expo- 
sure 


kas (Mev) O 1077 


2 prob 


able 


9.55 16 51 
3.40 17 66 
3.46 16 49 
8.70 16 55 
3.72 25 68 
3.62 34 127 
2.65 . 
3.17 43 117 
1.79 55 104 
3.58 37 113 
1.75 34 94 


251* 


* Run 1 (400-micron plates), 
+b Run 2 (200-micron plates). 
* Run 3 (200-micron plates). 


*Q=number of equivalent quanta® (total energy in beam)/ 
(maximum photon energy). The cross section per Q is designated 
og to distinguish it from the cross section per photon ox. 

 F. P. George, Proc. Phys. Soc. (London) A69, 110 (1956). 
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photostars of 3 or more prongs with increasing brems- 
strahlung energy. This yield is due to the contributions 
of all photons in the bremsstrahlung spectrum, and 
when expressed “per equivalent quantum” must increase 
monotonically with maximum synchrotron energy. The 
cross section per photon of a definite energy can be 
derived from the slope of the excitation curve: for an 
ideal bremsstrahlung spectrum, N(k)dk=(QO/k)dk, the 
cross section per photon is o,=d(ag)/d(Ink) max. Since 
the integral cross section in Fig. 2 is plotted against 
Inknax, 4 constant slope implies a constant cross section 
per photon. Above 300 Mev a constant cross section of 
11 millibarns per photon per emulsion nucleus is a good 
fit to the experimental data. 

In order to compare the experimental results with 
theory, it is desirable to separate the contributions 
from the heavy nuclei (mainly Ag and Br) and light 
nuclei (C, N and QO) in the emulsion, which occur in 
approximately equal numbers. Various attempts have 
been made to experimentally identify photostars from 
light or heavy nuclei on the basis of the range of the 
shortest prong. The assumption used was that the 
Coulomb barrier prevented the emission of low-energy 
protons and alphas from Ag and Br. Thus, a lower limit 
on the number of light element photostars would be 
those events having a prong less than 50 microns. 
Using this criterion, Miller? found that 45% of all 
photostars of 3 or more prongs produced by 330-Mev 
bremsstrahlung should be attributed to light elements 
in the emulsion. Similar measurements at 500 Mev and 
250 Mev from our data give 46% and 47% for the 
apparent lower limit of light element photostars. This 
result is quite surprising in view of the fact that 84% 
of the nucleons (excluding hydrogen) are in the heavy 
elements, and photon-nucleon interactions are expected 
to predominate with high-energy x-rays. 

At least two effects tend to invalidate the above 
criterion for separating photostars, and in fact suggest 
that most of the low-energy protons come from heavy 
elements. First, it seems quite improbable that any 
light element excited by high-energy photons could 
stay together as a nucleus long enough to evaporate a 
low-energy prong. Secondly, the work of Debs et al.’ 
shows that it is quite common for a heavy nucleus bom- 
barded by high-energy x-rays to emit several times as 
many neutrons as protons, thus landing on the “proton- 
rich” side of the stability curve. Further neutron 
emission will be energetically forbidden for such nuclei 
left in low-energy states. In spite of the Coulomb 
barrier, proton emission will be predominant since 
gamma emission is competitive only for the very lowest 
energy states. From these arguments we conclude that 
the “shortest-range prong” method of separation gives, 
if anything, a lower limit on the number of heavy 
element photostars. 

Accordingly, we have chosen to weight the contribu- 
tion of the emulsion constituents proportional to their 
atomic weight. With a straight A dependence, only 
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ric. 3. Photostar cross sections per Q per equivalent silver 
nucleus. Star yields, due to photons below the meson threshold, 
have been subtracted. The solid curve gives the values predicted 
by the optical model using parameters from other experiments 
The dotted curve assumes no nuclear binding and a short mean 
free path for pions in nuclear matter 


16% of the stars come from the lighter elements, which 
compose the gelatin. Consideration of any model for 
photostar production, which involves meson production 
and subsequent reabsorption, will only increase the 
relative contribution of the heavy element photostars. 

The photodisintegration cross section for photostars 
with two or more prongs, still expressed per equivalent 
quantum, but given per “equivalent Ag nucleus” (total 
number of emulsion nucleons+108) (excluding H) is 
shown in Fig. 3. The yields due to photons below the 
150-Mev meson threshold have been subtracted. 

The total cross section for photodisintegration would 
include photostars with “one prong” and ‘zero prongs” 
(neutron emission only) in addition to the stars with 
two or more prongs. We have estimated that the yield 
of zero-prong and one-prong events is less than 20% of 
the two-or-more prong yield when only high-energy 
photons above 150 Mev Kikuchi 
searched carefully for 1-prong events in G-5 emulsion 
irradiated with 300-Mev bremsstrahlung and found 
that, although the number of single prongs was fairly 
large, most of the single protons were produced by 
photons below 150 Mev. The single prong events from 
higher energy photons constituted 10% of the two-or 
more-prong yield in Kikuchi’s case: we have assumed 
that the same fraction will apply in our case. A corre 
tion of 10% was also made for the zero-prong stars, on 


are considered, 


the assumption that the photostar prong distribution 
would be the same as that of charged pion emulsion 
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lic. 4. Prong distribution for photostars made by 275-Mey and 
490-Mev bremsstrahlung. These distributions are compared with 
the prong distribution from pion stars, shown as a solid line. 
The percent of one-prong photostars produced by photons between 
150 and 300 Mev is taken from Kikuchi. All data was normalized 
for the same number of 2-or-more-prong stars 


stars. Since the average prong number increases with 
bremsstrahlung energy, the correction for zero- and 
one-prong stars may be less than 20% at 500 Mev. 
The total cross section for photodissociation shown in 
lig. 3 is 1.20 times the cross section for 2-or-more prong 
photostars. 

Prong distribution is given in Fig. 4 for photostars 
made by “high” (475-503 Mev) and “low” (251-294 
Mev) bremsstrahlung energies. The distributions have 
been normalized to the same number of 3-or-more-prong 
stars to eliminate any uncertainty in the 2-prong stars. 
There is a significant increase in the prong multiplicity 
for “high’’-energy photostars, since they produce 2.5 
+(0).8 times as many stars with more than 6 prongs as 
do the “low” bremsstrahlung energies. This increase can 
probably be explained on the basis of increased nuclear 
evaporation, or the + photomeson production ratio. 
The wt/r~ ratio is known to increase with photon 
energy'' and the absorption of m* mesons has been 
observed to make stars with more charged prongs than 
the absorption of wr” mesons.'*:"* 
The weighted average of all of the fast charged-pion 


star prong distributions in G-5 emulsions'*”* has been 
plotted as a solid curve in Fig. 4. The agreement with 
the photostar distributions is reasonably close consider- 


"' Motz, Crowe, and Friedman, Phys. Rev. 99, 673 (1955). 

2G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 

8H. Bradner and B. Rankin, Phys. Rev. 87, 547 (1952) 

“4 Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 80, 924 
(1950); Bernardini, Booth, Lederman, and Tinlot, Phys. Rev. 82, 
105 (1951). 
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ing the energy dependence of the prong distributions 
and the fact that nothing is known about stars made 
by neutral pions. Our assumption that the zero- and 
one-prong photostars constitute only 20% of the two- 
or-more-prong photostars is in agreement with the pion 
star prong distribution. The basic similarity of the pion 
and photostar prong distributions for events with 2 or 
more prongs constitutes additional evidence for the im- 
portance of mesonic processes in photostar production. 


COMPARISON WITH THEORY 


The Levinger “quasi-deuteron” model appears to 
account for very few of the photostars observed. The 
deuteron photodissociation cross section!® is 350 times 
smaller than the photostar cross section for a silver 
nucleus at 300 Mev. While experiments show that 
“quasi-deuteron” photodissociation may be the pre- 
dominant process for light nuclei, the single proton 
yield per nucleon from oxygen is only 1.6 times higher 
than from deuterium.® If the “quasi-deuterons” in light 
nuclei are each assumed to have 1.6 times the cross 
section of the free deuteron, the light nuclei contribute 
less than 4% of the photostars. The small yield of one- 
prong stars observed by Kikuchi! is in agreement with 
this calculation. Furthermore, the photostar cross sec- 
tion is very small at 100 Mev, while the deuteron photo- 
disintegration cross section at 100 Mev is considerably 
larger than at 300 Mev. 

The large photostar yield, and the steep rise of the 
photostar cross section above 150 Mev, have led a 
number of authors to suggest an intimate connection 
with mesonic processes. Wilson'® suggested that the 
photodisintegration process consists of the photopro- 
duction of pi mesons from each nucleon, followed by 
reabsorption by a system consisting of the parent 
nucleon and its nearest neighbor. This process in- 
corporates the large cross section for meson photopro- 
duction, and provides the interaction of the photon 
with a small nuclear subunit required to explain the 
forward peaking of the angular distribution of high- 
energy photoprotons. In this latter respect Wilson’s 
model is similar to that of Levinger, the difference 
being that in the real deuteron the nucleons are inter- 
acting strongly for only a small fraction of the time so 
that mesons can escape. 

An alternative picture of photodissociation based on 
the optical model with a finite mean free path for meson 
reabsorption in nuclear matter was first given by 
Brueckner, Serber, and Watson"? and later developed 
further by Watson,'* Francis and Watson," and Reff.” 

The assumed values of the mean free path must be 
compatible with data analyzed on the same model for 


167. C. Keck and A. V. Tollestrup, Phys. Rev. 101, 360 (1956). 
RR. R. Wilson, Phys. Rev. 86, 125 (1952). 

17 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 
1®K.M. Watson, Phys. Rev. 88, 1163 (1952). 

N.C. Francis and K. M. Watson, Phys. Rev. 89, 328 (1953). 
*T. Reff, Phys. Rev. 91, 150 (1953). 
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meson-nucleon and meson-nucleus absorption experi- 
ments. The observed A! dependence of the photomeson 
production cross section can be used to find values for 
the mean free path which are, in general, shorter than 
the absorption mean free paths found from meson 
interaction experiments.”! 

Butler”* has proposed a way to circumvent the mean- 
free-path difficulties, which at the same time contains 
the features of meson-exchange effects between strongly 
coupled nucleons as proposed by Wilson. The “surface 
nucleons” which make up the less dense outer atmos- 
phere of the nucleus are assumed to account for most of 
the free-meson production, while meson production is 
strongly suppressed and photodisintegration enhanced 
in the “core” nucleons. This model provides very 
accurately an A! photomeson production dependence, 
independent of the value of meson-nucleon mean free 
path for scattering and absorption on the surface 
nucleons. 

Analysis of the present photostar production cross 
sections for a Ag nucleus using the optical model concept 
of mean free path as outlined by Reff” leads to a 
formula for the photostar cross section from a nucleus 
of atomic number A and radius R=19A! (ro= 1.2 107 
cm), as follows: 
anA(1— 3/R), 


Ostar 
where oy is the average of the charged and neutral free- 
pion photoproduction cross sections from hydrogen,*:™ 
and \ is the mean free path for absorption in nuclear 
matter. Francis and Watson" have defined n as a factor 
incorporating the effects of nuclear binding, and from 
analysis of photoproduction and absorption of mesons 
have determined the product, 


nd = 2.6K 107" cm. 


“Reasonable” values of 7 and \ given by Francis and 
Watson are 7=0.66 and \=4X10~" cm. The lower 
solid curve in Fig. 3 was obtained by using these values, 
and is clearly inadequate to account for the photostar 
yield.t In fact, only by ignoring nuclear binding entirely, 
and taking the mean free path to be ro, can one provide 


21W. Imhof, University of California Radiation Laboratorys 
Report UCRL-3383, 1956 (unpublished); Chedester, Isaacs, 
Sachs, and Steinberger, Phys. Rev. 82, 958 (1951); D. H. Stork, 
Phys. Rev. 93, 868 (1954); F. H. Tenney and J. Tinlot, Phys: 
Rev. 92, 974 (1953). 

2S. T. Butler, Phys. Rev. 87, 1117 (1952). 

% DP). C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955). 

t Note added in proof.—Professor K. M. Watson has pointed 
out that these values apply only to pions of 85 Mev. At higher 
pion energies the resonance in pion-nucleon interactions leads to 
a sharp decrease in the mean free paths for absorption and in 
elastic scattering. The energy of the pions ‘“‘within the nucleus” 
should also include the well-depth [Se Frank, Gammel, and 
Watson, Phys. Rev. 101, 893 (1956). ] Under these assumptions 
the optical model gives excellent agreement with the observed 
short mean free path. The predicted photostar yield is approxi 
mately the same as the dotted curve shown in Fig. 3. Since the 
optical model in its present form gives basic agreement with the 
experimental results, there appears to be little need to postulate 
a new mechanism which increases photodisintegration in the 
“core” nucleons, as proposed by Butler.” 
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Fic. 5. The photostar cross section per photon per equivalent 
silver nucleus. The histograms represent the differentiation of the 
total excitation cross section in Fig. 3. The solid curve is 108 times 
the photomeson cross section from free nucleons 


sufficient absorption to provide a fit to the two-or 
more-prong events. This ignores the additional 20% 
photodissociation yield of one- and zero-prong stars at 
the higher energies. 

This very short mean free path is equivalent to 
complete absorption for mesons produced in the “core,” 
and is also in agreement with Butler’s model. The 
extent of the “core” can be calculated from Butler’s 
model, but an absolute upper limit would be to con- 
sider the entire nucleus as the 
all mesons produced from 108 separate nucleons in a 


‘ 


‘core’; i.e., to reabsorb 


silver nucleus. The “integral” cross section in Fig, 3 
can be differentiated to give the cross section per photon 
for photodissociation of the silver nucleus, as shown in 
histogram form in Fig. 5. 
100-Mev intervals has been used to calculate an average 


The average slope over 


cross section for photons in the interval. For com 
parison, the total neutral and charged pion photomeson 
production cross section from hydrogen, multiplied by 
108, is shown as the solid curve.” Because of limitations 
of the difference method, the statistical errors are too 
great to accurately define the curve, but the absolute 
scale and general rise of the cross section are clearly 
correct. The solid curve represents an upper limit on 
photostar production due to reabsorption of real mesons 


produced from 108 individual nucleons, since it assumes 


“It is worthwhile noting that the same monitor was used for 
both the photomeson and photostar measurements 
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that all mesons are reabsorbed. A direct measurement 
of the ratio of photostars (3 prongs) to free mesons 
produced in emulsion by 315-Mev bremsstrahlung was 
made by George’ who found 7.6 when single-meson 
tracks as well as mesons with associated prongs were 
included. When photostars of all prongs and neutral 
mesons are included, the total meson yield is 12% of 
the total photostar yield. Calculations from Butler’s 
model by George’ give 8-13%, whereas the optical 
model gives a much higher (50-60%) meson yield. 
Reduction of the solid curve by this amount would 
improve agreement with the lower energy photostar 
yields, but would account for only approximately half 
of the 400-500 Mev photostars. Experiments at higher 
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bremsstrahlung energies would help decide whether the 
photostar cross section continues to remain high. 
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Cosmic-Ray Bursts under Lead at Sea Level* 


HuGu CARMICHAEL AND Joun F. STE yes 
Chalk River Laboratories, Atomic Energy of Canada, Limited, Chalk River, Ontario, Canada 
(Received July 27, 1956) 


The integral size-frequency distributions of ionization bursts 
near sea level were measured in a thin-walled (7 inch steel), 
8-inch diameter, spherical ion-chamber filled with argon at 50 
atmos pressure, under 14 different thicknesses of lead ranging 
from 0,11 cm to 22 cm. The measurements, along with those 
already published for the ion chamber with no shield and with a 
27-cm lead shield, represent some 15 000 hours of recording. The 
range of size covered extends from about 3X10‘ to 108 ion pairs 
In a subsidiary experiment the size-frequency distributions of 
bursts directly associated with extensive air showers were meas 
ured and to these were added, at each thickness of the shield, the 
bursts due to single ~ mesons, protons, and stars derived from the 
analysis already published. These totals were then subtracted 


1, GENERAL 


KE reported in I' the cosmic-ray ionization pulses 

or bursts observed in an unshielded, thin-walled, 
8-inch diameter, spherical ion-chamber (volume 4.4 
liters, with 50 atmospheres argon at 0°C) at 400 feet 
above sea level at Deep River, Ontario (lat 46° 06’ N, 
long 70° 30’ W). The wall of the ion-chamber was steel, 
jy-inch thick. The pulse-recording equipment was 
capable of dealing, in the same experimental run, with 
bursts of a range of size of nearly four decades and the 
bursts due to single cosmic-ray mesons and electrons 
measurable. The bursts observed in the ion 
chamber under a 27-cm-thick shield of lead were also 


were 


reported in I and a comparison of the two size-frequency 
distribution curves, unshielded and shielded, permitted 


*A preliminary report of some of these measurements was 
given at the Chicago Meeting of the American Physical Society, 
November, 1953 [H. Carmichael and J. F. Steljes, Phys. Rev. 
93, 913(A) d954)9 

' H, Carmichael and J. F. Steljes, Phys. Rev. 99, 1542 (1955). 


from the gross size-frequency distributions. The bursts remaining 
are almost wholly due to the electrons and photons of the soft 
component and to the radiative and knock-on processes of » 
mesons. Transition curves of these bursts (Rossi curves) are given 
for selected sizes, corresponding (on the average) to showers of 
1, 2, 4, 8, ---, 512 electrons crossing the ion chamber. There is 
no sign of a second maximum in these transition curves. There 
is strong evidence that the cascades which give rise to the “first” 
maximum originate from single electrons or photons incident on 
the lead shield and hence these experimental results are suitable 
for a straightforward comparison with cascade theory in an 
energy range extending to some 50 Bev. Indications of a transition 
effect of the bursts attributed to stars are noted. 


analysis of both curves into separate components 
representing the size-frequency distributions of the 
bursts due to single » mesons, electrons, single protons, 
stars, extensive showers, and cascades originating in 
the lead. 

In continuation of this work, bursts have been meas- 
ured with 14 other thicknesses of the lead shield, 
ranging from 0.11 cm to 22.0 cm, and it is the purpose 
of this paper to present these observations. It should 
be noted that the measurements are basic in the sense 
that there was no preselection of the events by counter 
telescope or other means, so that the results comprise 
all the ionization bursts that arise, in a spherical 
vessel, from the omnidirectional flux of the cosmic 
radiation at the site of the experiment. In a subsidiary 
experiment the bursts that occurred in coincidence 
with extensive air showers were directly measured for 
several thicknesses of the lead shield. 

An analysis of the results is given which yields as its 
principal result a family of transition curves showing 
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Fic. 1. The 8-inch diameter ion chamber with the 27-cm 
thick hemispherical lead shield. 


the rates of occurrence of electromagnetic cascade 
bursts (excluding those associated with extensive 
showers) of any given size (ranging to cascades of 500 
electrons) as a function of thickness of the lead shield. 
These curves are closely analogous to the well-known 
Rossi’ curve originally measured with counters. Another 
result of the analysis indicates a transition effect under 
lead associated with the bursts arising from stars. 


2. APPARATUS 


The ion chamber, recording methods, and calibration 
have already been described in I. 

The lead shielding was hemispherical and is indicated 
in Fig. 1. Thicknesses 0.110, 0.262, 0.370, 0.67, 1.35, 
2.02, 2.70, 3.36, 4.04, 5.39, and 6.73 cm (these are not 
shown in Fig. 1) were formed by successively adding 
closely fitting hemispheres, the weight resting on the 
ion chamber. The 12-cm shield was a single hemisphere 
which replaced the thinner ones and had a }-inch gap 
between it and the ion chamber. The 17-, 22-, and 27-cm 
thicknesses were formed by adding in succession single 
hemispheres, the outer one weighing more than 1000 |b. 

The choice of hemispherical rather than spherical 
shielding was given careful consideration before the 
experiment was started. It was hoped, because of the 
greater convenience, that a valid experiment could be 
performed with hemispherical shielding. Therefore, 
some 2000 hours were devoted to making two test runs, 
one with a lead hemisphere of moderate thickness 
(4.04 cm) surrounding the lower half of the ion chamber, 
and one with the ion chamber resting in contact with a 
horizontal lead plate, one meter square and 5 cm thick. 
The results are plotted in Fig. 2 (curves (c) and (b), 
respectively) in comparison with the integral size- 
frequency distribution of bursts in the unshielded ion 
chamber [curve (a) ] already reported in I. Also shown 
in Fig. 2 is the result obtained (see below) with the 
4.04-cm lead hemisphere above the ion chamber [ curve 


(d) }. 


2B. Rossi, Z. Physik. 82, 151 (1933); Rend. reale accad. naz, 
Lincei. 17, 1073 (1933). 
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Fic. 2. The size-frequency distributions of the larger bursts 
(a) unshielded ion chamber; (b) with a horizontal plate of lead 
5-cm thick and 1-meter square below and in contact with the ion 
chamber; (c) with the lower half of the ion chamber in a closely 
fitting lead hemisphere 4.04 cm thick; (d) with the same lead 
hemisphere covering the upper half of the ion chamber 


In Fig. 2, at burst size 10’ ion pairs the integral 
rates per 1000 hours are 


(a) ion chamber unshielded, 

(b) with lead plate below, 5+ 

26+ 10; 
250-+- 100 


(c) with 4.04 cm lead hemisphere below, 
(d) with 4.04 cm lead hemisphere above, 


The increase produced by the hemisphere surrounding 
the lower half of the ion chamber is significant but the 
increase seen with the flat plate below is small and 
within the experimental error of the observations. It 
was concluded that the increased rate observed with a 
lead hemisphere surrounding the lower half of the ion 
chamber must be attributed to cascades generated in a 
forward and downward direction by particles inter 
secting the rim of the hemisphere. Therefore, especially 
to be avoided was an experiment in which the lower 
half of the ion chamber was permanently surrounded 
by a thick lead hemisphere. Further, the result with 
the flat lead plate showed that true backscattering 
effects that the 
measurements would be made with the lower half of 


were not large. So it was decided 
the ion chamber completely unshielded. At this time 
the apparatus was not capable of measuring with good 
accuracy bursts smaller than those plotted in Fig. 2, 


but certainly no large backscattering effects in the 
region of smaller bursts were indicated. 
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Tape I. Integral size-frequency distributions of bursts under lead. The figures are the logarithms to base ten of computed rates 
per hour (see text). Where the computed figures differ by more than +5%, or by more than the statistical error, from the readings 


taken off the measured curves, corrections are given. 


logie 
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3. RESULTS 
(a) All Bursts 


The long runs (varying from 200 to nearly 2000 hours 


each, depending upon the thickness of lead) necessary 


to establish the rates of occurrence of the larger bursts 
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Fic. 3. The size-frequency distributions of the bursts that 
occur in coincidence with extensive air showers, for the ion 
chamber unshielded and with 4 representative thicknesses of the 
hemispherical lead shield. 


Duration of run (hours) 


398 289 1852 


Thickness of lead shield (em) 
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(the sizes from 10° to 10° ion pairs) were made with the 
vibrating reed equipment (see I), and the smaller 
bursts were measured in shorter runs using the elec- 
trometer tube equipment with frequent recycling of 
shield thicknesses. The measured rates were corrected 
for barometer effect to a pressure of 997 mb by using 
coefficients of —3% per cm Hg for bursts of less than 
10° ion pairs and — 10% per cm Hg for all larger bursts. 
A small discontinuity at size 10° ion pairs occasionally 
introduced by this treatment of the data disappeared 
in the graphical smoothing process described in the 
next paragraph (also the shorter runs for measuring 
the smaller bursts were always made at times when the 
barometric pressure was near its mean value). 

The corrected observations, including those with no 
lead above the ion chamber, were plotted in the form 
of integral size-frequency distributions on a very large 
sheet of graph paper. Smooth curves, removing only 
minor irregularities, were drawn through the experi- 
mental points. In regions where the curves for successive 
thicknesses of the shield were closely spaced, the 
delineation of each individual curve was to some extent 
assisted by the shape of its nearest neighbors. 

This graph is too large and detailed for satisfactory 
reproduction and the original experimental points are 
too numerous for economical tabulation but all of the 
curves may be reproduced to within +5% or to within 
the limits of the statistical error, whichever is the 
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greater, by means of Table I. The figures in Table I 
are the sums of the smoothed components used in the 
analysis described in Sec. 4. In several places, where 
these sums differed by more than 5% from the original 
smoothed curves, the corrections required to obtain 
these latter curves are given. The agreement of five of 
the curves represented in Table I with the original 
experimental points may be inspected in Figs. 3 and 5 
of I and in Figs. 4, 7, and 8 in this paper. 


(b) Bursts Associated with Extensive Showers 


The ion chamber was gated by a 30-inch-diameter 
ion chamber placed at the same level about 3 meters 
away as already described in I. Only those bursts in 
the &-inch ion chamber which were associated with 
bursts in the 30-inch ion chamber of size corresponding 
to at least 4 extensive shower particles intersecting 
that ion chamber were recorded. Measurements were 
made with no shield (see Fig. 4 of 1) and with 0.26 (see 
Fig. 8 of this paper), 0.67, 1.35, 2.02 (see Fig. 4 of this 
paper), 4.04, and 6.73-cm shields. The durations of 
these runs (from 50 to 300 hours each) were selected to 
establish the size-frequency distributions of these bursts 
with accuracy no more than sufficient for analysis of 
the main curves. The experimental observations at 
each thickness of lead were approximated within the 
experimental errors by straight (power law) lines, five 
of which are shown in Fig. 3. At and beyond 12 cm of 
lead these bursts were negligible (less than 1%) in 


comparison with the gross rates. For the analysis 
described in the following section, for those thicknesses 
of the shield where the bursts due to extensive showers 
were not measured, interpolated curves were drawn. 


4. ANALYSIS 


(a) Transition Curves of Electromagnetic 
Cascades in Lead 


The component size-frequency distributions of the 
bursts due to single « mesons, single protons, and stars 
were derived in I for the zero and 27-cm shield thick- 
nesses by analysis of the gross distribution curves. In 
that analysis it was taken that the rates of these bursts 
decreased exponentially with increasing thickness of 
lead and the absorption coefficient, 4.7 107% g+ cm’, 
was found for the protons and assumed for the stars. 
For mesons the value’ 0.38 10~* g~! cm? was assumed. 
It follows that the proton, star, and u-meson bursts can 
be computed for each of the other thicknesses of the 
lead shield. Hence, for each thickness of the lead shield 
the sum of the measured (or interpolated) bursts due 
to extensive showers and the computed bursts due to 
protons, stars, and w mesons was found and subtracted 
from the gross measured size-frequency distribution. 
The resulting integral distributions, attributed to bursts 
caused by electron-photon cascades, were plotted and 


3W.L. Kraushaar, Phys. Rev. 76, 1045 (1949). 
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lic. 4. The smoothed size-frequency distribution of bursts 

caused by electromagnetic cascades under a 2.02-cm lead shield, 

obtained by subtracting the four component distributions shown 

by broken lines from the measured total distribution: the full 

line through the experimental points is the sum of all five compo 
nents 


curves drawn smoothing only the minor irregularities 
of adjacent points. Most of these new curves were 
quite free from local bulges or discontinuities of slope, 
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Fic. 5. The smoothed size-frequency distributions of bursts 
caused by electromagnetic cascades for all the thicknesses of the 
lead shield. The points shown on the curve for the 1.35-cm-thick 
shield are not the original experimental readings but derive from 
the readings taken from the slightly smoothed curve first drawn 
through the experimental points. These points are given to 
indicate the amount of additional smoothing introduced in this 
step of the analysis. Note added in proof.—The 2.70 cm arrow 

should be lengthened to the next adjacent curve 
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Tasce II. Integral size-frequency distributions of bursts attributed to electron-photon cascades. 
The figures are the logarithms to base ten of the rates per hour. 


Thickness of lead shield (cm) 
0.110 0.360 0.67 1.35 2.02 2.70 3.36 4.04 


3.84 3,84 3.84 336 345 335 326 
3.6% 3.09 3.69 3.44 3.33 3.23 3.13 
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1,23 1.53 1.72 2.09 2.30 2.25 2.17 2.05 1.93 
0.80 1.17 1.38 1.84 2.11 2.08 2.01 1.89 1.77 
0,34 0.78% 1.02 1.57 1.91 1.91 1.84 1.73 1.60 
1.43 0.37 0.65 1.29 1.70 1.72 1.66 1.56 1.43 
1.30 1.94 0.29 0.99 1.48 1.52 1.47 1.39 1.26 
2.76 1.50 1.91 0.67 1.25 1.31 1.27 1.20 1.09 

1.06 0.35 1.00 1.09 1.06 1.01 0.90 
0.74 0.86 0.86 0.81 0.72 
046 0.63 0.65 0.53 
0.16 0.40 0.44 0.34 
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0.262 
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3.09 3.56 


2.61 vee 0.01 
2.16 
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1.66 
1.30 
2.94 
2.56 
2.19 
3.40 
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as shown for example in Fig. 4, but the curves for the had not been made, the aspect of the family of curves 


four thinnest shields each had a bulge in the region of 
size corresponding to the bursts from stars. This bulge 
can be seen in Fig. 8 for the 0.26-cm shield. 

It was assumed that this bulge found in these curves 
at small thicknesses of lead was not caused by electron- 
photon cascade bursts but belonged to a superimposed 
effect and the curves were redrawn as shown, for ex 
ample, in Fig. 8 omitting the bulge. The bursts omitted 
in this way were allocated to the stars as discussed 
below in 4(b). 

All the integra! distribution curves found in this way 
are shown in Fig. 5 and may be replotted from the 
coordinates given in Table II. On one of the curves of 
Fig. 5 (for the 1.35-cm shield) the points through which 
the curve was drawn are also shown. It should be noted 
here that the accuracy of many of the curves of Fig. 5 
over most of their range is comparable with the accuracy 
of the original gross readings. This may be seen by 
examination of Fig. 4 where it is evident that the 
amount subtracted is less than 20% except near the 
two ends of the curve. Further, even if the corrections 
to the four thinnest shields for bursts ascribed to stars 


in Fig. 5 would have remained essentially the same. 

The next step was the conversion of the integral 
readings of Table II to their exact differential equiva- 
lents given in Table III. This was done directly from 
the integral logarithmic graphs of Fig. 5 by using the 
relation 


logio(dI/dS) 


where d//dS is the rate per hour of bursts of size S, 
per 10° ion-pair interval, and @ is the angle of slope of 
the graph at size S ion pairs such that logd//logdS 

tan. Transition curves are given by the successive 
rows of Table ILI and are plotted in Fig. 6, where each 
curve shows the absolute rate of occurrence in the ion 
chamber, of bursts of exactly a certain size, per 10° 
ion-pair interval, as a function of the thickness of the 


logio tand+ log iol —logioS —5.0, 


lead shield. 
(b) Evidence for a Transition Effect of Bursts 
Associated with Star Processes 


The bursts identified in I as arising from star processes 
occurring in the unshielded ion chamber were character- 
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TABLE III. Differential size-frequency distributions of bursts attributed to electron-photon cascades. The figures are the logarithms 


to base ten of the rates per hour per size interval of 10° ion pairs. 
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thicknesses of lead in which these extra bursts are 


visible, their number appears to increase in proportion 


ized by a frequency of occurrence which was an expo- 
nential function of size. Under 27 cm of lead the star 
bursts were obscured by the more numerous electronic with thickness so that at 0.67 cm we find an increase 


cascade bursts originating in the lead. Under 12 cm of approaching 100%. The effect, unfortunately, cannot 


lead, as shown in Fig. 7, the star component is de- 
tectable but it amounts, at the most favorable point on 
the distribution curve, to only 144+5% of the gross 
rate. On the basis of this observation it was assumed 
in I that the star bursts had an absorption mean free 
path of 215 g cm? equal to that found for the proton 
component. 

Now, as has just been mentioned above, with the 
four thinnest lead shields (0.11 to 0.67 cm) in the 
general region of size of the star bursts there are some 
bursts, as indicated for example by the shaded areas 
in Fig. 8, that have not been included with the elec- 
tronic cascades. These extra bursts appear to have an 
exponential size-frequency distribution very similar to 
that of the star component. In fact, if the star compo- 
nent is increased by 50% in Fig. 8, most of the dis- 
crepancy disappears. A still better fit may be obtained 
by adding an exponential with a slightly greater re- 
laxation length to represent the extra bursts. For the 


be followed in these experiments beyond 0.67 cm of 
lead because of the increasing numbers of bursts due 
to electronic cascades 

Though surprisingly large and sudden as measured 
in our experiments, the above effect is probably to be 
identified the known‘ 
producing cosmic radiation in lead 


with transition effect of star 
We do not know 
how much of it may be due to the production of addi 
tional stars in the gas and how much, if any, is in the 


form of small showers directly emitted by the lead. 


5. DISCUSSION 


(a) Average Burst Size Produced by Particles 
at Minimum Ionization 
Since the results of cascade shower theory are given 
in terms of the numbers of particles in a shower, it is of 


*Schopper, Hocker, and Kuhn, Phys 
and references therein. 


Rev. 82, 444 (1951), 





H. CARMICHAEL AND 


STELJES 


— 
ion-pairs 
| equivalent 
average number 
,.OF| particles, 


$4 


+ + 


e+ 16 3 


4-4-4 


0.0000! , om 
2 4 
THICKNESS LEAD (CM) 

Fic 


6. The rates of occurrence per hour of bursts of different given sizes per 10° ion-pair size interval as a function 
of thickness of the lead shield. The circled number on each third curve indicates the average number of electrons cross 
ing the ion chamber. Note the change of scale on the abscissa at thickness 4 cm of lead. Three typical sets of the 
points through which these curves were drawn are shown 


interest now to estimate the average number of electron probable burst size produced by single relativistic u 
tracks at minimum ionization in the ion chamber mesons intersecting the ion chamber is obtainable from 
corresponding to a cascade burst of given size. The most — Fig. 9 of I. We shall take this size to be exactly at 4.8 
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Fic. 7, The size-frequency distribution of bursts under a 12-cm 
lead shield. The full curve through the experimental points is the 
sum of the four labelled component distributions indicated by 
dash dot lines. The dotted line in the region of large bursts is the 
Cheltenham Carnegie Meter curve, corrected for underestimation 
of the smaller bursts in their measurements, and compared with 
our measurements on the basis of the independent calibrations of 
both ion chambers in terms of the average pulse size of single 
electrons at minimum ionization intersecting the spherical ion 
chambers. 


on the logarithmic abscissa, corresponding to 6.3 104 
ion pairs (as already discussed fully in I, these figures 
are given without correcting for the current carried by 
the positive ions in the ion chamber which amounts to 
an additional 11% on the average). 

This figure may be checked against the calibration 
of the Carnegie ion chamber at Cheltenham by com- 
paring the burst rates measured under 12 cm of lead. 
The comparison is very satisfactory as shown in Fig. 7. 
The Cheltenham data were represented by a smooth 
calculated set of points for mesons of spin 0 taken from 
Table IT, page 327 of a paper by Lapp.® Lapp’s treat- 
ment of the Cheltenham data on pages 324 and 325 
was reversed to correspond with our curve by multi- 
plying the rates by 3600 to bring them to bursts per 
hour and by 324 to correspond with the area of our ion 
chamber. A calculated size-frequency distribution was 
used rather than the Cheltenham experimental points 
because it introduced an appropriate correction of the 
experimental data for the well-known underestimation 
of the rates of occurrence of the smaller bursts measured 
by the Carnegie Meter. The fit of the Cheltenham 
points with this calculated curve may be seen in Fig. 6 
on page 329 of Lapp’s paper. 

5 R. E. Lapp, Phys. Rev. 69, 321 (1946). For a more recent as 
sessment of this calculation using spin 4, see E. F. Fahy, Phys 


Rev. 83, 413 (1951) 
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Fic. 8. The size-frequency distribution of bursts under a 


0.26-cm lead shield. The open-circle experimental points represent 
bursts that occur in coincidence with air showers. The routine 
addition of the meson, proton, star and air-shower components 
and subtraction from the total, yields an electron-photon cascade 
component that is not perfectly smooth as indicated by the upper 
edge of the shaded bulge. When this component curve is smoothed 
to the lower edge of the shaded area the sum of the five components 
is less than the measured total by the amount labelled “deficit”’ 
on the uppermost curve. This deficit can be removed by alteration 
of the star distribution as described in the text 


(b) Bursts Associated with Extensive 
Air Showers 


Although the bursts that occur in coincidence with 
extensive air showers have not been very precisely 
measured, the general character of their behavior under 
increasing thicknesses of lead can be seen in Fig. 3. 
It should be noted that, in the case of the unshielded 
ion chamber and with shields of thickness less than 2 em 
of lead (as may be seen, for example, in Fig. 8), the large 
burst end of the size-frequency distribution of the air 
shower bursts is visible in the gross size-frequency 
distribution curve. The largest bursts that occur seem 
all to be caused by air showers 

At each thickness of lead the size-frequency distri 
bution of the air shower bursts has been approximated 
by a power-law curve. The exponent of this power law 
is 1.73 with the ion-chamber unshielded. It 
rapidly to about 1.2 for thicknesses 1.35 cm and 2.02 cm 
of lead, by pivoting about a point at the small size end 
where the bursts are those produced by single particles 
intersecting the ion chamber. With thicker lead the 
slope tends to increase again, and bursts of all sizes 


decreases 


become less frequent. The variation of the rate of 
occurrence of bursts of given size as a function of 
thickness of shield obtained from Fig. 3 by the same 
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Fic. 9. The rates of occurrence per hour per 10° ion-pair size 
interval of air-shower bursts of different given sizes as a function 
of thickness of the lead shield. The circled numbers on the curves 
indicate the average numbers of electrons crossing the ion chamber 
(area 324 cm?). 


process as described in Sec. 4(a) is indicated by the 
transition curves of Fig. 9. These curves show (a) a 
finite number of bursts of all sizes even with no lead, 
(b) a broad maximum which occurs at the same depth 
whatever the size of the bursts, (c) a strong increase in 
the height of the maximum with increasing size of 
burst, and (d) no increase to a maximum for bursts 
produced by single particles crossing the ion chamber. 
These features seem to be in qualitative agreement with 
what might be expected for bursts produced by exten- 
sive air showers, and the contrast with the curves of 
Fig. 6 should be noted. 


(c) Electromagnetic Cascade Bursts 


The calibration of the ion chamber, as described in 
5(a) above, in terms of the average burst size produced 
by a particle at minimum ionization, enables the curves 
of Fig. 6 to be labeled with the average numbers of 
electrons crossing the ion chamber. Every third curve 
has been so labelled. The last point on each of these 


AND J. F. 


STELJES 


curves at 27 cm of lead, is derived from a power-law 
differential size-frequency distribution (Table III, 
column 5) with exponent — 2.73. It is useful to normal- 
ize these rates to unity at 27 cm of lead and replot the 
curves using a linear ordinate scale. The result is shown 
in Fig. 10 where the curves are seen to be similar to 
the well-known Rossi curve? obtained with counters. 

It is generally accepted that the Rossi curve includes 
showers of three main types: (1) electron-photon cas- 
cades arising from incident electrons and photons of 
the so-called soft component; these cascades, which we 
shall call the soft-component cascades, produce the 
initial maximum and are completely absorbed in about 
12 cm of lead; (2) electron-photon cascades originating 
in the lead from the radiation and knock-on interactions 
of mesons; these build up in number within the first 
12 cm of lead to a rate which then decreases very 
slowly with increasing thickness; and (3) penetrating 
showers and electron-photon cascades originating from 
nuclear interactions within the lead; at sea level these 
latter showers are thought to be much less frequent 
than those of types (1) and (2). 

In Fig. 11 the transition curve for cascades of 32 
particles has been replotted over the whole 27 cm of 
lead. The broken line indicates the growth of bursts 
from showers that originate within the lead. The very 
small rate of absorption of all bursts observed under 
more than 10 cm of lead (mean free path greater than 
2000 g/cm*) indicates that they arise mainly from the 
secondary effects of 4 mesons and not from the nucleon 
component. 

The existence of a second maximum® in the Rossi 
curve at about 15 or 20 cm of lead has often been 
claimed—the present observations show no trace of 
such a maximum for any of the larger burst sizes. A 
small effect for bursts of only 2 or 3 particles, if it did 
exist, might not have been detected in the present 
experiment because of the masking effect of the large 
numbers of bursts of this size arising from single 
mesons and protons. 

The transition curves of the bursts arising from the 
soft component (see Figs. 10 and 11) are quite different 
in character from those of the extensive air shower 
bursts (Fig. 9). The soft component bursts in fact seem 
to arise mainly from single electrons or photons incident 
on the lead shield. This conclusion is supported by the 
following facts: (1) The soft component electrons in 
the unshielded ion chamber have a size-frequency 
distribution curve (see Fig. 4 of I or Fig. 5 of this 
paper) very similar to that of the « mesons which are 
known to be single; there is no evidence of incident 
electron showers of more than 2 or 3 electrons except 
those associated with extensive air showers. (2) The 
larger bursts do not occur at all until an appreciable 
thickness of lead has been placed above the ion cham- 


* See B. Hodges and L. W. Morris, Phys. Rev. 102, 1164 (1956) 
for the pertinent references. 
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Fic. 10. Selected 
curves from Fig. 6 re- 
plotted, using a linear 
ordinate scale and after 
normalization of the 
rates at 27 cm of lead 
to unity. These curves 
are closely analogous to 
the Rossi transition 
curve obtained with 
counters. In any one 
curve, all bursts are of 
the same size as meas 
ured in number of ion 
pairs produced in the 
ion chamber. The corre 
sponding average num 
bers of electrons crossing 
the ion chamber is indi 
cated by the circled 
figures on the curves 
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Fic. 11. The transition curve for bursts of 32 electrons, on the average, crossing the ion chamber. The broken curve indicates a 
separation between bursts arising from cascades produced by electrons or photons incident on the shield and bursts arising from cascades 
initiated within the shield (principally from ~ mesons). There is no evidence of a second maximum at 15 or 20 cm of lead 


ber; it takes a certain thickness of lead to produce a 
moderately large burst if the cascade has to start from 
a single electron or photon. (3) The maximum of each 
curve is comparatively narrow and occurs at a progres- 
sively greater depth in lead as the size of the bursts 
increases, quite unlike the extensive shower transition 
curves which have a broad maximum, the position of 
which is insensitive to the thickness of the lead. 
Attention is drawn to a peculiar feature of the 
transition curves of the soft 
associated with the first very thin (0.11-cm) lead shield. 
There is an anomalously large increase of the smaller 


component cast ades 


bursts of one, two, and four particles best seen in Fig. 6. 
It is possible that this effect arises from materialization 
of photons of the soft component. Alternatively, it 


quite possibly may have arisen from some error of the 
measurements or in the analysis. 

The primary objective of this paper has been to 
The 


transition curves of Fig. 10 are being discussed in more 


present and analyze the experimental results. 


detail and compared with cascade theory in another 
paper now in preparation. It may be remarked that if 
these bursts do arise from isolated incident electrons 
or photons, the energies involved extend to some 50 
their 


Bev for cascades developing 500 particles at 


maximum in lead. 
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Strong Coupling* 
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For the case of the charged scalar theory a class of rigorous transformations is described which brings into 
explicit evidence the dependence of the Hamiltonian on the charge of the system, These transformations are 
noncanonical, nonadiabatic, and nonlinear. The strong-coupling Hamiltonian is obtained as a special case and 
is given in closed form. It is shown that in static approximation there exist bound states for arbitrarily high 
value of the charge of the isobar. The validity of the expansion method dealing with nonstatic effects is 
discussed, and it is shown that the usual strong-coupled procedure at best has meaning only for finite source 
size. The definition of nucleon-one meson states in the presence of finite isobar level separations is treated 


I. INTRODUCTION methods. The present paper is concerned with this case, 
but it may be stated from the outset that some points 
of general method to be discussed here are of application 
to other interactions as well. With the exception of 
Sec. II we use the extended-source model. We are not 
clear as to the realistic sense of either this model or, for 
that matter, of a causal relativistic point field theory. 
At any rate, we will take the fixed-source model for 
granted and study some of its properties. 


HE probable shortcomings of present meson 

theory are obscured by a lack of calculational 
tools suitable to large values of the interaction constants. 
Progress has been made recently in the direction of 
constructing scattering amplitude equations which are 
formally valid for all values of the coupling constant.! 
Considering the integral equation for meson-nucleon 
scattering as a specific example, this equation does not Aba 
Following the initial work of Wentzel,® it has been 


uniquely determine the amplitude in question; at least ‘ 
shown by Serber and Dancoff,® Tomonaga,’ and others*® 


it does not do so to the approximation in which it is 


commonly used.? From the multitude of formal solu- how a sequence of transformations can be performed 


tions, one considers only that one to be physically 
admissible for which the amplitude is the analytic con- 
tinuation of the perturbation series expansion.’ Thus 
in practice one may be limited in the extent to which 


which gives the Hamiltonian of the extended source 
theory a form bringing out the strong coupling charac- 
teristics. Upon closer inspection we found that this 
can be achieved by two distinct sets of transformations: 


one has moved away from a weak-coupling regime. 

Therefore it seemed to us that it might also be 
instructive to start from the opposite end and ask 
whether the strong-coupling method can be extended 
to the case where the coupling constant is not extremely 
large.’ The study of this problem has given us a some- 
what both the meaning and _ the 
limitations of strong coupling. The results are reported 
in this paper, which is methodological in character. 


the first group leads to a rigorous transformation of the 
Hamiltonian which brings into evidence the isobaric 
nature of the nucleon spectrum. This result is inde- 
pendent of the value of the coupling constant or of 
any nonrelativistic approximations, as is shown in Sec. 


II. The second group of transformations (Sec. ITT) 


clearer view of 


are those which specifically refer to expansions valid 
only for the extended source model and for large values 


‘ ; of the coupling constant. We shall briefly sketch these 
By way of orientation we have made a rather detailed pang , 


study of the charged scalar theory. This coupling, 
although of no special applicability, is nontrivial and 


two stages. 
The basic idea of the first step is to perform a trans- 
formation on the meson fields gg, and their canonical 


yet simple enough to be quite helpful for trying out 


* This research was supported in part by the U. S. Atomic prime): 
Energy Commission. 


1 F, E. Low, Phys. Rev. 97, 1392 (1955); G. F. Chew and F. E. 


conjugates ma, leading to new fields (marked by a 
Low, Phys. Rev. 101, 1579 (1956); and subsequent papers by 
many authors on dispersion relations. 


/ . 
a= Pa +f feo/?, 
* This was first noted by T. D. Lee and R. Serber, see Castillejo, 


a 
Dalitz, and Dyson, Phys. Rev. 101, 453 (1956), for a systematic 
study of the problem. The approximation in question is the “one a= Wal + if fra | F, 
meson approximation.” So far it has not been explored whether ay ee 
better approximations may reduce the manifold of formal solu- 
tions 

* Regarding the uniqueness and the preference of this choice 
see reference 2, footnote 9. 

‘ The results of Friedman, Lee, and Christian, Phys. Rev. 100, 
1494 (1955) (see their Table I), indicate that in reality we may 
not be too far from the strong-coupling region. 


1, 2, 


5G. Wentzel, Helv. Phys. Acta 13, 269 (1940); 14, 633 (1941). 

®R. Serber and S. Dancoff, Phys. Rev. 63, 143 (1943). 

7S. Tomonaga, Progr. Theoret. Phys. Japan 1, 109 (1946); 
concerning the charged scalar theory, see the footnote on p. 122. 

* See, e.g., B. T. Geilikman, J. Exptl. Theoret. Phys. U.S.S.R. 
29, 417, 430 (1955) [Soviet Physics JETP 2, 509, 601 (1956) ]. 
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where f is an arbitrary scalar c-number function of the 
space-time variables and F= /“f*dx. (Where variables 
of integration are omitted they are understood to be 
the three dimensional volume element dx.) Thus we split 
the fields into a “bound” part parallel to f and a “free” 
part orthogonal to it. The bound part is characterized 
by collective coordinates Qa=FUSfga, Pa=FUS fra 
which satisfy the canonical commutation relations 
characteristic of a system with a finite number of 
degrees of freedom. One transforms next to polar 
coordinates: Q.—(Q0,9), Pa—>(P,P4). The variable @ 
can be eliminated entirely from the Hamiltonian by a 
contact transformation as a result of which Py acquires 
the physical meaning of the 3-component of the total 
isotopic spin of the system. Finally it is possible to 
eliminate P and Q as well. The result is given by Eqs. 
(33)-(35) and one will that this “projection 
method” brings the Hamiltonian into a form in which 
the dependence on /y is explicitly exhibited. As is well 
known from the quoted papers, s characterizes the 
isobaric levels of the nucleon. Thus this first step 
indicates the dependence of the states on the integral 
of the motion that corresponds to the invariance of the 
Hamiltonian under a group of transformations, in this 
case the rotations around the 3-axis is isotopic space. 
We believe that for every Hamiltonian which has an 
invariance group of “internal variables” there exists a 


see 


transformation of the general nature described here 
which brings into evidence the dependence of the states 
on the corresponding integrals of the motion. 

What we have described above is not one transfor- 
mation but a whole class of such operations: the 
function f is entirely unspecified. We hope that this 
may open a general way for the application of varia- 
tional methods (see Sec. III and Appendix). Note that 
all transformations are homogeneous in f and that they 
are therefore typified by a distribution rather than by 
a multiplicative parameter. In this sense the trans- 
formation (1) is nonadiabatic. Furthermore it is clear 
that the transformation (y,r)—>(¢’,r’) is noncanonical: 
we make a transition from a complete to an incomplete 
set of free meson states, the latter to be supplemented 
by bound states generated by the collective motion. 
It will also be seen in Sec. II that the combined effect 
of all steps outlined above is a transformation that is 
nonlinear. 

In Sec. III the foregoing results are applied to the 
extended-source model, Thus the relativistic properties 
of the nucleon are now lost but all remaining invariance 
requirements are properly taken into account. It is 
that 
extended source corresponds to singling out a definite 


shown the strong-coupling procedure for an 
distribution from among the general class of f-trans- 


formations: this is the choice f=U, where U is the 
spherically symmetric function of x which describes 


the extended source and which is normalized according 


COUPLING 


to 


fous 1. 


The central theme of strong coupling is that for very 
large values of the coupling constant g one should first 
diagonalize the interaction energy, which is proportional] 
to g. In the case in hand, the interaction is 


~en f Ue + gra U ¢2. 


The rotation around the isotopic 3-axis and the choice 
f=U makes the interaction proportional to 7,. One then 
considers separately the two states of the doublet corre- 
sponding to 7, 1 and +1 respectively and shows 
that these states have a fine structure characterized by 
Ps which is due to the collective rotation of the bound 
mesons. Thus one obtains two groups of states, the 
“lower and the “upper 
(r,= +1). The method by which the position of these 
levels is approached in strong-coupling theory is essen 
tially the following: one defines a static meson field 
part v in a suitable way and relies on the validity of an 
expansion in terms of /Ugn/f Uv, where gy is the 
fluctuating part of the meson field. Thus the problem 
of the level spectrum divides into four parts: to find 
the static and nonstatic contribution to the lower and 
upper states, respectively. In addition the interference 


states” (7, 1) states’ 


of the lower and upper states has to be examined. 

Consider first the static approximation. This is the 
part of the problem that can be understood by simple 
molecular analogies. The ground state of the lower 
states corresponds to the physical nucleon. ‘The whole 
set of lower states has a spectrum given by 


E=const+4 g/Po|>A, (2) 


g 


as was shown by the mentioned authors. Clearly all 
states which are properly described under the restrictive 
condition on g are bound, We were interested in seeing 
the conditions under which the isobars could become 
unstable. Here we arrived at an unexpected result: it 
was found that Eq. (2) is a limiting case of the more 
general result, 


g’k 16P/\3 
E=const+ ( + ) 1 |, (3) 
4 g’ 


and a simple consideration (Sec, III) shows that Eq. 
(3) implies binding for all states, regardless of how big 
Pg is, and, in static approximation, regardless of the 
value of g. Thus the charged scalar theory has the 
rather unusual property of allowing stable systems to 
exist with arbitrarily high total charge. As is shown in 
Sec. III, this is intimately related with the shape v of 
the static meson field cloud as a function of /’s: v will 
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be seen to satisfy 


P? 


c 2 
a 


A [see Eq. (51) below }. This 


equation expresses the balance between three con- 


i g(2r)'rU, 


where w’* stands for x’ 


tributing energies: the kinetic energy (w*-term), the 
potential energy (g-term) and the energy of collective 
rotation of the meson cloud (/’9-term). For 7; 1, the 
rotations are immaterial for small |), and we have 
essentially a Yukawa-type equation. For large | P|, 
the nonlinearity of the equation becomes important. It 
is shown in Sec. III that as a result the cloud spreads 
out further and further and so loses its short-range 
character. The asymptotic form for high charge is 
given by Eq. (64). For the upper states the rotational 
and the potential energy keep the main balance; the 
kinetic energy is negligible In these states the cloud is 
~U. It is shown in Sec. III that the static separation 
between the lower and the upper states is ~g?/a. 
Section IV with the nonstatic effects. In 
previous treatments the analysis of these contributions 


deals 


is quite intransparent. In this respect the present 
method has some virtue as it starts from closed ex 
pressions. It is first noted that g>>1 is a necessary con- 
dition for the validity of the expansion in powers of the 
fluctuation field mentioned above. However, just for 
for these large g values the expansion fails for the 
upper states. Estimates are given showing that the 
interference between upper and lower states is small for 
large g. 

A more detailed analysis of the radiative corrections 
to the lower states shows that g>>1 is not sufficient to 
guarantee that the static approximation to the isobar 
spectrum is a good one, Thus the fourth order-terms 
give the requirement 


g’>1/ (ka). (4) 


This is of special importance for the meaning of the 
extended source model: strong coupling is to be defined 
in the sense that for fixed source size, g is taken to be 
appropriately large. We do not know whether the con 
dition (4) is sufficient to obtain a generally convergent 
expression to all orders. Nor do we have anything to 
say about the possibility of taking limits in the reverse 
order: for large g let a—>0; except that we doubt the 
existence of this limit. 

The result on binding contained in Eq. (3) is therefore 
valid at best for a range of values of g compatible with 
Eq. (4). Section IV concludes with arguments showing 
that the bound states remain bound even when the 
nonstatic effects are included. 

Section V deals with scattering problems, especially 
with the question of the definition of nucleon-one free 
meson states once one has defined the no free meson 


PAIS AND 


R. SERBER 


states. It is typical of strong coupling that this definition 
problem needs separate consideration : in weak coupling 
one starts from a zero-order system where for nucleons 
and mesons separately integrals of the motion are 
defined. Not so in strong coupling. In particular we 
have only an integral of total charge. Nevertheless, the 
scattering presents no problem in the limit g= @. As is 
well known, the scattering amplitudes can be written 
down exactly for this case. In particular, the question 
of dealing with states containing one or more virtual 
mesons does not arise: we deal with a ‘‘zero-meson” 
calculation. 

In Sec. V we give a method for the definition of scat- 
tering states when the isobar separation is taken into 
account to order g~*. The physical idea of the method 
is simply to keep track of the outgoing meson energies 
and to observe that the difference of the final meson 
energies in the respective cases of elastic and exchange 
scattering must be equal to the energy difference in the 
corresponding final isobaric states of the nucleon. More 
specifically, the problem set in Sec. V is to find the 
adjustment of the amplitudes appearing in the limiting 
case g= ® (when the spectrum is completely degener- 
ate) to the presence of a finite isobar separation. That 
is to say, we employ a “zero-meson approximation” 
(no virtual mesons enter, as is rigorously true in the 
limit g= ©) and study to order g* the secular effects 
of the coupling of the free meson states with the scat- 
terer. In terms of the adjusted amplitudes one can then 
perform a conventional perturbation theory, as they 
define a Born approximation procedure for the inclusion 
of the remaining nonsecular effects. In Sec. V the 
adjusted scattering amplitudes are given in closed form 
and the various physical features of the scattering 
(threshold effects, the existence of a maximum in the 
charge exchange scattering, etc.) become apparent. For 
other details concerning this scattering problem, the 
reader is referred to an interesting paper by Kaufman.’ 

Section V concludes with some brief comments on the 
analytic properties of the scattering amplitude in the 
strong coupling regime. It is noted that the “zero-meson 
approximation,” which necessarily has to be treated 
separately, does not satisfy the crossing theorem for the 
elastic (r+,p) and (#~,p) scattering.” This theorem is 
equally valid in a theory without or with bound 
isobars." It is shown qualitatively that in order to 
verify the crossing theorem one will have to go at least 
to a two-meson approximation in which the (real and 
virtual) meson pair production in meson-nucleon col- 
lisions is taken into account. (We remark parentheti- 
cally that there is no one-meson approximation in the 
strong-coupling region as all terms linear in the free- 


*A. Kaufman, Phys. Rev. 92, 468 (1953). 

” Concerning the crossing theorem, see for example Wick’s 
beautiful survey paper, G. C. Wick, Revs. Modern Phys. 27, 339 
(1955). 

"This was pointed out to us by Professor F. J. Dyson and 
Professor G. C. Wick to whom we are much indebted for illumi- 
nating discussions on this subject. 
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meson fields have been transformed away.) It is 
observed that the existence of bound states may bring 
with it the existence of further symmetries which, 
however, are presumably of only an approximate 
nature. It is finally noted that the existence of bound 
isobars is qualitatively correctly reflected in the exist- 
ence of poles at appropriate frequencies. 


II. GENERAL TRANSFORMATION: 
COLLECTIVE VARIABLES 


We start from the Hamiltonian” 


H Baw + Hint t FB west; 


H ines “a? 1 f Gn! | Pat” a) dx, w=? — A, (6) 


Hint = (2m) f Grab ea, (7) 
Hawt foe t m)pdx. (8) 


The ga (a=1, 2) are two Hermitian fields that describe 

the charged mesons in the usual way; mq are their 

conjugate momenta, and 
(a(x), p(x’) |= — 5 q96(x— x’). (9) 


In (6) and (7) and in what follows, summation over 
a=1, 2 is understood. The rq are the isotopic spin 
matrices. W and P=Wly, are the nucleon field and its 
adjoint, satisfying 


{W,(x),Wol(x’))} 


The operator of total charge of the system is given by 


T 24+ sf viva, T 12 Z + bf vicar, (11) 
2 [om yum )dx, 


We make the following transformation: 


5,.5(X—x’). (10) 


(12) 


Ga= Ga tFAfOa, ta=ta tF SPs. (13) 


Here f is an arbitrary scalar function of the space-time 
coordinates, while the other quantities in the relations 
(13) are defined by 


P.=F f frat, O, Pr 'f feats, (14) 
raises 


The normalizing factor F has been so introduced that 
the P, and QO, are canonical: 


[Pap ] . 


(15) 


Wap. (16) 
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Note that the fields Ya; Ta are orthogonal to f in the 


Jf entsax fr.’ fdx 0, 


The transformation gy’, 7 
seen from the commutation relations for the primed 
variables : 


sense that 


(17) 


»r’ is not canonical as is 


[ wa (xX), gp (x’) | if 6(x—x’)—F' f(x) f(x’) J. (18) 


The primed variables commute with the ?’s and Q’s 
For example, 


[ Pa,¢p |= [a Op ]=0. (19) 
Inserting (13) into (5) and (11) gives 


H = H yea’ + Hin’ +H auat 4 (P2bt+OQ,?) 


t I On featur t g(2r)*k Oe [drop I, (20) 


(Y= F f fats 


(21) 


H inex’, Hin’ and X’ are the same functions of the primed 

variables as the expressions (6), (7) and (12) are of the 
unprimed variables. 

Next we transform the 74, Qa to polar coordinates: 

QV; 0 cos6, » 

P= (cos@)P 

P, (sind) P4 (cos#)O IPs. 


0 sind, 
(sindO Ps, (23) 


Clearly 6 has to be considered as a dynamical variable. 
P, Py are conjugate to Q, 6, respectively. Along with 
the transformation (23) it is convenient to change the 
state vector ® into ®’, given by 

?’ =O, (24) 


The operators 1 and 7, considered to act on ®’, then 
become 


H = H ince’ + Hint’ +H nuit} 
+40 [ (o%' cose + yy’ sinB)w? 
t+ p2rk of vi r, COSO+- rz sinO)y: f, (25) 


T 12 >’+ Po bf virw 


We now complete the introduction of rotating coor 


(26) 


dinates by making a rotation such that the 1-axis of 
Ga and 7, lies in the direction of the vector O,. This 


is accomplished by the canonical transformation 
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S exp| (244 fv) | 


It should be noted that L’ generates rotations around 
the isotopic 3-axis of the ¢’, x’ variables, even though 
the latter do not satisfy the usual commutation rela- 
tions. One easily sees that the orthogonality relations 
(17) just make up for that. With the help of the anti- 
commutation relations (10), one finds 


y exp(—}ir/). 


function 


(27) 


SYS exp( hir)-y, SYS” 


Hence H’=SHS™* and 7Ty'=ST\,S", expressed in 
terms of the old variables, are given by 


Hl’ Bea t Hin’ r HH pcs t | a: + ry? 


i( 1-2-4 fur) -a} /e 


+ F-40 f gio? f+-g(2n) F410 f vrif, (28) 


Ti2'= Po. (29) 
In the new coordinate system @ is an ignorable coor- 
dinate and P+} /y'p~dx is now the operator of total 
charge. This implies in particular that, whereas Ps is 
integer-quantized in the old, fixed coordinate system, 
it is half-integer-quantized in the rotating system. 
The ‘centrifugal force term” proportional to O~* has 
already the appearance of the well known isobar term 
of the charged scalar theory. Through its Q dependence 
this term is coupled with the collective radial oscillation 
that is represented by the terms ~/”, (0, and Q. These 
three terms can be eliminated by the following pro- 
cedure: introduce variables gq’’, wr.’ defined by 
¢2', 


Pd g1' } PF 47/0, gy" 


(30) 
my ca + P ifP, wr" w?. 
From the commutation relations (18) and (19) and 
from [ P.O | i, it follows that 
[ay'’(x), or’ (x) = — 16(x—x’). 
Hence the variables ,", yg,” are canonical again. 
Furthermore, from the orthogonality relations (17) one 


o-rfot 


Thus the 1-variables are no longer orthogonal to f/f. 
We note the connection between the meson variables 
Ga, Tq occurring in Eq. (6) and gq”, ra’ as obtained 


obtains 


(31) 
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via the transformations (13), (24), (27), and (30): 
¢1= 91" cosd— vg" sind, 


¢2= gi” sind+ yo" cosf, 


1 
xX (Pp—Z"— Wid) + cost f fe”, 


(32) 


w=," sind+,2’ cosd+ 


fie 


1 
x (Pe—2""— 4 'r) + j sind f fo” 
2F 
2” = f (orn 2 'm;"’)dx, 


which is a nonlinear transformation from the initial to 
the new variables. 

It is now readily seen that the terms ~/”, Q?, and 
the term FOS g;'wf combine with Hines’ to Hines”, 
while the remaining term linear in Q combines with 
H in:’ to Hint’. Dropping all primes we therefore obtain 
the following result: our initial Hamiltonian (5) to- 
gether with the relations (9) and (10) has been trans- 


formed to': 
2 
Aref) 
- & 
| fie 
(33) 


with 2 defined by Eq. (12), F by Eq. (15). The nucleon 
variables still satisfy the anticommutation rules (10), 
while 

[a(x,t),¢6(x’,t) ] 


= —ibapl5(x— x’) —Sq2l f (x,t) f(x’,t) ], 


fes- [rsro. 


Therefore what we have done amounts to: projecting 
out a part of the “2-field” by means of relations (35) 
in such a way that we obtain an “isobar term” in the 
Hamiltonian (33). The “radius” of the isobar is deter- 


H = H eet Hint tA await 


(34) 


(35) 


% The operator P occurring in Eq. (28) is not Hermitian, as Q 
is defined only in the interval 0— © ; however, P? is Hermitian. 
Accordingly, the operator m, in Eq. (33) is not Hermitian. But 7, 
occurs only in Hmes in the Hermitian combination f,? and in 2 
in the combination { gz. In the latter, the non-Hermiticity of 
w, is immaterial owing to the orthogonality gs and /. 
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- mined in terms of the ‘1-field’” and satisfies the 
inequality : 
f textx 20. 


To see this, we trace back some of the transformations 
made: in introducing the polar coordinates, see Eq. 
(23), the sign of Q has to be fixed by convention, let us 
take 0 20. Then the inequality (36) follows from Eq. 
(31). Equation (36) as it stands has meaning only in a 
representation in which /fg; is diagonal. In other 
representations Eq. (36) should be interpreted as 
stating that /fy, cannot have negative expectation 
values. 

Hea and & look formally like the energy and charge, 
respectively, of free mesons. For what follows, it is 
quite important to note, however, that Hine and Y no 
longer commute, owing to the anomalous commutation 
relations (34). The extra term which occurs there implies 
that the “free” 2-mesons form an incomplete set of 
states. Later on we shall accordingly have to develop 
the “free” 2-field in terms of states scattered by the 
nucleon. Truly free 2-meson states will never occur in 
what follows. Physically the noncommutativity of Himes 
and & is related to the existence of charge exchange 
scattering (see Sec. V). 

The dependence of the isobar term on the meson 
charge implies that the isobar splitting should depend 
on the charge of the core rather than on the total 
charge P+4 of the system. The occurrence of the 
combination P4—2 would just take care of that provided 
» were diagonal. Actually we wish to work in a repre- 
sentation in which the energy of the free-meson field 
rather than » is diagonal. We shall come back in Sec. V 
to the detailed treatment of 2 in this representation, 
especially for the case of meson-nucleon scattering. 

All transformations performed above are rigorous and 
the various expressions for /7 which we have encountered 
are formally valid for all values of the coupling constant. 
It is altogether another question whether the present 
procedures are of any use for practical evaluations. Of 
course, this will depend largely on making an appro- 
priate choice for f. In general one may try to develop 
a self-consistent procedure, starting with that part of 
the Hamiltonian which is expected to give the leading 
contributions for a given regime of coupling; and for 
that part one must make a best choice for f. Proceeding 
in this way for large g, using an extended source model, 
it turned out that of the forms (25), (28), and (33) for 
H, the last one is the most useful. 

For the one-nucleon problem, with the nucleon 
treated as an extended source, the Hamiltonian (33) 
is to be replaced by 


(36) 


(Ps—z— 473)?—4 
H = H neat Hintt+}F s ’ 


fel 


(37) 


where Hines is still given by Eq. (6) and 


Hina= g(2n)bra f Ua) pad (38) 


U(x) is the spherically symmetric and normalized 
source distribution referred to in Sec. I. For later 
purposes it is necessary to make the trivial observation 
that the quantities Py—Z, 73, and / fy, are three 
commuting operators. 


III. SPECIAL CASE: STRONG COUPLING 


As recalled in the introduction, the idea of strong 
coupling is to start with the diagonalization of /7 int. 
This can be done immediately by putting 


f=U, P= { vrs, 


for then the orthononality relations tell us that 


Hint en(2n)! [ Ueutx (40) 


Of course, it is possible to make a contact transforma 
tion which diagonalizes Hj,, without making any 
specific choice for f whatsoever. This is done in the 
Appendix where it is shown that one is nevertheless led 
to putting f= U at a later stage. Thus we may start as 
well with Eq. (39) directly. Accordingly we shall work 
in a representation in which 7, is diagonal. 

In order to be able to work with the Hamiltonian 
(37), it is necessary to give a meaning to the operator 
[ S fei} *. We do this" by splitting yg; into a static part 
v and a fluctuating part ¢,’. If the former is large 
compared to the latter, we can then use an expansion 
in powers of the fluctuation field. It will be clear 
presently that v looks quite differently for 7; 1 
+1 (upper states). Thus we 


(lower states) than for 7, 


1+7; 1 Ti 
gi=gitr, ( Jo+( Je. (41) 
2 2 


(41) is a 


ifm\v), 80 73 gets transformed as well 


put 


Equation contact transformation with 


S=exp/( 


73 = 72 cosx’+73sinx’, x’ fr v4). (42) 


Dropping primes on ¢;’, the old Hamiltonian in terms 


4 Alternatively, one may try to work in a representation in 
which fy: is diagonal. This means effectively that we revert 
to the Hamiltonian (28) (with the changes appropriate to the 
extended source picture). We have explored this possibility, but 
at least for strong coupling, this did not turn out to be helpful, 
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of the new variables becomes 


H= H mat bf not g(2e)hns f Uo 


+ f enlor +-¢(2r)t7,U) 


(++ fora) 


+P 


2 
(o+ furs) 
q fur 


The important term fer, now appears in the isobar 
energy because, as a result of the shift in origin of ¢, 


(43) 


(44) 


)2 
|@P/ev 2— fon V PA(_f ve—oF tf ve.)—an"| —4 2s f on 
q 
P?+- 
(«+ fur) 


which is the form of the Hamiltonian most suited for 
further discussion. The meaning of 13’ is 


" 38 ” 
Ts =—trxe% +17 '% , 


ei fro +R V, tf oyee-V- ifs e), 


(49) 


T4 A (tot iT). 


Here we have introduced V4 defined by 


We can put 
0 0 Q 1 
rly: gprs.) 
1 0 0 0 


so that r_ transforms an upper state into a lower one; 
and 1, does the reverse. 

We are ready now to integrate the problem. All the 
static terms are collected in Eq. (47) (7' vanishes if we 
were to put the fluctuation fields equal to zero). The 


condition that v be chosen to minimize Hoytat gives 
w*a+ g(2r)'r7,U — (Pe /V?)o=0. (51) 


First consider the lower states, r;= —1, for which the 


AND 
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the “angular momentum” ~ is now measured around a 
new center. The term ~Pyq* fur, can be eliminated 
by a further contact transformation : 


Py 
S=exp( i foes), y= [vax 


It will be observed that this transformation not only 
adds time-independent terms to m2, but also adds an 
oscillating term proportional to fvg. to the angular 
variable 6. The motion being described is a nonsecular 
oscillation of the direction of the nucleon’s isotopic spin 
(and self-field) induced by the presence of a free meson. 
The Hamiltonian becomes 


(45) 


H =H nat Hotar+ f vi(wv+g(2n)'r,U)+H’, (46) 


Pa 


P 
Hotva= bf tot g(2n)irs f U4 —, (47) 
2V 


(48) 


solution of Eq. (51) is 


e a’|x—x’| 


r= (2) f ial: = Thal tal 


4n|x—x 


(52) 


where x’ is defined by 


xt— i= —P#/V 2 


(53) 
Equation (51) is nonlinear in v because V is the norm 
of v. The solution (52) contains V_ via x’. We get an 
equation for x’ by substituting (52) into (50). Retaining 
only terms that survive when U (x)—>6(x), we find 


V_=g?/(4x’), (54) 


and 


(55) 


16P/? 4 
ae | 
gt 


The solutions 0, have an altogether different structure. 
They are obtained to a good approximation (for g>>1) 
by neglecting the first term in Eq. (51), which yields 


P# 1/8 
ie Ss 
F*g(2r)} 


Vy on (2rg’F) 1/8P,A/s, 


(56) 


(57) 
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Next we evaluate Hoya. Substituting for v, we get first 


P? 


Hata = he(2n)!ns f Uot y’ 


from which 


Hota 


g? g’k 16P3?\ 3 
a (fa an 
4a 4 g' 


Haat = 3 (2rg’F Pe’)!, (59) 


where the cutoff length a is defined by 
1 U(x)U(x')ens'®-*'| 
-f dxdx’. 
a |x—x’| ' 


We first discuss the static spectrum for the lower 
states. It is convenient to distinguish between states of 
high and low charge: 

g’/| Ps| >1:low charge, 


- , (60) 
g’/| Po| <1:high charge. 


For low charge, the levels are given by 
g’ xP? 8x Po 


Hetat = + 
4a og? g 


+--+, (low charge). (61) 


The second term represents the Serber-Dancoff result 
referred to in Sec. I. It is structure-independent. So are 
the static correction terms of O(g~*). However, we shall 
see in the next section that the nonstatic terms give 
corrections of order g~* which do depend on a. 

For high charge, we get 

g° ae es 

+«| Pe|——x+ K+ 

4a 4 32 |Po| 


(high charge), 


Hoar = 


(62) 


where the small expansion parameter is now g?| Ps|~?. 

Let us next ask under what conditions for g and for 
which values of Ps we shall have bound isobar states. 
Call Hetat” (| Po|) the energy of a lower state for given 
| Py|. A necessary and sufficient condition for binding is 


Hota (| Po|) — Hstat (| Po| —n) <nx, 


| Py| = 3/2, 5/2, ---;nm=1,2,---, | Pe] —}, (63) 


i.€., 
[1+ 16P92/g*})—[1+16(| Po| —n)?/g*]})<4ng, 


which is identically satisfied for all g, Ps, and n. Thus 
we find the following result : 

In the static approximation, as here defined, there 
exist bound isobar states for all values of the charge 
and for all values of the coupling constant. 

The more interesting cases are, of course: (a) | Py| >1 
for large g; (b) all states for g<1. The cloud function v_ 


COUPLING 


1643 


spreads out with increasing charge and, both in case 
(a) and case (0), is essentially given by 
g exp(—4ger/| Pal) 


v_(r)~ , 
rT 


(64) 


according to Eqs. (52) and (55). The spreading out 
happens in such a way that the norm of v becomes 
independent of g: in the limiting cases under con- 
sideration, we have 


(65) 


V_=>|Po|/e, 


so that the cloud spreads from a Yukawa to a 
“Coulomb” cloud with fixed norm as function of g but 
with increasing norm as function of /’s in such a way 
that it can contain bound states for all Po. 

Of course, it has by no means yet been proved that 
for all g and all Py a bound state exists. We have to find 
how the spectrum is modified due to the interference 
between the lower and upper states and due to the 
other nonstatic terms in the Hamiltonian. We will see 
in Sec. IV that for large g it is possible to maintain the 
foregoing result on binding. For the case g@1, the 
present method will turn out to be inadequate to decide 
the issue. 

We would like to add that the reason for putting 
some emphasis on this question of binding is not so 
much the relevance of having infinitely many bound 
states (there is reason to believe that this is a very 
specific property of the charged scalar interaction) as 
that this result could not have been obtained by a 
uniform expansion in powers of g™'. As we have just 
seen, the small parameter is g™ for low states, | Py|~ 
for high ones. It can be seen in a qualitative way that 
this nonuniformity persists in the nonstatic effects. 

As to the upper states, we note that the splitting Ao 
between a lower and an upper state of the same /y is 
given by!® 


9 
g2 


4 
Age ——+3 (2eg’F Pi)! 


4a 


(66) 


and that the upper states move to infinity for g-@. 


IV. NONSTATIC EFFECTS 


We must examine now the full Hamiltonian (46), 
which we write as 


H H+ Hotart HI, 


PF 2 
Ho= H mest (fom) . 
2¢° 
P#? PF 2 
H,=H'+ foe - (for) , (69) 
V? 2 


© Observe that both terms on the right of Eq. (66) are ~a™ 
Thus the first term is preponderant for low charge, the second one 
for high charge. 


(67) 


(68) 
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where use is made of Eq. (51). H’ is given by Eq. (48). 
H contains all meson-field terms of order zero in g. 
The second term of 17» vanishes in the upper states due 
to Eqs. (35), (39), (56). We will determine the normal 
modes of the free mesons from // and then study the 
interaction of these modes with the nucleon states 
which is brought about by //;. 

Using Eq. (34), Ho gives the following field equa- 


tions'®: 


n 2 
Wi, Wy “Wop Fil, 


mathq?*(v—F Qu) { os, 
—Wop pot F U [ Vsestos 


Eliminating m2, we obtain the second-order equation : 


of Uses 
fF Uq 
(:- ) ff roston (71) 
7 Pf 


Since only S-waves are coupled in this fixed-source 


P2t Wop’ Ye 


theory, it is sufficient to restrict our attention to spheri- 
cally symmetric solutions. Consider special solutions 
for the 2-field equations of the form 


g¢2(x,b) = ge (xem ***, ro (x,t) = —iww,® (xe **. 


From Eq. (71), one finds 


J 4° wo? eed X= 26 (R— ’) /4ek?, (72) 


where a convenient normalization has been introduced. 
Furthermore, Eq. (70) gives 


PF 
f ns ns- dx } fenoidx fon eax 
« g 


5(k—k’)/4ak?, 


freed 5(k—k’) ‘ark? 


In Eqs. (70)—(72), wop?=x*—A. This quantity we called w* 
till now. From here on w designates (k?+-«*)§. In Eqs. (70), (71) 
we have denoted v_ by v. It will be clear from our treatment of 
Eq. (68) that it is implied that a term — (//2q*) S (v_12)* appears 
as a perturbation in the upper states. With the help of the explicit 
solutions for the modes of the 2-field it can be verified that 
J v_9y~a and that therefore this term is ~a. We have accordingly 
not bothered to carry it in the subsequent part of the work. 
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Therefore if we develop as follows" : 


a= f dk(2s) “Waa (k) gx (x)+h.c. ], 
(73) 
— ~i f db(o/2)Maa(b)ma (2) —hc.] 


where gx") (x)=a, (x)= (2r)"! sinkr/kr, gx and 
m,) are the quantities introduced above and the da, da! 
are the time-dependent annihilation and creation 
operators satisfying the usual commutation relations, 
it is obvious from Eq. (68) that 


@ 
y= { dk: (da! (k)da(k)+h.c.). 
2 


1 
gv.) (x) = fthowes 
(2)! 


1 
mw.) (x) = [dere 
(29)! 


Inserting Eq. (74) into Eq. (71) gives 


5(k—k’) 


Pk, k= cosa 
4rk? 


Upp — (Kx? — x") Vr wr yty 
-_ " P 


y¥— (PK?) Vg wy 


yd" uy, dk’ 
=—- . —_ > 
y=P ; ; n= rns 
Ww 2 yy? Ww = w 


and 6 is the phase shift defined by the asymptotic con- 
dition yg, (r)~sin(kr+6)/(2r)4kr. The factor cosé in 
Eq. (75) leads to just this normalized asymptotic 
amplitude and is also in accordance with the normaliza- 
tion in Eq. (72). The ratio of the coefficients of 
Pl (w*—w?)*] and 6(k—k’)/4xrk?, evaluated for k’=k, 
is equal to tand/2n*k. It is easily verified from the form 
of Eq. (75) that gx®(r) is indeed orthogonal to U(r). 
For many of our ensuing purposes it is adequate to 
consider the solutions in the limit U(r)—>6(x). In this 
7 h.c. = Hermitian conjugate. 


‘Su, and v% are the Fourier amplitudes of U(x), v_(x) respec 
tively. P denotes principal value. 
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limit we can write 
5(k—k’) sind’ wk(w) 1 
$k, k’ = COS6: + ‘ine Pe. “. 
4k? Qeh! w't(w") w?—w* 


kwt(w) 
@= (k?+x")4, siné = ————_, 


<—) ; 


@ 
4a" 


(76) 
§(w) = : + 


where 6’=6(k’). From Eq. (70), we further obtain 


Wk’! = Okk’ +k’; 
cosé Uy (Vp — gF My?) 


Nk’ = (77) 


’ 
w y— (Ke —K?)Vg wy, 
where nx is regular for k=k’. For x=x’, we get the 
solution for the normal mode problem given by 
Kaufman.’ 
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We shall need the expression for 2 in terms of the 
normal modes: 


z= —4i fk’ (’) {Ce +w’){ait(k’)a2(k) 


—ay(k’)aet(k)} + (w—w’) {a1 (k’)ae(k) 
—ay'(R’)aot(k)} | pe, x t+oLai(h’) +41! (k’) | 


X [ao(k) — a2! (Rk) |x’ (78) 


For later purposes we note the following properties of 
the integrand: the term proportional to (w+w’) is 
singular for w=w’. The term proportional to (w 
regular for w=w’ but is singular for the unphysical 


w’) is 
case that w w’; and the terms involving nx are 
regular in either case. 

We are now in a position to investigate H): 


[ervev -y- for V PA( fve.—aF fue.) an" | - 
| 


Hy=}F; 


| 2 
| (+ fuss) 


The point to be considered is whether we can expand 
the denominator (¢+ f/U ¢,)~* in powers of gq? SU ¢). 
The quantity g, we recall, is equal to f/Uv. So, if we 
put g,= f/Uv,, we have from Eqs. (52) and (56): 


q ~g/a, q4 ~1/gia. (80) 


Taking the lower states first, we see that the expansion 
is one in powers of 1/g and therefore as legitimate as 
any expansion in current use in field theories. Note that 
the parameter is not the much smaller quantity a/g 
because every power of /U yg, brings with it a corre- 
sponding power of a~'. Upon expansion all terms linear 
in the meson fields cancel. This is the reason for having 
made the contact transformation (45). Further there is 
still one term ~g™ left, namely, F¢?2fumrz; but this 
one, taken to second order, gives essentially only a self- 
energy displacement.'* Thus the radiative corrections 
to the isobar spectrum are O(g™*). 


‘88 Tt is worth noting that 


Be poe) Uk 
. 2) ox “ 


and thus the singular factor (//g*) in the term under discussion 
is only apparent. 


2 Pa f on 
g 1 2 
Pe --( f m) 4 
Fv ¢ 


It is clear from Eq. (80) that a similar expansion 
fails for the upper states, however, as the parameter 
would be g! which is large. And so the question arises 
as to what extent the strong-coupling formalism is 
meaningful. We shall now show that it is still possible to 
give meaning to the lower states. 

In order to see this, we shall first obtain an estimate 
of the energy difference A between an upper and a 
lower state of the same /’y in the approximation in 
which we ignore the interference between such states; 
ie., we temporarily drop the term linear in rq’. 
Thereafter we will examine how A itself is affected by 
virtual transitions between the upper and the lower 
states," 

We already have an estimate for A in the static 
“approximation,” namely the quantity Ao given by 
Kq. (66). We have just seen that the static energy value 
is a good approximation for the lower states provided 
g is large. We show next that the meson-field fluctua 
tions in the upper states cannot compensate Ay: 

First consider the term of //; that contains the much 


im Fe V2 


2P¢° 
. foe 7 (79) 
Fy? 


19 Note that the term (1;'/2)? cancels against the term 
the same numerator. 


i in 
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quoted denominator. This term is a contact transform 
of what we called the “isobar term” in the original 
Hamiltonian (37), We now recall the property of this 
term that its numerator and denominator commute 
with or without the 73-term (of which 73’ is the contact 
transform) and observe that neither quantity can ever 
be negative.” It follows that we underestimate A by 
dropping entirely the expectation value of this term in 
the upper states. 

The next term of 17; is —q,?P¢/(2FV,*); it has the 
effect of reducing the coefficient 3 in Eqs. (59) and (66) 
to 1. The next two terms involve fur, which is zero 
in the upper states because of orthogonality and 1,~U. 
Thus we have so far, using Eq. (66), 


g’ P? 
A>-—+ (2g Py?) '+ ( [e#) . (81) 
4a V3 + 


To treat the last term on the right we need the ine- 
quality (36), where {=U according to Eq. (39). Note, 
however, that meanwhile we have made the trans- 
formation ¢;-—>¢,+1 so that Eq. (36) now reads 


fuer —q; 


the meaning of this relation has been explained before. 
For an upper state it gives 


FP¢ \4 
([ue),2>-«--(——), 
' g(2n)! 


according to Eq. (56). Therefore the worst that can 
happen is that the last term on the right side of Eq. (81). 
reaches the minimum value that corresponds to the 
equality sign in Eq. (82). Hence one obtains from Eq. 
(81) with the help of Eqs. (56), (57), and (82): 


(82) 


A2g’/4da; (83) 


i.e., 4 is very large provided we ignore 7,5”. 

It remains to show that the terms proportional to 
rs’ which couple upper and lower states produce only 
a small perturbation of the energies of the lower states. 
It will first be observed that the matrix elements of 73”’ 
between upper and lower states containing only a small 
number of mesons are very small, owing to the angular 


factor e*'*’’: each mode of the 1-field contributes” a 
factor exp(—g?/4)wlv_(k)—0,(k) P to (et'*’’)yae. The 
dominating factor in the matrix element will thus be 
of the order exp(—j}g* In|xa|). The smallness of this 
result reflects the poor overlap between such upper and 
lower states. However, in estimating the total energy 
displacement of a lower state we must consider the sum 
over all possible virtual meson distributions in inter- 
mediate states. Clearly a significant contribution to this 


* At this point we write v,(&) for the Fourier amplitudes of 
v4(r). 
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sum can only arise if there are upper states which have 
a good overlap with lower states containing few mesons. 
This is indeed possible, namely when 73" acts between 
a lower state with few mesons and an upper state with 
many mesons: the phase factor e'*”’ acts in such a way 
that a good overlap will occur near the sharp peak of a 
Poisson distribution of virtual mesons, the peak being 
characterized by an energy ~g’/a residing in the meson 
field. It is quite reliable to consider only contributions 
from the states near the peak, and as a result the ex- 
ponential dependence on g’ In|xa|, noted above, exactly 
cancels. 

The meaning of the sharp peak can be still more 
closely characterized. It will be observed that the 73” 
term can be written in the form A7t;’/(q+SU ¢;)* 
where A, 73, (¢+/U¢,)* are the contact transforms 
of Py— , rs, (S- fe), respectively, occurring in the 
Hamiltonian (37). Thus, owing to the remark made 
after Eq. (37), A, r3’’, and (q+ fU¢,) commute. This 
means that it is immaterial whether the factor 
(q+ Jf U ¢,)* operates on an upper or on a lower state. 
The reason is that e'*”’ is just a displacement operator, 
which converts g,+/U ¢, acting on an upper state to 
g-+fU¢, acting on a lower state. The upper states 
which have a good overlap with the lower ones have 
just the same value of the total meson field including 
the self field: the only transitions of importance are 
those in which the isobar radius remains unchanged. In 
estimating the perturbation of a low state containing 
few mesons, it is therefore permissable to count the 
denominator (q+ /U ¢,)* as of order g’. From a closer 
inspection of /7, it can then readily be seen that we are 
conservative in stating that the 7;’’-term contributes a 
self-energy to the lower states which is at most ~g~ 
and an isobar displacement at most ~g~*. Therefore the 
influence of the upper states on a lower one can be 
ignored, at least to leading orders.”! 

Considering the lower states in a little more detail, 
it may be asked whether the contributions from 77, 
could affect the statement of Sec. III on binding for all 
P,. That the result cannot be proved by present methods 
for g<1 is obvious: for such g values we cannot expand 
7, for the lower states either. For large g, the states of 
low charge [see Eq. (60) ] remain bound simply because 
the energy perturbations are O(g™‘). For high charge 
we can maintain the foregoing result as well: from Eq. 
(62) it is easily seen that the binding of a high charge 
state with respect to a low-charge state is (}¢’—})k. 
Thus the relative energy displacement of high charge 
compared to low charge states cannot affect the order 
of magnitude of the binding. It remains then to ex- 
amine the relative energy displacement of a high- 
charge state compared to a neighboring state which 
has high charge as well. Here we can use the remarkable 
property of //; that its explicit dependence on /s occurs 


*! We have not considered in detail the more difficult question 
of the displacement of the upper states due to the 7,’’-interference. 
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only in the ratio (Ps/V), (unlike Hytat). From Eq. 
(54) we see that Po/V=x(1—g'/32P,*), whence it 
readily follows that the charge-dependent part of the 
perturbation energy is smaller than the last term of 
(62) by a factor g’?/ Py. Thus the energy displacement due 
to H, cannot affect the binding.” 

The foregoing remarks dealt with the relative dis- 
placement of the levels. We must also ask for the 
absolute values of such shifts. We find that the radiative 
corrections imply an inequality between g and a: 
the O(g™) corrections to the isobar spectrum give an 
energy contribution.” 

1 
~kP# 


g*(ka) 


Thus, in O(g~), structure dependence begins to occur 
in such a way that stronger inequalities are needed than 
g’>>1, which is all we have used so far: one has at least 
to impose 

g’>1/ (ka) (84) 
in order to maintain the static approximation as a good 
one. This defines the meaning of strong coupling: it is 
to be considered as a limiting case in which for fixed 
source size the coupling constant is made so large that 
Eq. (84) is satisfied. We have not verified whether the 
condition (84) is sufficient to make all higher order cor- 
rections small, or whether still stronger conditions on 
g are needed. 


V. MESON-NUCLEON SCATTERING 


In the limit g—~, the scattering is entirely due to 
the free-meson terms (~g*) in the Hamiltonian. Thus 
it is clear that to this approximation the 1-meson scat- 
tering amplitude vanishes while for the 2-mesons the 
amplitude H is determined by the asymptotic form of 
ge (x), given by Eq. (74). Thus it follows from Eq. 
(76) that” 

e” sind 1 
H _ , (85) 
k x+tk 


The asymptotic r*-wave functions are given by the 
asymptotic form of 2-'[ gy, (r)+ig,™ (r) |. Owing to 
the existence of isobars, charge-exchange scattering 
occurs along with elastic scattering. For example, for 


* This argument is not sufficient: P also occurs implic itly in 
HT, through the separate occurrence of v in such integrals as fv). 
Inspecting leading orders, we found effects too weak to alter the 
foregoing conclusion. 

24 This result comes about as follows: There is a perturbation 
term V"P9{ —2+Fo* for Sogitgr SU ¢:)]} which is ex 
plicitly of order g-* and on which a second-order perturbation 
calculation must be performed. To this result one must add the 
expectation value of the perturbation 4/q?*V~*P9 Svgil fog, 
+2gF ['U ¢, ] which is explicitly of order g~*. A little calculation 
shows that the a™ singularity cannot be made to vanish for an 
arbitrary choice of the distribution U (x). 

%In the extreme-strong-coupling limit one must put «’=x, 
wa, 


Cc 
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a r* incident on a proton, we have 


nr +p +p, 
mt +p, 


th pomttp, 
. aia : (86) 
oT egrrr 


and similarly for scattering on other isobaric states. 
Thus we shall have to consider amplitudes A ‘ * (P9,w) 
where the first (second) superscript stands for the 
charge of the incoming (outgoing) meson. 9 will as 
usual denote the total charge (minus 4) of the system, 
and w is the incoming meson energy. It follows immedi- 
ately from (85) and from the asymptotic form of the 
charged meson wave functions that 


A ‘+t £) (Pow) = H/2, 

a result which is independent of 9. Physically this 
the isobar 
spectrum is completely degenerate, which leads to 
equal probabilities not only for the scattering of a 
positive and a negative meson from any isobar state 
but also for the elastic and exchange scattering of a 
meson of given charge. The cross section for each 


corresponds to the fact that for g=« 


process is 

a= m/w" (87) 
H as a function of w has the usual branch points at 
x and a pole of second order at w=0. In the 
©, Hiseveninw. 


w= st 
w-plane, cut from «x to © and 
It follows trivially that 


Ko 


A+) (Pow) = A ' w), 


(Pow) A! 


(Py, 


(88) 
4 (Py, 


At WwW), 


where Py, Ps’ range independently over the domain of 
values of the total charge. Thus in this limiting case 
we have an infinity of crossing symmetries and the 
crossing between (mt,p) and (9 ,p) appears as a special 
case. Clearly this high symmetry is a reflection of the 
high degeneracy just mentioned (where there is even 
crossing between and scattering) 
Thus it remains to be seen what symmetries survive 
when this degeneracy is removed. 

Before turning to this question, we shall make a few 
remarks about dispersion relations in the limit g-> . H/ 
satisfies the dispersion relation 


2 * k'a(w' )w'dw’ 
P J ) 


9 4 
T “ : ww 


elastic exchange 


Re H(w) 


W 


Note, however, that the expression (85) is analytically 

modified by inserting the extended source U(x) in the 

proper way. This is done by using Eq. (75) (with 
, . » nd ° ° 

x=«) rather than Eq. (76). Doing so, one easily sees 


that // is replaced by 
u,dk’ 
inf 


Try, a 
H, , 
ww"? — w* — ie) 


wT (w) 
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For low frequencies, H,~H. The occurrence of um 
in H, physically expresses the lack of causality of 
the theory over spatial regions of the order of the 
source extension. For this reason one cannot write 
down dispersion relations for H, itself. In a formal 
fashion one usually considers the quantity [scattering 
amplitude “,*| and asks whether a dispersion relation 
holds true for this ratio. In the case on hand, it all 
depends on the zeros of w*J(w) on the real axis in the 
upper half complex w plane. It is readily seen that,” 
for all wu, which are real and >0O for all finite w and 
fall off sufficiently fast for w+* (which are two physi- 
cally correct requirements), w*/(w) has no other zeros 
the double one at w=0, characteristic for mu 


constant, so that 
IT (w) 2 ” k’a(w' or’ de’ 
pe) 20 f | 
u*(w) nr, U(w’)(w?—w*) 
which is called a dispersion relation for a fixed source.” 
Of course, its physical application is much obscured by 
the explicit occurrence of u(w). With this comment we 
shall now return to putting mu, constants, which is 
adequate as long as extremely high frequencies are left 
out of play. 

We return now to the scattering for finite coupling 
constant. Some care must be exercised in correcting the 
g=@ result for the scattering to the case of finite g. The 
states of the system are characterized so far only by 
their total energy and total charge. The charge of free 
mesons is not determined, as J is not diagonal. We now 
observe that in a proper treatment of reactions such as 
(86) for the case of finite g, the emerging mesons that 
have been elastically scattered must have an energy dif- 
ferent from those that have exchanged charge, the dif- 
ference being equal to the energy difference of the re- 
spective final state isobars. The existence of charge 
exchange scattering is just the physical meaning of the 
noncommutativity of 2 and the energy of the meson 
field. It will now be clear how one may proceed in the 
present case of a nondiagonal 2 to identify the charge of 
a meson in an automatic way: once the total energy and 
charge are fixed, the charge of a scattered meson should 
be uniquely given by its kinetic energy. Before we 
start to describe the details of the procedure it may be 
noted that in the case g= © the meson charge can be 
identified by a separate argument, for example by cal- 
culating the charge density at large distances from the 


than 


scatterer.® This actually justifies the results given above 
for g= ©. However, in the nondegenerate case we may 
dispense with such arguments. 

We will consider specifically the scattering on isobaric 
states of low charge and treat the perturbing terms in 
H, of order g~*. Even though this perturbation is small, 


“ For a spherical source, u(w) is an even function of w. 
* See, e.g., a series of forthcoming papers by A. Klein on this 
subject. 
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an expansion of the scattering amplitudes in powers of 
g* can only be valid if the meson kinetic energies are 
large compared to the isobar splittings. This is precisely 
the approximation we wish to avoid, and accordingly 
we shall have to be careful to include adequately the 
effects of the secular terms in //,, that is, those terms 
which affect the energy of the meson at large distances 
from the scatterer. These terms are identified by the 
fact that they involve singularities. For example, con- 
sider a fictitious set of probability amplitude equations: 


(E—w)C;! fvaceran 


(E—w)C? [retour 


and suppose that Vis =id6(k—k’)+Ui., where U is 
nonsingular. The equations can be written as 


(w4—w)C,*= bf Cut Unr‘*®) Cee 

— (Une —Uya*\Cy* Vik’, 
with 

C;3 2 1(C,2+iC;'), W4 E+ x. 

If U is small, the nonsingular terms on the right can be 
treated by perturbation methods; but even if \ is small 
it is evidently imperative not to approximate w, for 
kinetic energies ~A. 

Returning to the actual problem, our first task must 
therefore be to identify the singular terms in //,. Let us 
consider first the term —2P,/V— which is contained in 
the part H, of the Hamiltonian [see Eq. (79) ]. Its 
scattering matrix elements can be read off from Eq. 
(78). Note that only the terms involving ¢;x (not those 
containing nx) give contributions which are singular 
for k=k’. What we have to show is that the amount of 
displacement corresponds to the energy displacement 
~g~* of the nucleon states. Thus for the present purpose 
we have 

—iPs (w+w’) 
(2, k’| —ZPeV|1, k)=— 
2V_ (ww’)! 
iPs (w + w’) 
(1, k’| —2PoV-|2, k)= 
2V_ (ww’)! 


Pk’ ky 
(89) 


Pkk’- 


Actually, the Ps term is the only one we have to 
consider for the present purpose. It is true that, for 
example, the 2* term will also contain singular matrix 
elements. But these add an equal energy to the states 
with Py—1 and Po+1 and so do not affect the secular 
problem. 

It can be seen that the singular part of —LP,sV_ is 
the sole perturbing term in the secular problem for the 
one-meson states. We then have the following integral 
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equations for the amplitudes C,* of these states**: 


a 


sind 


(E—w)( =a cos-Cx—- f C,? 
kw! J, 


kas Vd’ 


1 
“PF 
w’—w 
wt pf” sind’ 
(E—w)C ‘e = a cos-Ce + - Cy! 
nr, k’ 
1 k' da)’ 
oy tee | 
w’—w w' 


h=P,/V-. 


We shall solve these equations for small \. In this 
approximation the isobar energy is Ps?/2V_ [see Eqs. 
(54) and (61) |. Using the same notation as in the 
fictitious problem, the difference w,—w — should thus 
be equal to {(P6+1)?— (Pe—1)*}/2V_= 2a. 

Before we start to solve Eq. (90), it may be useful 
to point out that the problem we have before us does 
not involve any intermediate states with one or more 
mesons; the same was obviously true for the scattering 
calculation in the g=~ limit. In this sense we may 
characterize the secular part of the present scattering 
problem as a ‘‘zero-meson approximation.” 

We must now first ascertain whether it is possible to 
have singularities at w=w, and only there: w= £ has 
to. be a regular point, for if not mesons would appear 
with the wrong frequency. It is not hard to show that 
this is actually true: substitute the second of Eqs. (90) 
into the first and vice versa, and use the following 
partial fraction identity for principal values : 


w1)6(w— we) 


1 1 1 
+P (? -- ) (91) 
Wy We WW) W—- We 


The reader will verify that in this way the equations 

can be written as {(HE—w)*—A*)C,*=---, where the 

right side is regular everywhere, in particular for w= FE. 
This leads to the general form of solution: 


1 


m6 (w 


( * 


[Ari w4)+ Bb (w—w_) 


tirwk 
ia G 
-—P +-—P . (92) 
T WW FT w-w 
In Eq. (92) the A*, B* are constants, while F*, G* 
are nonsingular functions of w. Substitute Eq. (92) into 
Eq. (90) and again use the identity (91). One gets 
equations in which 6 functions and P values occur on 


26 Here we have put §(w)=1. As will be seen from Eqs. (76), 
(53), and (54) this involves an error ~g~*. Actually it would be 
no trouble to carry &(w) along. In footnote 28 we indicate how 
this would affect the final answers. 
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both sides. Equating the coefficients of the 6 functions 
gives four relations: 

A, sind, = F\* cosé,+iF 4*, 
A, sind, =1F';+— F,* cosé,, 
B, sind. =G; 


By sind iG, — Gs 


cosé iG P 


cosé_, 


where F\+=F(w,), etc. There remain two equations 
for the P-value parts. In order to see what their use is 
going to be, it is best to consider first the meson wave 


function in configuration space : 


C*(r) fi eG" (r) dk, 


where the g,* are the functions occurring in Eq. (74), 
so”? 

sinkr sin(kr+-6) 
¢%'™ » Ok 


kr kr 
Thus 


sinkr sin(kr-+-6) 
cn~ f ce dk, com fe e dk. 
kr kr 


Substitute Eq. (92) into Eq. (94), observe that /*, G* 
are supposed to be regular on the real axis, and use the 
identities (93). This gives 


(94) 


v2 
Ctin)~ {iF'\* sin(kyr4+-6,) 
kyr sind, 


-v2 
C-(r)~ 
k_r sind 


F,* sink,r), 


{iG, sin(k_r+6_)—G¢ sink_r}, 


where 


C*#(r) =2-§(C?(r) +iC'(r) |. (95a) 


It will be noted that Ct only depends on ky and C~ only 
on k_. Thus at this point we have shown that the trans 
formation (95a) properly defines positive and negative 
mesons. 

Essential to this result are the identities (93) which 
we got from the 6-function type singularities. Returning 
to the equations for the /-value parts, we know now 
that all we want from them is information about 
F +, Ga. These equations are 
(E w) (Fy P, +-G,P ) 

1A COSsé: (FP, + GoP. ) t tw aN sind 
X (wy 4AoPy+w_!B,P_)+---, (96) 
(k- w) (oP, +GoP ) 
id cosd: (Py P4+-GiP_)+irkw! 


A, siné, B, siné 
x( P,4 F ) fevee, 
kiw,! kw! 


7 The symbol ~ denotes asymptotic equality, apart from a 
factor (23)! 


(97) 
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where P, stands for P(w--ws). In each equation the 
- stands for two terms which we have not written 
out. A typical one in Eq. (96) is 


r 1 1 
— rf (P he P ) Fale! 
ru" w’ “WwW w’ = Wy 


which is at most of order \* in the neighborhood of 
w=w,, to which points we now may confine our 
attention. 

It remains to show that the form (92) is actually 
compatible with the assumption that the Ff, G are 
regular. For this purpose we inspect the points w=, 
FE. In each of the Eqs, (96) and (97), the con- 
tributions at the poles w=w, and w=w_, respectively, 
ought to cancel on both sides of the equation. It is 
easily seen that this leads to four relations which are 
linear combinations of the relations (93) and thus are 
automatically satisfied. The condition that there be no 
singularity at w= holds true provided two further 
relations between F* and G are satisfied: put w= E 
in Eqs. (96) and (97), which gives 


and w 


0 (Fs (98) 


G2) cosd-+-w 4 (wy 4Ay—w_* Be) sind | 


A, sind, B,siné w= E, 
O= (,;—G)) cosé po'(- - )) (99) 
kyw,! k 3) ’ 


We get a first special solution by putting F,=G,=0. 
Then Eq. (98) gives w,44,=w'B,. Correspondingly 
we drop F,* and G; in the relations (93). It is easily 
seen that Eq. (99) now reduces to an identity apart 
from terms of higher order in \. Finally we notice that 
our special solution corresponds to Fy* iA» sind,, 
Gy =1By, siné_, or 


F yt G, (- ) 
sind, sind_ \w, , 


A second special solution is obtained by putting F;=G, 
0. Following an entirely similar reasoning, one gets in 


this case 
F;t Ge (= ) k, sind 
sind, sind_ \w k_ sind, 


Inserting Eqs. (100) and (101) into Eq. (95), one obtains 


(100) 


(101) 


a sin(kyr+6,)+i8 sink, 
GC (r)~ ’ 
kur 


Wy ' 1 
o~( ) E sin (k_r+-6_) 
w kort 


w_\? k_ sind, 
- i ) sink r| 
Wy ky, sind_ 
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where @ and £ are arbitrary constants to be fixed by 
physical boundary conditions. 
From Eq. (102) we get for the scattering amplitudes 
A (+ +) 
|H,|? 
AG ») (Pow4) = ame i 
Hy*+H_*(w,/w_)* 


w,\3 W4 H,*H_¢'@+*>-) 
ene oceaael 
w w_/ H,*+H_*(w,/w_)? 


| H_|? 


A‘ (Pow ) ’ 
H*+H4* (w_/w,)? 


w\! : w H_H,*e'@——*+) 
( ja +) (Pow_) ( ) , (106) 
Wy w,/7 H_*+H,*(w_/w,)? 


where H,=H(w,); H=e" siné/k. As before, the first 
argument of A denotes the total charge, the second the 
energy of the incoming meson.”* 

For the interpretation of Eqs. (103)-(106), we have 
to distinguish two types of exchange scattering: 


(1) At ~ with Py>O and A© + with Ps<0: the 
final state meson has less energy than the initial one. 
Clearly this covers all cases of exchange scattering on 
a proton or neutron (isobaric ground state). In this 
case we have a threshold for exchange scattering for 
an incoming kinetic energy >0. The expressions (103) 
(106) are valid above the threshold for exchange 
scattering where for example A‘*~ is the amplitude 
of an outgoing spherical wave e‘*~’/r. One obtains the 
value of the corresponding elastic scattering amplitude 
A‘+ +) below threshold by taking the proper analytic 
continuation k_—>+7|k_|. With these specifications the 
relations (103)-(106) are valid for all energies and the 
same is true for the corresponding cross sections which 
are 


(++)— | 4 +)/2 
datH=|A 1". 


(103) 
(104) 


(105) 


da —)= | A‘ 
k_w4 
- | A )|2 
kiw_ 


(2) A*~ with Pe<0 and A~ + with P»>0: now 
the final state meson has gained energy and both 
elastic and exchange scattering range to zero incoming 
kinetic energy. In this case there is no need for any 
analytic continuation and the above expressions hold 
true without specification. 

One verifies that the unitarity conditions, 


da't ~) = ! 


Im (At +)=da%+da%~, 


Im (A 


)=do-~+da +), 


28 The influence of &(w) on this result is to change each factor 
w,/w— occurring explicitly on the right side of Eqs. (103)-(106) 
to w4£(w4)/w£(w-). 
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are satisfied. The elastic scattering cross sections are 
~1/(4«*)+O(g*) at zero kinetic energy. For the 
exchange cross sections we have a different behavior 
according to whether we are dealing with case (1) or 
(2) above: (1) At threshold the exchange cross section 
is proportional to the momentum of the outgoing meson 
and thus tends to zero; (2) Near zero kinetic energy 
the exchange cross section is proportional to (mo- 
mentum of the incoming meson)! and thus follows a 
1/v-law. For high energies all cross sections are ~1/(4w*) 
as had to be expected. This implies that the exchange 
scattering cross section for case (1) goes through a 
maximum. 

This concludes the physical part of the arguments. 
We have not gone into the fairly straightforward 
problem of treating the nonsingular part of the per- 
turbation ~g~™ by a Born expansion, using the adjusted 
amplitudes. 

In conclusion, we would like to point out a few mathe- 
matical properties of the zero-meson approximation” : 


(1) Besides the branch points at w= -+« there occur 
two further branch points. For r* scattering there is 
one at x+2d and one at —x+2X. Taking the r*-scat- 
tering on a proton as a specific example, the branch 
point at «+ 2d occurs at w>x« and reflects the influence 
of the states pt+*+*, pv, respectively, on the elastic scat- 
tering. Note that the relative position of this branch 
point is different for the r*- as compared to the m~-case, 
owing to the fact that pt+t+t, p~ belong to different 
isobaric doublets. The branch point on the negative 
side of the real axis has no physical significance and 
must be expected to be a spurious effect of the zero- 
meson approximation [see point (3) below }. 

(2) In the zero-meson approximation, only those 
symmetries (88) survive for which P= Ps’, as can be 
verified explicitly from Eqs. (103)—(106). This implies 
crossing between (mt,p) and (x °,p+**), for example. 
In particular the crossing (#*t,p) vs (w~,p) gets lost in 
this approximation. The reason is again the difference 
in isobar intervals (p+*+*,p) and (p-,p). Both quan- 
tities are ~d and so is their difference, so that our 
calculation is accurate enough to make the statement 
valid. 

(3) On the basis of the validity of the (xt,p) vs 
(r-,p) crossing symmetry (see Introduction), we can 
make the following argument: the branch point at w>« 
in the (w~,p) scattering, due to the state p~, should 
have a corresponding branch point for negative w in 
the (r*,p) scattering which should be situated sym- 
metrically with respect to w=0. And the branch point 
for negative w occurring in the (*,p) scattering, due 
to the p*** state, should be canceled out, as it would 
give in turn a branch point in the (w~,p) scattering at 
an unphysical position 0<w<kx. 

In the discussion that follows, w always denotes the incoming 
meson energy. Thus we have to make the following changes of 
notation: in Eqs. (103) and (104), w,—-w, w.—»w— 2A; in Eqs. 
(105) and (106), ww, wy—rw + 2d. 
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Thus, qualitatively speaking, we must ascertain how 
for the (wt,p) scattering the isobaric state p can 
influence the scattering while at the same time the 
pt*+* should reappear.” The simplest way in which 
this can happen is evidently when the pair formation of 
mesons in meson-nucleon collisions comes into play : 


a°+ pp + (#7 +22") 
HOTT Tate (er Ze), 


It is interesting to observe that this pair-formation 
effect indeed appears in the theory to the first order in 
\ and in such a way that singularities have to occur for 
negative frequencies: in writing Y in terms of the 
normal modes [see Eq. (78) | we observed that one 
term appears which is singular for w=’. This is the 
term that governs the zero-meson approximation. In 
addition we noted that a term occurs which is singular 
at w= —w’ and it will be seen from Eq. (78) that this 
is precisely a two-meson term, giving rise to pair 
formation. Evidently this pair term is nonsecular from 
the point of view of adjusting the amplitudes. 

We have not quantitatively verified the effect of 
pair formation on the elastic scattering. It seems reason 
able to say nevertheless, that the necessary step of 
taking the zero-meson terms separately for the adjust 
ment of the amplitudes implies an approximation 
procedure that cuts through the crossing symmetry and 
to expect that the latter will reappear when at least 
the effect of pair formation is taken into account, Con 
versely, it would not seem plausible that the symmetry 
for equal /y survives beyond the zero-meson approxi 
mation. 

(4) For g= @ we found a double pole at w=0 
finite g, we shall evidently have to consider the non 
secular terms along with the secular ones in order to 


lor 


find out what happens to this singularity to order A 
It is, however, instructive to note that the amplitudes 
(103)-(106) already imply that the singularity in 


question has moved from the position 
w=0 to w=’ +xK?—”=u"—N=0, 


where we use Eq. (53). The singularity at w= +A is 


of physical interest: it corresponds to 


ky 
k {(w 


Thus the state corresponding to this singularity has a 
wave function ~e “'’/r, which is precisely the behavior 
of the bound state lying in between the scattering states 
Po+1 and Py 
introducing x’ may be of help in eventually verifying 
the socalled limit theorems in the strong-coupling 


1. Thus it appears that the device of 


region. 


*®Of course, an analogous reasoning can be given for (ww ,p) 
scattering 
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The interaction (38) can be diagonalized by the 
contact transformation 


S=exp(hir, arc tany), y= fue/ ver (A.1) 


as a result of which 
A ing rs(2n)irs f Vor Lit). 


2 and Hines get transformed as well. Terms appear pro- 


portional to 
2 
(J) 
N- 


F 


+N I, 


where we write V for /U*dx. (Observe that the iden- 
tification f= U has not been made.) Now one makes 
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the transformations (41) and (45) and asks for the 
resulting static Hamiltonian which turns out to be 


1 $) 
(Jv) 
Hvar’ = Heta+ . 
a( fur) |v" 
F 


[where Hyuus is given by Eq. (47) }. If Heat’ is to be the 
leading term in the total Hamiltonian, one will deter- 
mine f by requiring Hye’ to be stationary for inde- 
pendent variations in f. This gives f=U. It should be 
noted that for any other choice of f (and for g>1) 
strongly singular terms appear due to the noncom- 
mutativity of the operator S of Eq. (A.1) and the 
kinetic energy of the meson field. Thus the validity of 
the Born-Oppenheimer expansion is intimately tied to 
the right choice for f. 
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Heisenberg Operators in a Lagrangian Formalism* 
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The expressions for the S matrix and the reduction formulas found by Lehman, Symanzik, and Zimmer 


man are derived from a Lagrangian formalism. 


INTRODUCTION 


ECENTLY there has been a great deal of interest 

in the formulation of field theories in terms of 
time-ordered products of Heisenberg operators.’* In 
these developments the starting point has been to make 
certain plausible assumptions about the behavior of the 
Heisenberg field operators in the remote past and the 
distant future. It is the hope of such efforts to find rela- 
tionships between S-matrix elements and hence to 
express the theory completely in terms of observable 
quantities—i.e,, the asymptotic behavior of the fields. 
It is the purpose of this paper to derive some of the 
results obtained this way; an expression for the 
S matrix in terms of Heisenberg operators and the 
reduction formulas of Lehman, Symanzik, and Zimmer- 
man, directly from a Lagrangian formulation. We shall 
use Schwinger’s postulate‘ in the development and it is 


* This work was supported in part by the U, S. Atomic Energy 
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Lehman, Symanzik, and Zimmerman, Nuovo cimento 1, 205 
(1955). 

*C.N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950). 

3 F. E. Low, Phys. Rev. 97, 1392 (1955). 

‘J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 452 (1951); 
Phys. Rev. 82, 914 (1951); 91, 713, 728 (1953); 92, 1283 (1953) ; 
93, 615 (1954); 94, 1362 (1954) 


hoped that the paper will incidentally serve as a review 
of the relationships between this approach and the 
many other ways of setting down the fundamental 
equations of field theory. 

We shall consider a system consisting of fermions 
with field operators y and y interacting with bosons 
with field operators A. The system is described by a 
Lagrangian which can be separated into three parts 
corresponding to free fields, an interaction term, and a 
term containing external sources. 


L= Lot Lint t Lex, (1) 
Lox = H(x)W (x) + (x)n (x) +S (x) A (x). (2) 


The fundamental postulate for the theory is that 


5(€'0,| €’02) = i( és 5 f d'x£(x) | os), (3) 
o2 | 


| 
| 


which for variations of the sources becomes 


5(€'a,| a9) “i( eos f dx {55 (x) (x) +9 (x)dn(x) 


o2 


+A(x)bJ(x)) os) (4) 
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The function (e’o;\e’o2) serves as a generating 
function for the matrix elements of the 7 products of 
Heisenberg operators satisfying the interacting field 
equations with the external sources in the sense that 
successive differentiations yield such T products. 


1 6 5. 1 6 
1 5H (x1) i 5n (1) 1 6] (21) 
== (€'a;) T{W(x)° e ‘W(1)° +A (2): lie } | é'a2). 


e (ea; a2) 


(5) 


Since the fermion source terms anticommute with each 
other and with the Fermi fields, functional differenti- 
ations with respect to these Fermi sources anticom- 
mute. There is, therefore, a possible ambiguity of sign 
in the above expression. This ambiguity must be 
resolved by choosing a consistent convention. The con- 
vention we choose can best be illustrated by exhibiting 
(e'a,| eo) as a generating function for the matrix 
elements of 7 products of Heisenberg operators satis- 
fying the interacting field equations with the sources set 
equal to zero. We shall now adopt the notation of 
Umezawa and Visconti® and consider only 4+, 
io ©, 


(e'« ¢ =}, 


U (naJ ; g) 
where the quantum numbers describing initial and final 
states have been suppressed. 

Then 


Uni Q=L LX 


n=0 p=0 nin|p! 

X (€0 | TEW(x1) ++ Warn0(n) + 

XK P(yn)A(21)+++A(zp) |e’ — @) 
Kn(yi)-+-n(yn)J (21) ++ J (Zp). 


qn p 


(x1) +++ H(xXp) 


(6) 


These equations can be explicitly solved in many 
ways. The simplest way is to use the usual perturbation 
theory expression for the S matrix. 


U (nid ; g) = (Tew fareeintv(a) bla) (x)) ) : 


(7) 


The subscript 0 indicates that we are in the “interac- 
tion” representation and that the fields satisfy the 
free-field equations with external sources. 

Using Eq. (5) with g=0, this becomes® 


ar € oP 2 £ 8 
U (ni ; g)= expi f dtrein( ; ‘ ) 
i 6H(x) 1 bn(x) i 6)(x) 


XU (nqJ ; 0). 


®H. Umezawa and A. Visconti, Nuovo cimento 1, 1079 (1955) 

* This equation has been derived by F. Coester, Phys. Rev. 95, 
1318 (1954) using the hyperquantization formalism. This approach 
is clearly equivalent to Schwinger’s methods. The relationship 
(6/8J (x),J (x’)]=6(x—x') is simply a representation of the e’s 
of Coester which satisfy [e(x),c*(x’)]=4(x—x') with e*(x) 
= (1/i)(6/8J (x) ] and ¢(x) = (1/i)J (x) 


(8) 
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Thus the problem reduces to finding an expression 


for the S matrix for free fields—i.e., U (n#J; 0). 


FREE FIELDS WITH SOURCES 


Let us consider first a boson field with external 


sources. The action for the system is given by’ 


/ fees) =—4A(x)K(x,yv)A(y)+J(x)A(x), (9) 


where K(x,y) is a singular function given by 


K (xy) = (—|_ jet n)b(x—y). 


The equation of motion is 


K(x,y)A(y)=J (x), 
and we have 

6 
‘7 


U(J;0) 
6J (x) 


i(e’| A(x)| &’’). 


These equations can be solved as follows. From 


6 


K(x,¥) U(J;0)=iJ (4) U(J; 0) (13) 


6] (y) 
it follows that 


U(J-0) (14) 


’ 


8(J) exp[4iJ (a) A(x,y) J (y) ], 
where A is some solution of the equation 


K(x,y)A(y,2)=4(x—2), (15) 


and 
6 
K(x,y) (16) 
6J(y) 


$(J)=0. 


We can evaluate 8(/) and determine which solution 
of the inhomogeneous Eq. (3) we should use by suc 
cessively differentiating (2) with respect to J and then 
setting J/=0 and using (1). Thus, 


U(0;0) 


i . 
| v1 0)| i(e’ 
6J (x) Jab 


$(0), 


A(x) é’)y 0 


and so on. 
We then find that 


U(J;0)=8(J) exp[ fis (x) A, (x,y) J (y) |, (17) 

7 We here and henceforth adopt the notation that a repeated 
coordinate indicates a matrix multiplication. That is, one inte 
grates over the coordinate and sums over any vector or spinor 
indices associated with the coordinate. The use of the singular 
functions K (x,y) follows the notation of R. E. Peierls, Proc. Roy 
Soc. (London) A214, 143 (1952). 
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where 8(J) is the generating function for Wick’s 
S product® for the free fields and A, is the “causal 
Green’s” function with the Fourier expansion 


1 
fo 
(2n)* 


It should be noted that the entire dependence on the 
initial and final states is in the 8(/) and that using (1) 
one sees that the result is simply a compact way of 
expressing a 7 product in terms of contractions and 


explip(x—y) ] 
p+’ —ie 


A.(x,y) (18) 


S products. 
The same procedure can be applied to a system of 
noninteracting bosons and fermions with action 


/ ¥(x)D(x,yWW(y) — 5A (x) K (x,y) A (y) 

+ H( x) (x) +-(x)n(x)4+J (x)A (x), 
where 

(x,y) = (yd.-+m)b(x—y). 
Then 


U (nit ; O) = exp(tWo) X8(nhJ), 


Wo=4I (x) A. (x,y) J (y)— (x) S.(x,y)n(y), 


1 exp[ip(x 
S.(x,y) fap 
(2r)*» iyp+m—te 


where 


y) ] 


“m+ p 

, s 1 

S(nJ)= LL — 
m= pd mim! p! 


H(V1) °° H(Vm) 


XK 5( My Xm! V1 7 Vm 


Zp) 


(X%m)J (24)+° 


Gaee 
| 


n(x) J (z»), 


and* 
(W(x) 


Although the expression for 8(n#/) is in the form of 
an infinite series, only a finite number of terms will be 


) 


° W(yi)°°*A (2) ++ ty ga J =D, gad (25) 


nonvanishing. 

It is worth while pointing out here that it is possible 
to define the Feynman amplitudes which are analogous 
to the S products for interacting Heisenberg operators 
by introducing a generating function ©(n%/J; g) which 
satisfies the relations’ 


mrp 
> Alvis 


mim! p! 


P(niJ ; 2) 


x o(X1 Vit? *Vm| 21° + Sp) 


vm 

XK n(x) ++I (21)++ SF (zp), (26) 
and 

U (naJ ; g) = (ni ; g) exp(7Wo). 

*G. C. Wick, Phys. Rev. 80, 268 (1950) 

* See reference 1 and P. T. Mathews and A. Salam, Proc, Roy 
Soc. (London) A221, 128 (1954). Their Eqs. (10) and (11) are 
related by noting that (27) can be inverted giving ©(mm/J; g) 


sexp(—tWo)U (mJ; g). 


RE 


DMOND 


INTERACTING FIELDS 
The S matrix for interacting fields is given by 


U (niJ ; g) =exp(iA){8(naJ) exp(tWo)}, (28) 
where 


we oS eae e 
A farsa ; , ) (29) 
i 6H(x) i bn(x) 1 6S (x) 


By noting that for the vacuum 8(n4/)=1 we get also 
that 
U vac(ni ; g) = exp(iA){exp(7Wo)}, (30) 


also 


a. 
exp(iA){4,(2121') J (2;') exp(tWo)} 


= (A (21))vacy 


oss 
i J (21) sis 


and 


(1A (21) A (22) } ) vac 
‘- # 
- U vac 
6) (2) 5) (22) 
exp(iA) {exp (iW o)[A.(2121')A.(2222') 
XJ (21) J (22') —ide(2122) }}. 


This last equation can be rewritten 


(T{A (2;)A (22)} vnc 14¢(2122) U vnc 
(P{ A (21) A (22) } va = exp (1A) {exp (7W 0) 
« [A.(2121') Ae (20%0") J (21') J (22") J}, (33) 


or 


exp(iA){J (21) J (z2) exp(tWo)} 


= K (2421')K (2220) (Pf A (2,')A (22’)}). (34) 


It is clear that Eq. (34) can be generalized. Although 
the algebra is cumbersome, it is straightforward and it 
is not at all difficult to demonstrate that 


exp(tA){#(y1) > + +m (x1) +S (21) ++ -exp(tW o} 


(Pf (a1') + Wyn’) A (21) +P) vac 
X D(yi'yi)- * -K(2i'21)---. (35) 


D(x 4x1’) ‘s 


If we then expand 8 in (28) and use Eq. (35), we 
immediately obtain 


- qemt Pp 


Unis; 29= x > 


m=) p= m!m!p! 
 S(are + Xm] ae Ym | S17 + Zp) 
xX [ D(a’) — (Pf (21')- . -W(y1’) we | (z1’) 2 mn 


X Dyin) ° *K(21'21): ihe }. (36) 


The S matrix is obtained by setting the source terms 
equal to zero. If we denote the ® product which occurs 
above by ¢(x':--|yy"--+|2:':++) when the sources are 
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set equal to zero, we find that 


™ +p 


S=U(000;2 => > 


m=) p= mim! p! 


MS(X1+ + + Xm] Ya Ym | Za" 


x D(x1%7’) yey g(x,'° 


Zp) 


XK Dlyi'y1) + K(21'21)++ + J. (37) 

This is the desired result as given by Lehman ef al. 
It is important to note, as is obvious from (32), that ¢ 
contains the singular functions A, and S,, and it is 
therefore not permissible to allow the operators ® and 
K operate on the function §. (If this were permissible 
then we would get the absurd result S=1.) However, 
it seems generally not to have been noticed that in the 
final expression one can replace the ¢ products by T 
products. The reason for this can be seen as follows. A 
typical term in the difference of g(ay’--+|yy’++ + |21'- ++) 


; , 


and” r(x,/+-+|yy'+ ++ |ay’++ +) is 


/ 


—1S(x1'yy') 7 (x9"+ ++ | yo’: 
This occurs in the combination 


S(X1°° | M18 |Bh°° ED (xyay’) +++ (ate! + 
x (—1S.(a1'y1')) D(yi'y1) «+ ° 

=S(ayes- lyre |tie- {LD (xex’)- + 

K r(x" ++ | yo’s + | a9" ++) Dyo’ye) + 


X K(2;'21)° +: )X (+7D(41,y1))}. (38) 


And now in the bracketed expression the only de- 
pendence on x, and y,; is through the term 9(%,¥;) 
which must therefore be applied to $ by performing an 
integration by parts. The result is zero and such dif 
ference terms contribute nothing. 


REDUCTION FORMULAS 

Since we have an expression for U/(nqJ; ¢), we can 
by differentiating it obtain formulas for the matrix 
elements of operators in terms of vacuum 7’ products 
and bare-particle matrix elements. Such formulas have 
been obtained by Lehman, Symanzik, and Zimmerman! 
and have been called reduction formulas. Consider a 
one-particle state. Then'' 


U (nnd ; g) = exp (iA) {exp (iW o)[19(x) (1 | W(x) | 0) 
+i(1| P(x) |O)n(x)+ (1) A (x) |0)J (x) J}. 


r(xies+|yire*|tire+) is the vacuum 7 product with the 
operators ordered in the same way as in the definition given for 
O(N | Mie [Bae *). 

' To distinguish the interacting and bare operators, we shall 
use boldface symbols tf for the interacting operators. 


(39) 


10 
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Then 


6 
U (na ; ¢)=(1| &(x) {0 
1 6H (x) 


exp(iA) {exp(7W) (1 | W(x) |0)—4S, (ax") n(x’) 


« A(x” )(1 | We”) | 0) +4208, (re) (0) (0) 


(1) D(a’”) | 0) —4S. (ex’)n (a) J (x°"’) 


«K(1) A(e) 0) ]). (40) 


Compare this with” 
) 5 
Oval 
6H(x) dn(y) 


(Tb (x) by) } vac 


exp(iA){exp(7Wp) [i S,(x,y) 

+S,(xx’)n(x’)A(y’)S.(y',y) ]}, (41) 

and 

(Tk (01) (x2) }) = exp(tA) {exp (tW o)[.S. (41,01) 
XK n(x1')S¢(x2x2')n(x2’) |}=O, (42) 


and 


(T(x) A(2)} vnc = exp (1A) (exp (7W 9) 


«[S.(ax’)n(x') A, (22) J (2’) |p =O. (43) 


In the above formulas, (41) to (43), the source terms 
are set equal to zero after the indicated operations are 
performed. We see that 


{1} h(x) | 0) 


UT { h(x) by) } vn 


KX Dlyx 1 W(x’) ()), (44) 


Similarly 


(1) ¥(y)|0)= —i(1 | p(y’) (0) 


K D(y'x) (Tf k(x) by) pone (45) 


and 


(1 A(z) 0) id 


A (2) |0)K(2'2’’) 


K (T{A(2’")A(2)} ) va (46) 


These are the desired reduction formulas, 


Throughout we have assumed that the interaction Lagrangian 
is bilinear in tf and w. If this is true, then (7 (Ub (x) the’) }) vnc 9, 
as can be shown from invariance arguments; : Mohan, 
University of lowa, Ph.D. thesis (unpublished). It also follows 
directly if we note that the interaction Lagrangian contains only 
the combination 6?/én(*)éq(y). No function of such an operator 
can yield a term independent of sources when operating on the com 
bination »(x’)n(x’’). Hence the expression for (7 (u(x) U(x’) )) vw 
will be at least proportional to 7 and will vanish when the sources 
vanish 


see G 
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The ¢* corrections to the probability of direct two-photon pair annihilation are obtained by applying the 
substitution law to the Compton scattering radiative corrections. General results are given, as well as low 
and high-energy limits. Divergence of the corrected matrix element for small relative velocity, due to failure 
of the Born approximation, is removed by a more accurate treatment of Coulomb effects based on the 
Sommerfeld factor. The results are applied to the singlet ground state of positronium, yielding an increase 


in the lifetime of 0.59% 


I, INTRODUCTION 


HE e* corrections to the two-quantum annihila- 

tion of the electron-positron system can be 
obtained by appropriate application of the “substitu- 
tion law’ to the work on Compton scattering of 
Brown and Feynman.’ Features requiring a certain 
care are the infrared divergence, the inclusion of 
Coulomb interaction for direct annihilation at low 
energy and, for positronium, the extraction of the 
singlet cross section from a cross section averaged over 
spins. 

A rigorous treatment of the electron-positron system 
requires a recognition of its two-body relativistic 
character. Such an approach has been successfully 
applied to a discussion of the energy levels of posi- 
tronium.’ We shall find that corrections of accuracy 
e’/he to the lifetime of singlet positronium can be 
consistently obtained by use of the one-particle kernel. 
This is because the Born approximation is satisfactory 
at high energies and a nonrelativistic center-of-mass 
treatment suffices, to our order of approximation, at 
low energies. 

Il. DIRECT ANNIHILATION 


To obtain the absolute square of the matrix element 
for two-photon annihilation, averaged over spins and 
summed over polarizations, we apply the substitution 
law to Eqs. (27) through (30) of BF by changing the 
signs of the four-momenta of the incoming photon and 
the final electron and the sign of the trace. This is con- 
veniently accomplished by defining anew the invariants 
« and r used by BF. Let (with h=c=1) 

mx = 2p qi=2po: qo, 
2pi-qe 2p2'q, 

* Now at United States Naval Research Laboratory, Washing 
ton, D.C 
_ f Part of this work was submitted to Northwestern University 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy 

‘J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Publishing Co., Cambridge, 1955) 

*L. M. Brown and R. P. Feynman, Phys. Rev. 85, 231 (1952) 
(referred to hereafter as BF). See also M. R. Schafroth, Helv 


Phys. Acta 22, 50 (1949) and 23, 542 (1950) 
*R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 


(1) 


mr 


where now p; and p» are the four-momenta of the 
electron and positron, respectively, and g; and q2 are 
the four-momenta of the annihilation quanta. 

The result of BF is expressed in terms of transcen- 
dental functions of these invariants. In particular, they 
introduce 


y 
h(y)=y 7 udu cothu, (2) 


0 


4 sinh*y= — (x+7). 
In the center-of-momentum system we have 
sinh*y= — E*/m’, 


where E is the energy of the electron or positron. Thus 
the parameter y becomes complex for the annihilation 
problem and hA(y) requires further interpretation. We 
define the real variable x by 


4 cosh’*=x-+r, (3) 
and, accordingly, 
y=x—1n/2. (3a) 
The signs in (3a) are fixed in accordance with the 
Feynman prescription for defining the hole theory 
propagators (namely, infinitesimal negative imaginary 
parts are added to the electron and photon masses) 
but the absolute square of the matrix element is inde- 
pendent of this sign choice. The path of integration in 
(2) is now a straight line from the origin to the point 
y=x—in/2, or any equivalent path. All the relevant 
momentum integrals have been recalculated directly 
for the annihilation case, yielding agreement with 
substitution (3a) and the specified integration path. 
An example is given in Appendix A. 
Applying this rule to h(y) with the path shown in 
Fig. 1(a), we have 


hin 
(x—}ix)h(x— ir) = if vdv cotht 


0 


Jin f du tanhut f udutanhu. (4) 
0 0 
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After integrating the first term by parts, we get 
(x—4}ix)h(x— ir) 


z 
= — }im In(2 coshx) +f udu tanhu. (5) 
0 


To evaluate 2yh(2y) we choose a similar path, shown in 
Fig. 1(b), but there is now a pole at —im which yields 
a term equal to one fourth the residue. The result is 


2z 
(2x—im)h(2x—inx) = —4r° +f udu cothu 


) 


—im\in(2 sinh2x). (6) 


Making the necessary substitutions, we obtain the 
result given below for the differential cross section for 
direct annihilation, to order e®, averaged over spins 
and summed over polarizations: 


da =do™{1— (e*/m)[2(1— 2x coth2x) In(Amin/m) 
— 4x coth2x(2g(x) —h(2x)+7*/4x) 
+ G(qr)+ G(r) ]}, (7) 
where do® is the cross section in lowest Born approxima- 


tion, Amin is the usual fictitious photon mass, and 


G(x,7)U =[4(xr)~! sinh2x(1+2 cosh?x) 


+ 2x tanhx |g(«)+I1n|x as coth2« 
T K 


— 1 — 4(xr) sinks 


T 


dx Kk—6 3r 3 7 8&8 
- (“ )+ IK) + +1 - + 


sinh2x\ + 2k T KT Kk 
re —2x+K 7 


2n°+7 | 


2x? (k—1) 2r(x—1)? 


3K? | 1 1 
| —~4x cothx - | 
4r l2 K 


+Gul)| , = 


, « 


K T 1 
v-( + )+4( + 
v h h 
1 z 
f udu tanhu, 
x 0 


1 z 
h(x) = f udu cothu, 
XJ 6 


g(x) = 


ys l—« 
Go(x) = f In| 1—u|du/u. 
i 


K 


CORRECTIONS 


TO PAIR ANNIHILATION 


x-in/e 
2x—it 


(a) (b) 


Fic. 1. Paths of integration in the complex plane 
(a) for A(y) and (b) for h(2y) 


To the expression (7) must be added the cross se 
tion for direct three-quantum annihilation, integrated 
over the direction and energy of one photon, whose 
energy is assumed to be small. This results in the re- 
placement of Amin by the experimental energy resolution 
as explained, for example, in BF. Jauch and Rohrlich* 
have shown, following Bloch and Nordsieck,® that the 
combination of soft-photon emission and soft-photon 
radiative corrections eliminates completely the infrared 
divergence in a scattering process. However, an explicit 
calculation is necessary in order to obtain not merely 
the expansion term logarithmically dependent on k,, 
the maximum excluded photon energy, but also the 
term independent of k,. This “constant” term is an 
essential part of the e® corrections. 

The calculation, which is similar to that in BF for 
the double Compton scattering, gives for three-quantum 
annihilation (note that tanh2x=», the positron velocity 
in the laboratory system) 


1) In| (2m Amin) } | 
h(2x) |}. (9) 


m)do"{ 2(2x coth2x 
+4x coth2x[ 1 


doy (e* 


This expression, which holds for k,,<m in the reference 

frame in which the electron is at rest, is exactly that in 

BF, Eq. (39), with y replaced by x and do, .~. replaced 

by do°. However, the 

applied here since k,,<m is not a covariant restriction. 
Adding Eq. (9) to Eq. (7) replaces 


substitution law cannot be 


2(1— 2x coth2x)[In(Amin/m) | 


4x coth2x{ w*/4x+2¢(")—h(2x)} (10) 


by 
2(1— 2x coth2x)[In(2k,,/m) — 4 | 
4x coth 2x 1 4x | 2g¢(x) 


2h(2x)+1]. (11) 


The resulting cross section has the validity of the Born 
approximation, 1.€., it is applicable providing = e?/v<1 
This restriction will be removed in the following section 


Ill. LOW ENERGY LIMIT 


In the nonrelativistic limit, with the electron at rest 
and the positron velocity v= tanh2x<1, we get 


2, U~=2, 


X=V 
(12) 
G(k,r)+ G(r) =3—4r"*, 
‘J. M. Jauch and F. Rohrlich, Helv. Phys. Acta 27, 613 (1954) 
°F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937) 
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and the differential cross section becomes 


don yn= doy py (14+-we?/v) — (e?/r)(5— 2/4) }. (13) 


The infrared-divergent part and the compensating 
three-quantum cross section vanish in this limit and do 
not concern us here, but the result (13) diverges as v 
tends toward zero. This clearly exhibits the failure of 
the Born approximation in that part of the radiative 
corrections which arises from Coulomb interaction. 

It is well known that a satisfactory approximate 
method of modifying a plane-wave cross section in- 
volving charged particles, to include the effects of 
Coulomb interaction at low energies, is to multiply 
by the “Sommerfeld factor.”’ This factor is the absolute 
square of the Coulomb continuum wave function, 
evaluated for contact, and is for this case 


y¥(Q) \? 


The differential cross section, corrected for Coulomb 
effects alone, is then 


2rt(1—e rt)! ge? /v, (14) 


doc" = do": 2rt(1—e7?**)“', (15) 


which for &<1 can be expanded as 


da¢=da"(1+ 7), (16) 


identical with (13) within terms of order of the fine 
structure constant.°® 

We can obtain, therefore, a smooth result, valid at 
all energies to the desired accuracy (that is, of accuracy 
e*), by subtracting (me®/v)do® from do [Eq. (7) with 
the substitution of (11) for (10) ] and multiplying the 
remainder by the Sommerfeld factor. This yields for 
doce, the cross section corrected for Coulomb and 
radiative effects’: 


(e*/m)[ 2(1 — 2x coth2x) (In(2k,,/m) — 4) 
4x coth2x(1 + 2g(x)—2h(2x)) 
+ G(r) + G(r) J}. 


doe 


doo 


(17) 
In the nonrelativistic limit we get 


(dac)nr= (doc) wel 1— (€/r) (S—4 x") |. (18) 


The NR cross section is thus reduced by 0.59%. 


IV. LIFETIME OF POSITRONIUM GROUND STATE 


We show now that the 0.59°% decrease of the non- 
relativistic direct annihilation cross section implies an 
increase of the same magnitude in the lifetime of the 
singlet ground state of positronium. Justification of the 
procedure here outlined will be found in Appendix B. 

For a bound state, the matrix element for annihila- 
tion is calculated by integrating the appropriate (in 
this case the singlet) plane-wave annihilation matrix 
element, including the e® radiative corrections, over 


*We wish to thank Professor Y. Nambu for a valuable con 
versation on this point 

? Coulomb effects are included by this method to all orders in 
e*, though only, of course, approximately 


HARRIS AND 


L. M. BROWN 


the momentum distribution of the state, i.e., 


(19) 


a= f e(oat.(oyar 


The momentum distribution ¢,(p) is strongly peaked 
at the Bohr momentum of positronium, e’m/2. To 
obtain corrections of relative order e’, therefore, it is 
sufficient to expand the plane-wave singlet matrix 
element M,(p) in powers of the momentum, retaining 
only the constant part, since terms linear in the mo- 
mentum are not present. The integral over the mo- 
mentum distribution then yields the value y,(0) of 
the singlet space wave function at contact. Taking the 
absolute square, we obtain a probability of annihilation 
proportional to 


gm |?= |w.(0) |?» | M,(0) |2. (20) 


It is shown in Appendix B that, to the desired 
accuracy, W,(r) is identical with the Schrédinger wave 
function. |M,(0)|? is four times the spin-averaged 
plane-wave result obtained in the previous section. 
This follows from the fact that the spin average can be 
expressed as an average over singlet and triplet states, 
but the triplet contribution vanishes® (including its 
radiative corrections) in the nonrelativistic limit. The 
arguments we have presented are well-known as applied 
to the lowest order result, but it is interesting that 
they apply also to the more general case being here 
considered. The usual calculation for the lifetime then 
leads to the result given in the first paragraph of this 
section. 


V. NUMERICAL RESULTS AND EXTREME 
RELATIVISTIC LIMITS 


For further examination of the radiative corrections, 
we define 
X = G(k,r)+ G(r,x)—1 


— 4x coth2x[ 4+ 2¢(x)—2h(2x)], (21) 


so that the expression (17) for the cross section with 
radiative corrections, including the low-frequency part 
of the three-quantum annihilation, can be written as 


dac{1— (e?/m)[_2(1— 2x coth2x) 
X|n(2k»,/m)+X J}. 


doc 


(22) 


Figure 2 illustrates the behavior of X for two cases of 
interest. The solid curves are calculated from the exact 
formula and the dotted curves from simpler formulas 
for the extreme relativistic (ER) limit. 


* The lowest order triplet term, being squared, vanishes as v*; 
the interference term vanishes at least as ev. Though it is only 
in the limit of zero velocity that linear combinations of plane 
wave spinors become spin wave functions for the triplet state, 
Yang has shown that two-quantum annihilation from the triplet 
ground state of positronium is absolutely forbidden. This follows 
also in a simple way from the charge conjugation properties of the 
system. See C. N. Yang, Phys. Rev. 77, 242 (1950) and L. Wolfen 
stein and D. G. Ravenhall, Phys. Rev. 88, 297 (1953). 
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Case 1 corresponds to the emission of the two annihi- 
lation quanta 180° apart in the laboratory system. For 
extremely high energies this is the most probable case. 
The ER limit is defined by m>r=1. The ER limit of 
X is, if one drops terms of order «~'(Inx)’, 


X1= (Inx)?—Ink+3+22/3. (23) 


Case 2 is defined by x= 7, corresponding to the emis- 
sion of the two photons at 90° to the positron momen- 
tum in the c.m. system. For moderate energies this is 
the most probable case. In the ER limit, given by 
k=T>>1, we have for X, to order 1/k, 


X2=$ (Inx)?— (5/2) In2«+5.97 


+ (2«)“[18.5 (In 2x)?—67.25 In2x+41.2]. (24) 


APPENDIX A 


As an example of the methods used in the evaluation 
of the integrals for direct annihilation, we recalculate 
the integral Ho defined by BF as (writing A for Amin) 


Hy= si fa ‘(1)(2) (0) 


=i f ae —2p-b) 1(k2—2po-k)-(k—d2)-, (AN) 


This integral and all others which, in the annihilation 
case, contribute a term proportional to 1/v for small 
velocity v arise from the Feynman diagram, designated 
J by BF, which contains a virtual photon connecting 
the initial electron and positron lines. Diagrams of this 
type may be expected to contain contributions from 
the Coulomb interaction. 

The integral Ho is evaluated by Feynman’; however, 
his method" leads to the complex limit in the integrals 
h(y) and h(2y) in the annihilation problem, and re- 
quires clarification. We start from reference 7, Eq. 
(23a), which is 


] 
1, fu p.”) In(p.*/d*), 


0 


(A2) 
with 
p:=2pit (1—2)p2, 
from which (with momenta in units of m) 
p2=(0?(u?—a’*) — 16, 


with 
cosh?x, 


2z—1. 


O?=4(x+7) 


a=tanhx, u 


The term —i6 in (A3) has been added in accordance 
with the Feynman prescription that all masses are to 


*R. P. Feynman, Phys. Rev. 76, 769 (1949). See Eqs. (22a), 
(23a), (26a). Note that the sign of the left side of (23a) should 
be plus. 

” Specifically, the difficulty arises from the substitution 2y—1 
=tana/tand, in the notation of reference 9 (where y and a are in 
tegration variables). We evaluate (Al) avoiding this substitution. 
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22;xX . 


20 _-— Case 2. 


oe Case |, 


2 4 6 6 10 i2 14 I6 18 20 22 24 26 
E(lab)— mc? 


mc® 


Fic, 2. X [Eq. (21) ] as a function of the kinetic energy of the 
positron in the laboratory frame (electron at rest). Case 1: anni 
hilation quanta 180° apart in the laboratory frame 
annihilation quanta at 90° to the positron momentum in the 
center-of-mass frame 


Case 2 


be given an additional infinitesimal negative imaginary 
part. When one uses « as a new integration variable, 
and uses the symmetry of the integrand to integrate 
only over positive u, the pole at u=a is displaced above 


the real axis and the logarithm in (A2) becomes 


In[ 0? (1? — a*) /d* ] when u>a, 


InLQ?(a?—u?)/\?]—iw when u <a 


Thus 
l 


Hy ff autor a’) 


a’)/? 


inf dul? (u?—a*)—ib.  (A4) 


(A4), we break the 
integration region into three parts, denoting the corre 


Ho”, Hy”, H,®, re 


16 |! In| 0? (2 


To evaluate the first term of 


sponding integrals by and 
spectively : 
(1) O<u<a~e, 


(2) a~e<u<ate, 


(3) ate<u<l 


In Hy” tanhv and in Hy“ 


cothv, obtaining (as e—0) 


we put “/a we pul u/a 


4x csch2x-In(A eschx) 


Hy" 


deschde f dv |In(sech*v) f 


ri 
z 


f dv In(tanh?v) in’, 


+ Hy” 


s 


dv \In(csch*s | (A6) 


Using 
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Fic. 3. Diagrams included in the ladder approximation for 
two-photon annihilation of a bound state 


and performing in (AG) an integration by parts, we have 
Ay +H" 
cs 2a 4 Ind+4n’- sf vdt cotho} (A7) 


0 


In Ho we set u—a=y and neglect y’, yielding 


Hy? J areas i6)“"{1In(2a0*/d*) +-1n| y! J 


im csch2«:|In(2aQ*/d?*) 


+ (46 200%) f dy(y’+-6)" In| y|. (A8) 


0 
The second term is easily evaluated by letting y=6 tan@ 
and dropping terms of order 6, giving finally (as e—0) 


Hy = tm csch2x-\n(6/A*). (A9) 


Returning to (A4), the second integral is 


inf dul 0? (u? — a*) — 16 |! 


esch2x[ — im In(6/2a)4+-42? | (A10) 
to order 6. 


Thus we have for H,: 


Ho=cseh2a [a Ind+2° af vdv cothr 


+-2mi In(2 sinhx »)| (A11) 


This agrees with the application to Feynman’s result 
of the rule given in Sec. II. 


APPENDIX B 


To obtain the matrix element for annihilation from 
a bound state, we shall sum selectively Feynman dia- 
grams to all orders in the “ladder” approximation of 
Salpeter and Bethe," as indicated in Fig. 3. The matrix 
element corresponding to the sum of the first / ladder 
diagrams can be written as 


Ll 
M= > | b,(x)O(a' x) u(x) dada’, 
rrmmd) 


(A12) 


where x and x’ are points in space-time, 6, and u, are 
iterated positron and electron wave functions, respec 


" F, EF, Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951) 
(referred to as SB). 
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tively, and O(x’,x) is a matrix representing the anni- 
hilation. For the lowest order approximation it can 
be taken as the matrix for annihilation of plane waves, 
with the intermediate state taken as free. Alternatively 
it can be taken to include radiative corrections. 

It is convenient to use the charge conjugation opera- 
tor C to detine the charge conjugate spinor 


u& = CH", (A13) 
where T represents the transpose. We have the follow- 
ing recurrence relationship: 


un@(x’)Ku,(x) = ff [Kotor om. 1° (y’) 


XK Ko(x,y) 0 (y)tn-s(y)S(y',y)dy’'dy, (A14) 
which corresponds to allowing an additional virtual 
photon to be emitted and absorbed. I'(x) is the vertex 
operator for emission or absorption of the photon, Ko is 
the electron propagator, and S is the photon propagator. 
The cross in (A14) denotes the direct product. 
Define 
Z 


War(x’ x)= >> u,°(x’) Xu,(x). 


nod) 


(A15) 


The subscripts a and b designate an ordering of the 
spinor factors in the calculation of a matrix element, 
and can be considered to refer to the electron and 
positron, respectively. The transpose of the spinor 
associated with 6, placed on the left, and the spinor 
associated with a, placed on the right, are to be under- 
stood in the calculation of any matrix element. With 
this understanding, (A12) can be written 


—- MN = fas 0’ x)CO(x"' x)dxdx’. (A16) 


Substituting (A14) in (A15), we obtain 


Wan (x’,x) Jf [Soca Kola 9) aC) 


XS (y' v)Warly’y)dy’dy+uo° (x) K uo(x). (A17) 

Following Salpeter and Bethe, we drop °(x’) 
Xuo(x) as we are interested only in bound states. It 
is evident that Eq. (A17) is then the SB equation 
[ Eq. (11a) of reference 11] in the ladder approximation. 

In the center-of-mass system, with xa»(p) the four- 
dimensional momentum transform of the SB wave 
function, Eq. (A16) becomes 


mM s(q-+q'—K) f dpralp)C 


X [Oan(p—4(q'—4)) +Ou(p+4(q/—q))], (A18) 
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where K is the four-momentum of the center-of-mass 
and qg,q’ are the four-momenta of the annihilation 
quanta. The second term in the square brackets arises 
from the interchange of g and q’. 

As the positronium ground state wave function has 
characteristic momentum e’m/2, it is sufficiently ac- 
curate to use for xq» the nonrelativistic singlet wave 
function, i.e., a spin wave function multiplied by the 
Schrédinger momentum distribution, and to expand the 
spin matrix element in powers of p. There are no cor- 
rections of relative order ¢’ arising from virtual annihi- 
lation because charge conjugation invariance forbids 
an intermediate state containing a single photon. The 
spin matrix element, as we have noted in Sec. IV is of 
the form const+O(p’).” 

Further contributions could, a priori, arise from the 
small components of the atomic wave functions. That 
is, terms in (A18) arising from the product of small and 
large components in xq», taken with the lowest order 

12 Tt should not be overlooked that what we have designated 
O(p*) actually contains the term vIn(Amin/m), since selection 
rules rigorously forbid the emission of three quanta from the 
singlet ground state. The occurrence of this term constitutes a 
defect of the present treatment which would be corrected if we 
used a procedure which took into account binding effects in inter 
mediate states [see T. Fulton and R. Karplus, Phys. Rev. 93, 
1109 (1954) ]. Rohrlich’s arguments [F. Rohrlich, Phys. Rev. 


98, 181 (1955) ] do not seem to be relevant as they show merely 
that In (Amin/m) has a coefficient which is small for positronium. 
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of Og, must be considered. For an improved wave 
function, valid to O(e?) times the Pauli wave function, 


we can use the result given by Karplus and Klein": 


2e" (2m) [ave ™m 


xX (p?+je'm’) F(t) go(0), 


¢c(r) 


(A19) 


where go(0) is the Pauli wave function for singlet 
positronium evaluated at the origin and F’,(¢) to the 
order of accuracy with which we are concerned is 


Fy (O41 +a: p/ 2m) (1— ay: p/2m) F(t), 


where F’(¢) contains no matrices and is of order unity. 
The term (@a— a): p is equivalent to (o,—@»): p acting 
on the Pauli spin wave function of the singlet state, 
which yields |p 
triplet state. The corrections to the singlet matrix ele 
ment from the small components of the Dirac wave 
function will then be of order | p| times the low-energy 
plane wave matrix element of the /riplet state which is 
itself of order | p|. When integrated over the momentum 
distribution, it will yield corrections of order e* times 


times the spin wave function for the 


the ones we are considering. 


'§ Reference 3, Eqs. (A.9) and (4.4). See also E. E. Salpeter, 


Phys. Rev. 89, 92 (1953) 
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Idealized spherical “geons,”’ 


or gravitational-electromagnetic entities, of the type studied by Wheeler 


utilizing an electronic calculator, are here studied by using a simple adaptation of the Ritz variational 
principle. By using the simplest of trial functions, most of the relevant magnitudes are calculated with 


considerable accuracy 


INTRODUCTION 


HEELER has demonstrated the existence of 

certain nonsingular solutions of the coupled 
equations of classical relativity theory and electro- 
magnetism.' Physically his solution corresponds to a 
spherical shell of light held together by its own gravita- 
tional field. Subsequently, the author has shown the 
existence of another set of solutions corresponding to 
beams of light highly concentrated by their own gravi- 
tational field.* Collectively these solutions are now 
called and they form the first nontrivial 
nonsingular solutions of the equations of classical 


“geons” 


general relativity. 

In this paper we shall show how a great deal of 
information concerning geons can be ascertained with- 
out recourse to electronic digital computation. For this 
purpose we now apply the Ritz variational principle to 
the problem considered by Wheeler.' 


IDEALIZED SPHERICAL GEON 


In our discussion of spherical geons we shall follow 
Wheeler by using a line element of the form 


ds?= +e dr +r (d?+ sin*6d¢*) — e’'dT?. (1) 


The action of the combined gravitational and electro- 
magnetic fields may be written as a single integral, 


s 1 oO 
/ J (F gpl") + Ry ebOrrrdr, 
( 16m 1l6rG 


where the brackets (__) indicate a suitable superposition 
of various possible modes of electromagnetic radiation 
of circular frequency &/c and an averaging over 6, ¢, 
and 7 so that the Lagrangian is just a function of r. 

In the case of the idealized spherical geon, (/as/ 
may be easily expressed in terms of the expressions 
(31b) which Wheeler introduced in his geon paper 

(Fagl’**) = 4a{ (rp |+[ 66 ]+(T¢ ]}}. 
furthermore, the curvature scalar, 
2(v’—d')  2(1—e*) 


bv’ + bv? + { 
r i 


af) 


R= y"’ 


where primes indicate d/dr, may be expressed in the 


* Now at University of Wisconsin, Madison, Wisconsin 
' J. A. Wheeler, Phys. Rev 97, 511 (1955). 
*F. J. Ernst, Jr., following paper [Phys. Rev. 105, 1665 (1957) } 


following form by letting e+’ = (0? and e~*=1—2M(r)/r: 


4M’'O+2M"Or+2M0'+60'M'r 
—20"r— 


ROr? 
40'r+4M0"r. 
However, if M(r) and Q(r) tend toward constants as r 
goes to infinity, the divergence terms in ROr’ integrate 
to zero. If one neglects a factor +(c/2GQ), Eq. (2) 
may be written as follows: 


I f {v0 LO’—Q(1—2L/p) f” 


f? [*\2 
pes -of \r dp, (3) 
QO(1—2L/p) p 


where p=Qr, L=QM, f=(GNI*/4c*)!QF, and primes 
indicate d/dp. F corresponds exactly to the function 
R(r) defined in Wheeler’s article on geons.' The expres- 
sion (3) is valid when /, the order of spherical harmonic 
involved, is large compared to unity. When this is true, 
however, it is possible to expand the functions L(p), 
O(p), f(p), and p in a power series in (/*)~*, To see how 
this is done, let us first introduce a new function J(p) 
defined by the equation 


JK=1—(QI*/p)?(1—2L/p), 


where K=1/Q. Then 


ni J p 2 
| | Ee pS o(1—IK)( )| 
0 dp i 

*1 dK 
ab (1 1K)( )f : 
, l* dp 


ak Ys 
+J(1—JK) ( yr dp. 
p 


Now expand J, p, and f in a power series and consider 
only the first order terms in the action: 


J = (U*)Aj+---, 
p=l*+(I*)iy4-- 
f= (I*)4o+---, 


I= (—4}jK?4+4Kr—4K~4) |_,* 


’ 


(a new variable ‘‘r’’), 


+f {(jK —3r+K~r)K’—K go? + jg’)dr. 
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In order that the action be finite, it is necessary that 
jK have a certain asymptotic behavior, namely: 


jK 
im | - (~~) +3-x ‘|-0. 
; r 


Letting lim,..K(r)=Ko and lim,.K(r)=1, the 


asymptotic formulas become 


jK jK 
im ) =3—Ko*, lim ( - ) = 2, 
rn r re » r 


Assuming these asymptotic forms for the function 7K, 
we may write the action integral in the simple form 


| 


From this equation it is possible to show the significance 
of Wheeler’s result that Ao~0.33. In fact we can show 
that Ko=4 exactly. This means that — ga, has through- 
out the interior of the geon the constant value }, and 
gu: has the value 1. 

Assume that the electromagnetic field reaches a 
maximum at r=ro and falls sufficiently rapidly as 
r—ry| increases so that the integrand of the action 
integral virtually vanishes except in a small region 
about r=ro. A careful investigation will reveal that we 
have already assumed just about the same thing in 
writing minus infinity for the lower limit of the action 
integral anyway. 

However, the field equations, which may be easily 
deduced from the action integral, in no way involve 
the independent variable r. It follows from this that if 
K(n), j(n), ¢(n) is a solution of the problem, so is 
K(rot+n), j(ro+n), e(rot+n), where ro is any constant 
and may be arbitrarily designated ‘the position of the 
maximum electromagnetic field strength.” In view of 
this property of the solution of the geon problem, we 
may require that the action be independent of the 
constant ro. If one sets r=ro+n, the action integral 
becomes 


[(jK —3r+K~*r) K'— K 9+ j¢? |dr. 


Lz 


I (4 -3Ko Ko ro 


+f {(jK —3n+ Kn) K'— Kg? + j¢*}dn, 


where the primes now indicate d/dn. However, for the 
action to be independent of ro, the position of the 
maximum electromagnetic field strength, it follows that 
4—3Ky—Ko'=0. This equation has the two roots, 
Ko=1 and Ky=}4. The former corresponds to empty 
space; so, it is the latter value which is relevant to the 
present problem. 

Since 1/ g4s~0~K~"', we see that a clock at the center 
of a spherical geon will tick at exactly 4 the rate of a 
clock far from the geon. Similarly Wheeler’s Eqs. (57) 
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and (58) may be written exactly: 
1)* 
$1*/Q, 


(W357) 


(WS58) 


Radius of geon:  r 
(4/27) cl*/GQ. 


Mass of geon: M 


Corresponding to the action, 


I f {(jK —3n+K-n)K'—Ke"+je*}dn, (5) 


the Euler-Lagrange equations, 
(W48) 
(W49) 


d*y/dx*+ j(x)K(x)ge(x)=0, 


dK/dx+ ¢*=0, 
and 
(W50) 


dj, ‘dx=3 ~{1 { (dy dx)* | K*, 


are precisely the field equations which are analyzed by 
means of an I.B.M. calculator by Professor Wheeler. 
In these equations dx stands for K~'dn. Notice that 
Eq. (W48) is very similar to the Schrédinger equation 
of quantum mechanics for a potential well 1 jK. 
Where »v is positive the solution is exponential in 
character, while where v is negative the solution is 
sinusoidal in character. In Fig. 1 appear the results of 
Wheeler’s calculations: the g function, — 7A, and K 
Solutions g(x) with more maxima are also conceivable. 

We shall now show in detail how it is possible to find 
the approximate maximum value of ¢ in the active 
region, the width of the active region, and the depth of 
the potential well without solving the field equations, 
by a simple application of the Ritz variational method. 

As a trial solution of the problem, we shall assume 
that the action integrand vanishes except within a 


Fic. 1. The functions 
g(x), —jK(x)=—D(x) 
and K(x) according to 
Wheeler’s machine cal 
culation 
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TABLE I, Comparison of results of very simple variational calcu 
lation with those of Wheeler’s electronic machine calculation 


Comparable 
values from 
Fig. 1 


1,33* 
0.90 
0.59 


Results 
Ritz 
prince iple 


1.14 
0.76 
0.59 


Quantity Significance 


a 4 (well width) 

D well depth 

#0 electromagnetic 
field amplitude 


* The figure a =1.33 is only approximate because of the haziness of 
the edges of the active region and because of the difference of Professor 
Wheeler's abscissa x from that which is used in the present paper. 


region —a<n<a and that inside this region K varies 

linearly while 1 jK is a constant, —D, and ¢ is 

sinusoidal, The adjustable parameters will then be a, 

D, and the maximum value of gy, which we shall call go. 
Within the range —a<n<a, we shall let 

K(n)=4[2 

j/K(n)=D, a constant, 


(n/a) |, 
(6) 


¢(n)= go cos(wn/ 2a), 


The calculation of the action (5) is straightforward and 
leads to the result 


[= —% D+ [ 3(\n3) 


4 Jax + age $D(\n3) ~ (1 /6a*) |. (7) 


J 


ERNST. jk 
Extremizing the action J with respect to the constants 
D, go, and @ results in the following simple equations: 


agy’= (4/9) (In3)™, 
De? = (r*/9)(1n3)~", 
(¢o/a)*= (3/*)[4—3(In3) ]. 


These three equations may be solved easily, so that it 
is possible to compare the results of our very simple 
Ritz variational calculation with the complete solution 
given in Fig. 1. (See Table I.) Furthermore, by the 
present method we have obtained a little better insight 
into why the constant Ko has the value }. 

Besides yielding go very well, the variational calcu- 
lation using a square well diverges in the expected 
direction with regard to the value of D. 

We feel that this example clearly shows the usefulness 
of variational calculations in finding solutions of the 
coupled equations of gravitation and electromagnetism. 
Extremely simple trial functions have been used inten- 
tionally to illustrate the effectiveness of this type of 
calculation. 

This problem was suggested by Professor Wheeler in 
connection with my A.B. thesis at Princeton Uni- 
versity, May, 1955 (unpublished). 
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It has been argued by Wheeler that the coupled equations of 
the electromagnetic field and the gravitational field of general 
relativity, 

Ri, " heuR= (89rG/¢ 1) Tix, 

T= (1/40) (Fis F*) —} Fag h5;*), 

(—g)~*(0/dx!)(—g)'F =0, 

Fi; = 0A ;/Ox* —0A,/dx', 
should admit a set of completely singularity-free solutions, 
Aj, giz (i, j, R=1, 2, 3, 4), with the following properties: 1. The 
gravitational mass originates solely from the energy stored in the 
electromagnetic field. In particular there are no material masses 
present. 2, No charges or currents are present, and A,=0 every 
where. 3. The other components of the electromagnetic vector 
potential A, are vanishingly small except within a toroidal region 
of space. Physically the electromagnetic field consists of light 
waves circling the torus in either direction. Such a torus of electro 
magnetic field energy is called a toroidal geon. An exact and 
detailed mathematical treatment of the general toroidal geon 
problem would be extremely complicated, requiring the solution 


1, INTRODUCTION 

AXWELL’S theory of the classical electromag- 
netic field may be easily expressed in terms of 
the general theory of relativity. Let A; be a covariant 
vector, to be interpreted as an electromagnetic 4- 
potential; then an electromagnetic field tensor may be 

defined by the relations, 
F,;=0A; ‘Ax'-OA ;/Ox?, (1) 


The second Maxwell’s systems of equations is then 
defined by the tensor equation, resulting from this, 


OF ;; ‘Ax*+- OF ,, ‘Ax'+ OF ,;/dxi=0, (2) 


and the first of Maxwell’s systems of equations is 
defined by the tensor-density relation 


A /dxi= X, (3) 
in which 


= (—g)igitg’™F am, 


Yi (—g)'pdx'/ds. 


We shall assume that the current-density is identically 
zero throughout space-time, so that (}'=0. Therefore, 
we shall be dealing always with a space-time free of all 
atomic electricity and matter. Mass will arise only as 
a concomitant of the energy of the singularity-free 
electromagnetic field. 

Since Maxwell’s equations depend upon the metric 
tensor gix, in the preSence of a gravitational field the 
solution of those equations will be different than the 
solution in free space. However, strictly speaking there 
is no such thing as “‘free’’ space, since the very presence 


* Now at University of Wisconsin, Madison, Wisconsin. 


of a set of coupled nonlinear partial differential equations. How 
ever, in the present paper it is shown how toroidal geons of large 
major radius to minor radius ratio may be studied by a simple 
method of approximation, providing one has a complete knowledge 
of the so-called linear geons, the electromagnetic field energy of 
which is confined to an infinitely long circular cylinder rather than 
to a torus. A detailed mathematical treatment of linear geons 
The 
(1, 2, 3) of a toroidal geon 
or of a linear geon possess the same general nature as the electro 
magnetic field potentials encountered in the solution of classical 
toroidal and cylindrical wave guide problems. In this paper the 
case is considered where the electromagnetic field of the linear 
geon is a monochromatic standing wave vibrating in the lowest 
transverse-electric mode of the system. The field equations are 
derived from a variational principle, and these equations are 
solved numerically. The results are not surprising, as the general 


proves to be possible, as is demonstrated in this paper 
electromagnetic field potentials A, i 


form of the unknown functions can be ascertained by quite simple 
considerations. These results give the foundation material for a 
proposed later treatment of toroidal geons 


of an electromagnetic field implies the existence of a 
gravitational field. Because electromagnetic fields are 
ordinarily weak, they ordinarily produce a gravitational 
field and a curvature in the metric small enough to be 
neglected. However, in the present paper we propose 
to consider very strong electromagnetic fields, for which 
a considerable deviation from flat space-time is induced. 
The problem will be that of finding solutions of the 
coupled gravitational and electromagnetic field equa 
tions, in the absence of material bodies, charges, and 
currents. One such solution has already been found by 
numerical integration of the field equations.' The 
electromagnetic field energy is essentially confined to a 
spherical shell of radius R. The gravitational field 
outside the shell is an ordinary Schwarzschild field 
corresponding to a mass M, where M=4c?R/9G; c is 
the velocity of light and G is the gravitational constant. 
Such a ball of light Wheeler calls a spherical geon or 
gravitational-electromagnetic entity. 

Wheeler has argued that spherical geons must be 
unstable, tending to transform into another form of 
gravitational-electromagnetic entity with the electro- 
magnetic field energy essentially confined to a toroidal 
region of space. He suggested this study of the nature 
of toroidal geons.? 


2. TOROIDAL GEON 
The electromagnetic field of a toroidal geon is very 


similar to that within a toroidal wave guide. Each of 


1 J. A. Wheeler, Phys. Rev. 97, 511 (1955), 
?F. J. Ernst, senior thesis, Princeton (May 2, 1955) (unpub 
lished) 
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these fields is characterized by possessing two orthog- 
onal sets of normal modes of vibration. In the limiting 
case of a toroidal wave guide of infinitely large major 
radius (i.e., a straight wave guide of circular cross 
section) and in the limiting case of a toroidal geon of 
infinitely large major radius (i.e., a linear geon) the 
two orthogonal sets of normal modes are designated 
TE (transverse-electric) and TM (transverse-mag- 
netic): in the former there is no component of the 
electric field along the axis of the guide or geon while in 
the latter there is no component of the magnetic field 
along the axis. Even in the case of the toroidal configur- 
ations of finite major radius we shall use the terminology 
TE and TM to designate the two orthogonal sets of 
normal modes, although the words are not quite 
appropriate. Since the simple substitution L-—/H, 
H-»+— FE transforms the complete set of TE modes into 
the complete set of TM modes, it is only necessary 
that we consider TE modes in our discussion of the 
geon, thus simplifying the problem somewhat. 

We shall specialize the problem of the toroidal geon 
by assuming that the electromagnetic field consists of 
a standing wave which is monochromatic and vibrating 
in the lowest TE mode of the system. We could equally 
well consider the case where three times as much energy, 
for example, runs in the +@ direction as in the —@ 
direction, but this would unduly complicate the 
analysis. Similarly one could consider higher modes of 
vibration, corresponding—in ray language—to photons 
executing spirals about the line of energy concentration. 

Let us adopt a _ cylindrical coordinate system 
(x;,%2,6,7) where the x-axis is the axis of symmetry of 
the toroidal geon, x» measures distance from the x;-axis, 
and measures the angle about the x-axis. Weyl has 
shown that any axially symmetric static gravitational 
field can be completely described by a line element of 
the form 


ds?= + U (dxy-+dx,?) + Vdg?—WadT?, (4) 


where U/, V, and W are functions of x; and x2 alone 
and where T is the cotime (i.e., time multiplied by the 
velocity of light, c).* Of course, the energy of the 
toroidal geon will show ripples with a spacing in the @ 
direction of one-half wavelength 4A, where \/2r=A 

1/k. This is unavoidable as long as we are unwilling 
to superpose solutions with a continuous spectrum of 
frequencies. However, if 4\ is much smaller than the 
minor radius of the torus, the gravitational field will 
be almost exactly axially symmetric because of the 
long-range character of gravitational forces. This long- 
range character will also help to smooth out the 
temporal variations of the gravitational field because 
of the finite velocity of light. Hence, by restricting 
ourselves in such a way that 4d is smaller than the 
minor radius of the torus, we may make use of Weyl’s 
simple form of the line element (4). 

Weyl’s line element (4) is expressed in terms of 


*H. Weyl, Ann. Physik 54, 117 (1917). 
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cylindrical coordinates. It is of advantage to reexpress 
it in terms of coordinates particularly appropriate to 
the toroidal geometry of the present problem. Letting 
x;=p sind and x,=a+ , cos6, where a is approximately 
the major radius of the geon, we can rewrite the line 
element in the form 


ds*= p*R*e 4 { dp’ + p*d?+2-*R ec (14+ D)a’d¢* |} 
—evdT?, (5) 
where R, y, and D are functions of p and 6 alone, and 
the constant 2=1/[c (the frequency of the radiation) } 
The electromagnetic field equations (3) together with 
the gravitational field equations may be obtained by 
means of the variational principle’ 


f ff [ecesomcyr 


— (1/16mc)(F ;F") |(—g)'dV=0. (6) 


Here the F,; are defined by Eq. (1) while R is the 
space-time curvature scalar 


Or ;; 
PS gl jn — TT Sem (7) 


OV 
R=g** —_— 


Ox? Ox* 


O£mj 


Ogim O85; (8) 


Y= gm + 


ox’ dx' ox” 

Naturally the g,,;’s represent the coefficients of the 
quadratic form (5). The signs ( ) about F,,;F" signify 
that F,;F" is to be averaged over the coordinates @ 
and 7. The field equations which result from carrying 
out the indicated variation are rather involved partial 
differential equations. No attempt has been made to 
solve them exactly, for hydrodynamics offers instances 
where the same type of problem has been encountered 
and solved by a simple method of approximation.‘ 
Here, as there, consider the case of an annular source 
of gravitation whose minor radius is very small com- 
pared to its major radius. At distances large with respect 
to the minor radius of the toroidal geon the electro- 
magnetic field can be considered vanishingly small and 
the gravitational field can be considered identical to 
the gravitational field due to an infinitely thin ring of 
energy. The latter field, however, can be described 
rather simply in terms of elliptic functions. The ratio 
of the minor radius to the major radius is assumed to 
be so small that the exterior field just described is 
valid for distances quite small with respect to the 
major radius of the geon. As one approaches closer to 
the torus, however, the gravitational field will diverge 
from that of an infinitely thin ring. This region of 
space we shall call the transition region. We may 
consider the electromagnetic field relatively small in 
this region also. Right at the torus itself, however, the 
electromagnetic field will suddenly become very large. 
Press, 


‘H. Lamb, Hydrodynamics (Cambridge University 


Cambridge, 1932), sixth edition, p. 707. 
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In this interior region the torus looks very much like 
an infinitely long cylinder, and hence we expect it is 
reasonable to assume the electromagnetic and gravita- 
tional fields in the interior region may be considered 
identical to the corresponding fields in a linear geon, 
that is, in a straight beam of light. In the present paper 
we are primarily concerned with the study of the fields 
which occur within the interior region of the toroidal 
geon. 
3. LINEAR GEON 

In the interior region of the toroidal geon the line 
element (5) may be simplified, because there R, y, and 
D are merely functions of p. We define a new inde- 
pendent variable z that dz=add and a new 
independent variable r such that 


(14+ D)tR“e*¥, (9) 


such 


d(\np)/dr 


As a result of this transformation, the line element (5) 
may be written 


ds*=Q* (1+ D)e’¥ (dz*+-dr’)+ R°e *d@—e%dT*, (10) 


where R, y, and D are now considered to be functions 
of r alone. This line element (10) is in the general form 
(4) given by Wey! for axially symmetric static gravita- 
tional fields. 

In the case of the linear geon the lowest mode of TE 
radiation is characterized in the (z,r,0,7) coordinate 
system by the vector potential components. 


A,=0 A,=0, 


’ 


Ag= B(r) sinz cosQT, Az=0, 


(11) 


where we have chosen the unit of length is such a way 
that the wavelength along the z axis is exactly 27. 
Using (10) and (11) to evaluate Eq. (6), we obtain the 
action principle of the linear geon, 


" dB\? dR dp 
if | —43R | ( ) pe +-4 
0 dr dr dr 


dy\? dRd 
-2R( )s pin(t-+0))} a 0, (#2) 


dr dr dr 


By carrying out the variations with respect to the four 
unknown functions, B, R, y, and D, we obtain the 
field equations of the linear geon: 


where dr*/dr=Re~*¥, 


1R-1e¥ (1+ D) B?, 


r (dB? ; 
IR od ( ) : ve (15) 
dr 


d’y dy\? @& 
4 +2/ )+ -[In(1+D) ] 


(13) 
(14) 


B/dre +R te DB=0, 

a’R/dr’ 

d dy a’R 
(«;)- 

dr dr dr? 


dr” dr ly 


dBy? 
bR ei ( ) - pe 
dr 
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At large distances r from the axis of the beam of 

light, the function B will tend rapidly to zero. From 

Eq. (14), we see that R(r) tends then to a linear 

function of r, which without loss of generality we may 

take to be simply r. Then 

R—r, 

¥—2M I|n(r/a), 


D0? (r/a)8M*-8M — 1, 


(17) 


where M=G/c* times the mass per “unit length” and 
where a is a constant analogous to the free additive 
constant in the Newtonian potential function wy 

2M \n(r/a). The values of a, 2, and M cannot be 
determined in the case of a linear geon that is really 
infinitely long. 

Each solution B(r), R(r), W(r), and D(r) of Eqs. (13) 
through (16) possesses an asymptotic form (17) 
uniquely determined by the three constants, M, Q, 
and a. It might appear at first sight that we would 
have to numerically integrate Eqs. (13) through (16) 
for every possible value of the three constants. However, 
there exists a scaling law for linear geons, such that 
every solution of the field equations may be obtained 
from those solutions for which a= 1, Observe that the 


transformation 
ba B, 


R>R, 
yw 
DD, 


7, 


2M \na, 


leaves the field equations (13) through (16) unchanged 
in form, but it changes the asymptotic form of the 


solution from 
R-r, 


y—2M Inr, 


D 96/28 M* aM 1, 


R—y, 
y—2M \|n(r/a), 
12? (7 /q)8M*-8M — 1 


where 


Qt —4M* — ()! (19) 


TaBLe I. Summary of solutions by electronic computer of the 
eigenvalue problem for the linear geon. Column 1: number of the 
curves in Figs. 1, 2, 3, and 4. Column 2: mass per unit length 
(unit =c?/G). Column 4: characteristic vibration frequency of 
the standing electromagnetic wave (unit =¢/A) 


M 4M —4M? 


0.512 
0.458 
0.388 
0,294 
0.161 


0.15075 
0.132 
0.109 
0.080 
0.042 
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Corresponding to each solution of the field equations 
which we find, we can deduce values of the constants 
4M —4M? and & in Eq. (19). At this time we have 
numerically solved the field equations five times. For 
each of the five solutions we have graphed a” B(r), 
R(r), W(r)4+-2M \na, and 6(r)=In(1+D). The circular 
frequency is given by Eq. (19), where the constants 
4M —4M? and {& are tabulated in Table I. 

Finally it should be recalled that the unit of distance 
in all the preceding equations has been fixed by re- 
quiring that the wavelength in the z direction be 
exactly 27. This means that all distances (e.g., 7, a, 
and R) have been expressed in terms of the reduced 
wavelength of the radiation in the z direction. The 
reduced wavelength, A=\/2m, is equal to the wave- 
length divided by 27. It is also true that the frequency 
{2 has been expressed in terms of c/A, where c is the 
velocity of light. Finally, the mass per unit length M 
has been expressed in terms of c?/G as a unit, where G 
is the Newtonian gravitational constant. In this way 
all the quantities which enter our equations have been 
expressed as dimensionless quantities. 

E-xample.—-To find the peak rms electric field strength 
Eevenk rms aNd the values of the various metric compo- 
nents at the point of maximum field strength. Suppose 
it is given that the reduced wavelength of the radiation 
A= 10° cm, the frequency 2=7.72 sec~', the mass per 
unit length M= 2.04107" g/cm, and a=10" cm. 
However, the unit of frequency which we employ is 
c/K= 300 sec, while the unit of mass per unit length 
is c°/G=1.35X 10 g/cm and the unit of a is A= 105 
cm. Hence, in dimensionless units, we have (= 2.57 
x10°*, M=0.151, and a=10*. Furthermore, by Eq. 
(19), Q’=Qat”-4*"* = 2891. It is clear from Table I 
that solution No. 1 is the appropriate one in this case. 

Irom Figs. 1-4 we see that the maximum of B(r) 
2.6\= 2.6 10° cm and that here a-?™ B(r) 

0.37, R(r)=2k= 210° cm, ¥(r)4+-2M Ina=0.4, and 
5(r)=In(14+-D)=0.4. It follows that Eyeax= CG AD! 
«K Re ¥B=0.935X10'® cgs units. For the metric 
components, we have in cgs units (assuming the use 
of cotime rather than time as the fourth component) 
the following : 


£1 = £2 = 2 *(14+ D)e*=2-*e*e*¥ = 200, 
£as= R°e- 4 = (24)*e-*¥ = 20,24? = 20.2 10"* cm’, 
has ev 0.198. 


occurs atr 





OA 








1. The electromagnetic field strength function B(r), where 
is expressed in terms of the reduced wavelength A. 
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The details of the numerical calculation are contained 
in the Appendix to this paper. The calculation was 
performed with Dr. John Gammel at the Los Alamos 
Scientific Laboratory. 


4. EXTERIOR REGION 


In Sec. 3 we discussed a method of numerically 
finding the values of the functions B(r), R(r), W(r), 
and D(r) in the interior region of a toroidal geon. By 
solving the differential equation (9), we can obtain r 
as a function of p, and hence we can obtain B, R, and 
D as functions of p in the interior region of the toroidal 
geon. We have, therefore, found a method of evaluating 
the line element (5) in the interior region. The evalu- 
ation of the line element (5) in the transition region 
will be left to a later publication. Let us now consider 
the simpler exterior region, in which we have to find 
the gravitational field of a thin ring of energy. 

Weyl has indicated the way to solve the thin-ring 
problem.’ He claims that a line element of the form 


ds? = e*1-¥) (dx? +-dx2")+ xe dg’? —e'%dT*, (20) 


where y and vy are functions of x; and x2, is a solution 
of Einstein’s field equations Ri,.=0 only if® p satisfies 
Laplace’s equation, 


Oy 1a oy 
+—— (a! )-o, 
Ox)? x2 OX2\ Axe 


(21) 


and ¥ satisfies the two-dimensional Poisson equation, 


Oy dy Ow \? Oy \? 
mot --[(- ) +(—) |--rnan, (22) 
Ox dx? Ox, OX» 


with the boundary conditions y(x;,0)=0 and y(x;,@ ) 
=(). In the case of an infinitely thin ring, the solution 
of (21) may be expressed in terms of the elliptic function 
K(k). We have 

Gm kK(k) 


(23) 
ma (X2/a)$ 


W(%1,%2) ete) 
where 


k = k (2,2) = [4ax,/(xP?+-a7?+07 + 2ax2) }}, (24) 





Fic. 2. The func 
tion 
R(r) = (—gaagas), 


where r is expressed 
in terms of the re- 
duced wavelength 4. 








5. . but not necessarily if, for certain subsidiary equations 
must be satisfied. 
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Fic. 3. The gravi 
tational potential 
¥(r) =4 In(— gas), 


where r is expressed 
in terms of the re- 
duced wavelength 4. 


and 


ir dw 
K(k) -{ ; 
0 [1—F sin’w }} 


The constant m is the total mass of the ring. 
In turn, if one utilizes the theory of Green’s functions, 
the solution of Eq. (22) may be written 


vf foo In (x1—11)?+ (a2—y2)* Pdyidye, (26) 


We conclude that finding the exterior gravitational 
field of a toroidal geon reduces to the evaluation of the 
integral (26). It is not clear now whether or not y(x,x2) 
can be evaluated in terms of elliptic functions, but in 
any event the integral can be computed numerically. 


5. SUMMARY AND CONCLUSIONS 


The graphs contained in Sec. 3. constitute a 
solution of Einstein’s and Maxwell’s equations free 
from singularities. Physically the solution represents 
an intense electromagnetic field localized within a 
cylinder by the gravitational field which it creates. 
Drawing an analogy with Lamb’s treatment of the 
problem of a rotating annulus in hydrodynamical 
theory, we suspect that it is permissible to extend this 
solution to include the case of the toroidal geon, a 
toroidal-shaped concentration of electromagnetic field 
energy. The field far from the torus and the field within 
the torus have been treated in this paper. The field in 
the intermediate region has yet to be calculated, but 
there is hope of an easy solution via the methods 
employed in hydrodynamics. 

I would like to thank Professor John A. Wheeler for 
suggesting the problem of the toroidal geon, and for 
his willing advice and helpful criticism. Much of the 
work involved in setting up Eqs. (Al) through (AS) 
for numerical calculation was shared by Dr. John 
Gammel of the Los Alamos Scientific Laboratory of 
New Mexico. I am very grateful to Dr. Gammel for 
his assistance in coding the problem for machine calcu- 
lation. 


APPENDIX. NUMERICAL INTEGRATION OF 
THE FIELD EQUATIONS 


The field equations (13) through (16) may be written 
in the form 
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Fic. 4 
tion 
5(r) =In(1+D) 

= In ( —(Peii/ gas), 


The func 


where r is expressed 
in terms of the re 
duced wavelength A. 





(Al) 
(A2) 
(A3) 


BY + (e'—1)e-?*B 


(1d’)'+- 4 (B’)?+- he B? 
1’ +4(B’)!?—4(e'— 1) B* 


5 +0/8'+ (21) (BY)2+ (14 3e8)e?*B?] 


+4I-Y’n! — (3/22) (’)2—2(0')2=0, (A4) 


where primes signify differentiation with respect to r*, 
l= R*e*¥, \=|InR—2y, and 6=In(1+D). By using Eq. 
(Al), Eq. (A3) may be readily integrated twice, 
yielding the simple relation 

(AS) 


between / and B. Here 1; may be any positive constant, 
but since the simultaneous multiplication of 1 by a 
constant » and B by the constant n! leaves the field 
equations (Al) through (A4) unchanged in form, we 
can now work with any value of /; (say 1.75) in Eq. 
(AS); and then, after the entire numerical integration 
has been performed for this /; (1.75), by a simple 
transformation we may obtain the / and B functions 
corresponding to any other value of /;. In particular, 
in order to end up with the asymptotic form (17) it 
will be necessary to make /,;=2—4M. Only with this 
value of /; will R(r) tend to r for large values of r, 

We shall first expand the functions B, /, A, and 6 in 
terms of power series about r*=0: 


B= byr*+- bo(r*)? + b3(r*)8+ -- 

l= Ly*+12(r*)?+15(r* 8+ +: -, 

A= 4 In(7*L 0?) +Aur*+A2(r*)?+ - - 
5o+52(r*)?+ + +>. 

Substituting (A6) into the field equations (A1), (A2), 
(A4), and (A5), one obtains the following relations 
among bj, be, bs, l1, Le, ls, Lo, A1, Av, 50, and by: 

o=In(1+Do), 
by= — Dob, /2L?, 
la= —4b,’, 
l3= — Dol2/L’, 
hi = 31,/2h,, 
bs (2b2/3)[ Do/4Le?+a, |, 
Ae= (Ai /3) (1 —§Do)/LP—Ax |, 
5g= (2A;/3L67) (24+ Do). 
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From the form of Eqs. (A7) it is clear that to specify 
completely any solution of the field equations which 
possesses the form (A6) in the neighborhood of r*=0, 
only four constants /;, Lo, Do, and b,; must be specified. 
Most assignments of values to these four constants, 
however, will correspond to solutions unacceptable on 
physical grounds—i.e., solutions in which the wave 
functions B(r*) tends to plus or minus infinity as 
r* For a given set of values of /;, Lo, and Do there 
will be some maximum value of b; beyond which the 
function B(r*) turns out to be everywhere positive 
(i.e., for r*>0O) and tends to plus infinity as r*—>«. 
For slightly lower values of 6, the function B(r*) will 
cross the r*-axis just once, tending to minus infinity 
as r*-+”, For the intermediate value of 6; the curve 
B(r*) will approach the r* axis exponentially as r*—+ 
but never actually will become negative. This value of 
b, is the “eigenvalue” which we seek, for it corresponds 
to the lowest mode of vibration of the system. In 
practice we found that it is not at all difficult to localize 
the eigenvalue b, by successive numerical integrations 
of the field equations. 

It is not very difficult to derive difference equations 
which in the limit of infinitely small step size Ar* reduce 
to Eqs. (Al), (A2), (A4), and (AS). For this purpose 
we define for any point ro* two other points, r_.*=r0* 

Ar* and 9;*=10*+ Ar", and at these points define 


B_,=B(r_;"), Bo=B(ro*), By=B(r,"), 
L:=l(7_1*), Lo=l(ro*), L1:=l(r"), 
A_:=X(r_1"), Ac=A(ro*), Ai=A(r;*), 
O1=6(7_\*), Ao=4(ro*), Ay=6(r"*). 


In terms of these quantities the difference equations 
may be written 


B,=2Bo— B_y 
lr,* BY, 


BL iAo 


7D, 


(Ar*)*(e4°— 1 )e*4° Bo, 
Ay 
A 1(4.L5 Ay + & 1) 

}(B,— B_,)?—2(Ar*)*e 2B? 


’ 


4Lot+L1— L 4 
A,+A_,)—4H 


+ (1+ 36%)e>*4° Be? (Ar*)? 


1 {"" B_,)? 
0 4 


22£ 

(E+F)(Ar*/ro* +4E+4F), 
(4 Inr,*—A,)— (4 Inr_,*—A_,), 
A eae £ at 


a 
4 " , * 
Lor," Lor 1 
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TABLE IT. The values of M, a, and @ for the five sets 
of power series coefficients chosen. 


0.2 0.4 0.6 0.8 1.0 

1 1 1 1 1 

1.75 1.75 1.75 1.75 1.75 
0.0765 0.3674 0.5352 0.7092 
0.042 0.109 0.132 0.15075 
0.172 0.694 0.726 0.717 
1.85 2.15 2.30 2.44 


The rather complicated expression for A, was adopted 
after it was discovered that the simpler expressions 
that were first employed did not give good results. 

Notice that Eqs. (A8) allow one to calculate B, J, i, 
and 6 at any point r* if the functions are already known 
at the two previous points r*—Ar* and r*—2Ar*. 
Once this process is begun, one can keep iterating in 
this manner until one reaches as large values of r* as 
is desired. The only problem lies in starting the iter- 
ation, and for this purpose we use the power series 
expansion (A6) valid for small r*. In practice we found 
that letting r_.*=0.1 and Ar*=0.01 initially and 
increasing the step size as the iteration proceeded gave 
quite satisfactory results. The values of B, 1, 4, and 6 
were calculated at the points r*=0.10 and r*=0.11 by 
means of the power series. Then the values of B, J, A, 
and 6 at r*=0.12 were calculated by means of the 
difference equations (A&) as well as by the power series. 
If the two sets of values agreed, we continued to apply 
(A8) until large r* values were reached and the char- 
acter of the solution had been ascertained. Simultane- 
ously we solved the equation dr*/dr=e* to discover 
the relationship between r and r*. 

The values of M, a, and & were computed from the 
functions /(r*), A(r*), and 6(r*) at large values of r*, 
where B(r*) is essentially zero and where the line ele- 
ment is of the form 


ds;?= — (r/a)s™ 4M (dz?+- dr?) 


—r(r/a)-*™ dg? + (r/a)*dT 


(see Table IL). Of course it was necessary to multiply 
l(r*) by n= (2—4M)/1.75 and B(r*) by n# in order to 
compensate for the fact that we arbitrarily set /;= 1.75 
in all cases while we should have set /;=2—4M, 
Finally, the functions R(r), y(r), and 4(r) were com- 
puted and plotted. We observed that the peak value 
of B(r) did not vary considerably during the last stages 
of the eigenvalue search. Hence we believe that only 
the tail of the function B(r) is inaccurately portrayed 
in the graphs. 
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A two-component theory of the neutrino is discussed. The theory is possible only if parity is not conserved 
in interactions involving the neutrino. Various experimental implications are analyzed. Some general re 


marks concerning nonconservation are made 


ECENTLY the question has been raised'? as to 

whether the weak interactions are invariant under 
space inversion, charge conjugation, and time reversal. 
It was pointed out that although these invariances are 
generally held to be valid for all interactions, experi 
mental proof has so far only extended to cover the 
strong interactions. (We group here the electromag- 
netic interactions with the strong interactions.) To test 
the possible violation of these invariance laws in the 
weak interactions, a number of experiments were pro 
posed. One of these is to study the angular distribution 
of the 8 ray coming from the decay of oriented nuclei. 
We have been informed by Wu‘ that such an experi 
ment is in progress. ‘The preliminary results indicate a 
large asymmetry with respect to the spin direction of 
the oriented nuclei. Since the spin is an axial vector, 
its observed correlation with the $-ray momentum 
(which is a polar vector) can be understood only in 
terms of a violation of the law of space inversion 
invariance in 6 decay. 

In view of this information and especially in view of 
the large asymmetry found, we wish to examine here a 
possible theory of the neutrino different from the con- 
ventionally accepted one. In this theory for a given 
momentum p the neutrino has only one spin state, the 
spin being always parallel to p. The spin and momen- 
tum of the neutrino together therefore automatically 
define the sense of the screw. 

In this theory the mass of the neutrino must be zero, 
and its wave function need only have two components 
instead of the usual four. That such a relativistic theory 
is possible is well known.‘ It was, however, always re- 
jected because of its intrinsic violation of space inver- 
sion invariance, a reason which is now no longer valid. 
(In fact, as we shall see later, in such a theory the 
violation of inversion invariance attains a 
maximum. ) 

In Sec. 1 we describe this two-component theory of 


space 


the neutrino. It is then shown in Sec. 2 that this theory 


'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2 Lee, Oehme, and Yang, Phys. Rev. (to be published) 

*Wu, Ambler, Hayward, Hoppes, and Hudson. We wish to 
thank Professor C. S. Wu for informing us of the progress of the 
experiment. 

‘See, e.g., W. Pauli, Handbuch der Physik (Verlag Julius 
Springer, Berlin, 1933), Vol. 24, 226-227 


is mathematically equivalent to a familiar four-com 
ponent neutrino formalism for which all parity-conserv 
ing and parity-nonconserving Fermi couplings C and C’ 
(as defined in the appendix of reference 1) are always 
related in the following manner: C's= Cys’, Cy= Cy’, ete. 
or C's Cu Cy Cy’, etc. Sections 3 to & are de- 
voted to the physical consequences of the theory that 
can be put to experimental test. In the last section some 
general remarks about nonconservation are made. 


I, NEUTRINO FIELD 


1. Consider first the Dirac equation for a free spin-4 
particle with zero mass. Because of the absence of the 
mass term, one needs only three anticommuting Hermi 
tian matrices. Thus the neutrino can be represented by 
a spinor function ¢, which has only two components.‘ 
The Dirac equation for yg, can be written as (h=c=1) 

oa: py, =1d¢,/dl, (1) 
where oj, 02, a3, are the usual 2X2 Pauli matrices, The 
relativistic invariance of this equation for proper 
Lorentz transformations (i.e., Lorentz transformations 
without space inversion and time inversion) is well 
known. In particular, for the space rotations through 
an angle @ around, say, the 2 axis, the wave function 
transforms in the following way: 


g—exp(— ta y0/2)d. (2) 


The o matrices are therefore the spin matrices for the 
neutrino. For a state with a definite momentum p, the 
energy and the spin along p are given, respectively, by 


H=(a-p), 
Tp=(oe-p)/ |p 
They are therefore related by 
H P F, (3) 


In the c-number theory, for a given momentum, the 
particle has therefore two states: a state with positive 
energy, and with 4 as the spin component along p, 
and a state with negative energy and with —4 as the 
spin component along p. 

It is easy to see that in a hole theory of such particles, 
the spin of a neutrino (defined to be a particle in the 
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positive-energy state) is always parallel to its momentum 
while the spin of an antineutrino (defined to be a hole in 
the negative-energy state) is always antiparallel to its 
momentum (i.e., the momentum of the antineutrino). 
Many of the experimental implications discussed in 
later sections are direct consequences of this correlation 
between the spin and the momentum of a neutrino. 
We have remarked in the introduction that such a 
correlation defines automatically the sense of a screw. 
With the usual (right-handed) conventions which we 
adopt throughout this paper, the spin and the velocity 
of the neutrino represent the spiral motion of a right- 
handed screw while the spin and the velocity of the 
antineutrino represent the spiral motion of a left- 
handed screw, 

We shall now discuss some general properties® of this 
neutrino field : 

(A) In this theory it is clear that the neutrino state 
and the antineutrino state cannot be the same. A 
Majorana theory for such a neutrino is therefore 
impossible, 

(B) The mass of the neutrino and the antineutrino 
in this theory is necessarily zero, This is true for the 
physical mass even with the inclusion of all interactions. 
To see this, one need only observe that all the one- 
particle physical states consisting of one neutrino (or 
one antineutrino) must belong to a representation of 
the inhomogeneous proper Lorentz group identical 
with the representation to which the free neutrino 
states discussed above belong. For such a representation 
to exist at all, the mass must be zero. 

(C) That the theory does not conserve parity is well 
known. We see it also in the following way: Under a 
space inversion P, one inverts the momentum of a 
neutrino but not its spin direction. Since in this theory 
the two are always parallel, the operator P applied to a 
neutrino state leads to a nonexisting state. Conse- 
quently the theory is not invariant under space in- 
version. 

(D) By the same reasoning one concludes that the 
theory is also not invariant under charge conjugation C 
which changes a particle into its antiparticle but does 
not change its spin direction or momentum. 

(E) It is possible, however, for the theory to be 
invariant under the operation CP, as this operation 
changes a neutrino into an antineutrino and simul- 
taneously reverses its momentum--while keeping the 
spin direction fixed. By the Liiders-Pauli theorem’® it 
follows that the theory can be invariant under time 
reversal 7°, 

For the free neutrino field, as described by (1), one 


* We have received a manuscript from Professor A. Salam on a 
theory of the neutrino similar to the one discussed in the present 
paper. He specifically discussed points (A) and (B) that we dis 
cuss here. He also gave the Michel parameter for the yu decay that 
agrees with the ones obtained below in Sec, 6 

*G. Liiders, Kgl. Dansk Videnskab. Selskab, Mat.-fys. Medd 
28, No. 5 (1954); W. Pauli, Niels Bohr and the Development of 
Physics (Pergamon Press, London, 1955) 
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can prove that the theory is indeed invariant under 
time reversal and under CP. 

2. We shall in this section indicate how one can use 
the conventional four-component formalism of the 
neutrino (with violation of parity conservation) and 
obtain the same results as the present theory. 

We start from Eq. (1) and enlarge the matrices by 
the following definitions (1 represents a 2X2 unit 
matrix) : 


og 0 3 
“CJC 
0 —-@¢ 1 0 


(Sa) 


() 


—! 
yY=—PBa, s=B6, w= rirern= ( 
) 


An immediate consequence of these definitions is 


vw, = Wr. 


The free neutrino part of the Lagrangian is, as usual, 


0 
Lam dela v. (8) 


(7a) 


Ox 


where y,' = Hermitian conjugate of y,. The most general 
interaction Lagrangian not containing derivatives for 
the process 


n—p+ e+ i (9a) 


is exactly as usual; namely, it is the sum of the usual 
S, V, T, A, and P couplings: 
+ Lint= — Hint= LL—2Ci(Wp'Ow,) (W.'Ow,) J, (10a) 
where 7 runs over S, V, 7, A, and P and 
Os=%4, 
Ov = 4% 


1 
Or= 1V(YXVu— Ver); 
2v2 


On= 1745; 
Op=475- 


It is not difficult to prove that Eqs. (Sa) and (7a) are 
consistent with a relativistic theory even in the presence 
of the interaction (10a). Another way of proving this is 
to start from the conventional theory of the neutrino 
with the interaction Hamiltonian given in (A.1) of 
reference 1 and observe that when 


Cs=—Cs', Cy=—Cy’, etc. (12a) 
the neutrino field y, there always appears in interactions 


in the combination (1—5)y,. In the explicit representa- 





POSSIBLE PARITY 

tion that we have adopted above, this means that only 
the first two components of y, contribute to the inter- 
action. All calculations using the conventional theory of 
the neutrino with the Hamiltonian (A.1) of reference 1 
concerning 8 decay therefore gives the same result as the 
present theory if we take the choice of constants (12a). 
There exists, however, the possibility that in the decay 
of the neutron a neutrino’ is emitted: 


n—pt+etv. (9b) 


The corresponding general form (not including de- 
rivatives of the fields) of the Hamiltonian is 


Hine=LL2Ci(p'Odn) W'Ow,’) J, 


where O, has been defined in Eq. (11). The field y,’ is a 
four-component spinor defined in terms of the two- 
component neutrino field @ by 


0 
w-(°) 
a29! 


From Eq. (6), we see that 
yh, =+y’. 


It can be shown that (5b) and (7b) are consistent with 
a relativistic theory even in the presence of interaction 
(10b). [t can also be proved that one can use again the 
Hamiltonian (A.1) of reference 1 for the conventional theory 
of the neutrino with the choice of the coupling constants 


(10b) 


(7b) 


Cs =Cs’, Cy Ce etc, (12b) 
and obtain the same result as the present theory. 

The two possible choices (12a) and (12b) depend on 
whether, in the 8 decay of the neutron, process (9a) or 
(9b) prevails, i.e., whether a neutrino’ or an anti- 
neutrino is emitted. We shall see in Sec. 3 that experi- 
mentally it will be easy to decide which of the two 
choices is appropriate (if the theory is correct). [We do 
not consider the possibility here of the simultaneous 
presence of (9a) and (9b), since the double beta decay 
process does not seem to be observed experimentally. | 


II. EXPERIMENTAL IMPLICATIONS 


3. We consider in this section the experiment of the 
8 decay of oriented nuclei already discussed in reference 
1, and currently being carried out.’ For the present 
theory, according to Eqs. (12a) or (12b), Eq. (A.6) 
reduces to 


ICr|?— |Ca|?— (2Ze2/hep) Im(CaCr”). 


(13) 


-o(2) 


? The neutrino as defined in Sec. 1 is a particle with spin parallel 
to its momentum representing a right-hand screw Similarly, the 
antineutrino as defined there is a particle with spin antiparallel 
to its momentum representing a left-handed screw. We use this 
definition throughout the present paper. 


ICr}?+ (Cal? 


NONCONSERVATION 
The choice of the * sign depends on whether 


n—p+e+b (b=left-handed screw), 
(14) 
(v= right-handed screw), 


n—pt+e+v 


In writing down (13) the Fierz interference terms has 
been set equal to zero, which is in conformity with the 
experimental results,* and which implies [see Eq. 
(A.5) of reference 1 }: 


Real part of CuCr* =0. (15) 
By measuring the momentum dependence of the asym 
metry parameter f, one can test whether the present 
theory is correct. 

It is interesting to notice that for a positron emitter 
the asymmetry parameter has the opposite sign. This 
is a direct consequence of the fact that in positron 
and electron emission, the neutrino and antineutrino 
emitted have opposite spirality. 

4. An experiment such as the one being carried out 
by Cowan and collaborators’ measures the cross section 
for neutrino absorption, which can be calculated in 
both the present theory and the usual theory. Now one 
determines the magnitude of the 8-coupling constants 
to give the observed lifetimes of nuclei against 8 decay. 
The calculated value of the cross section turns out then 
to be twice as great in the present theory as in the usual 
theory. ‘This follows from the following simple reason 
ing: ‘The neutrino flux is an experimental quantity 
independent of the theory. If the neutrinos in a given 
direction have only one spin state instead of the usual 
two, by a detailed balancing argument they must have 
twice the cross section for absorption as the usual ones. 

5. In the decay of r* mesons at rest, let us consider 
the component of angular momentum along the direc 
tion of p,, the momentum of the » meson. The orbital 
angular momentum contributes nothing to this com 
ponent. The » spin component is therefore completely 
determined (irrespective of its total spin) by the spin 
component of the v or #. There are then two possibilities : 


(A) Ww (ut spin along p,)=4 


(u~ spin along p,) 


mu +y, 


) 
: (16) 
r—u-+5, }; 
or 
(B) nt—yut+b, (yu? spin along p,) } 
; (17) 
r—u +v, (uw spin along p,)= +4. 


In each case the » mesons with fixed p, form a polar 
ized beam. (It was pointed out in reference 1 that if 
parity is not conserved in the decay of m mesons, the 
# mesons would in general be polarized.) Furthermore, 
the polarization is now complete (i.e., in a pure state) 
If this theory of the neutrino is correct, then the r—y 
decay is a perfect polarizer of the w meson, offering a 


® See,.e.g., R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 


(1954). 
* See C. L. Cowan, Jr. et al., Science 124, 103 (1956) 
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natural way to measure the spin and the magnetic 
moment of the w meson. (It turns out that the w—e 
decay may serve as a good analyzcr, as we shall discuss 
in the next section.) 

The choice of the two possibilities (16) and (17) will 
be further discussed in Sec. 7. 

6. For the w-—e~ decay the process can be 


7 a +v+d, (18) 


poe + 2p, (19) 


poe + 2D. (20) 


Consider process (18) first. The decay coupling can be 
written with the notations defined in Eq. (11). (We 
assume no derivitive coupling.) 


ins > L(WlOwW,) WOW). 
imV,A 


(21) 


It is easy to see that in the present theory, where y, 
satisfies (7a), the S-, T-, and P-type couplings do not 
exist. We have assumed in writing down (21) that the 
spin of the » meson is 4, For a w™ at rest with spin com- 
pletely polarized, the normalized electron distribution 
is given by 


dN = 2x*[ (3—2x)+£ cos6(1—2x) \dxdQ,(4r)™, (22) 


momentum, x= p/maximum elec- 
angle between electron momentum 
solid angle of elec- 


where p=electron 
tron momentum, @ 
and the spin direction of the yw, &, 
tron momentum, and 


&=[ fv ltt fal? Lv fat t+fafv*]). (23) 


The mass of the electron is neglected in this calculation. 
The decay probability per unit time is (h=c=1): 


h=ML|fal?+ | fvl?1/ (32%), (24) 


where M is the mass of the u meson. The spectrum 
(22) for a nonpolarized ~ meson, 


dN = 2x°[ 3—2x |dxdQ,(49r)"', (25) 


is characterized’ by a Michel'® parameter p=}, which 
is consistent with known" experimental results. 

One sees that for not too small values of &, the 
spectrum (22) is sensitive to cos@, especially in the 
region of large momentum for the electrons. Therefore 
the ~—e decay may turn out to be a very good analyzer 
of the w-meson spin. 

An analysis of the so-called universality of the Fermi 
couplings is easier in this theory because there are 
fewer coupling constants, and also because r—yp—e 
decay measurements would supply information con- 
cerning the parameter £ of (23). 

If process (19) or (20) prevails, the spectrum becomes 


dN = 12x?(1—x)dx[1+1 cosd dQ, (49). 


1. Michel, Proc, Phys. Soc. (London) A63, 514 (1950). 
4 See, e.g., Sargent ef al., Phys. Rev. 99, 885 (1955). 


(26) 
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This is characterized® by a Michel parameter’® p=0 
which is not consistent with experiments." One therefore 
concludes that (18) is the correct process. 

A general theorem concerning the relationship be- 
tween w* and w~ decays will be stated in Sec. 9. 

7. If experiments should show that in thesdecay of 
the x meson, process (16) prevails, and in the #-decay 
process (9a) prevails, then one would say that the v 
(the right-handed screw), the w~, and the e~ are light 
particles, and there is a conservation of light particles. 
If processes (17) and (9b) prevail, one would say that 
the > (the left-handed screw), the u~, and the e~ are 
light particles, and there is a conservation of light 
particles. Similar concepts have been discussed before.” 

We have already seen in Sec. 3 that the sign of @ in 
Eq. (13) determines whether 


n—pt+e+i (9a) 


n—pt+et+yv (9b) 


is the process for 8 decay. To decide whether 


rt—yt+yv, (y+ spin along p,)=4 (16) 


rt—yut+b, (ut spin along p,)=—4 (17) 


one will have to determine the spin of yu? along its 
direction of motion. 

8. The r—p—e type experiment discussed in Secs. 
6 and 7 can be done with the K,.—u—e decays. The 
analysis is dependent on the spin of K,». If this spin is 
not zero, the polarization of the » meson is not neces- 
sarily complete. The degree of polarization can be 
experimentally found by a comparison of the angular 
distribution of the electrons in r—y—e decay and in 
K—y—e decay. 

Another interesting experiment is to measure the 
momentum and polarization of the electron emitted 
in a 6 decay. A polarization of the electron results only 
if parity is not conserved; a measurement of this 
polarization is a measurement of a quantity similar to 
the parameter @ in Eq. (13). The polarization in such 
a case will be along the direction of the momentum of 
the electron. Polarization along other directions can 
result if the momentum of the recoil nucleus is also 
determined. Theoretical considerations of such possi- 
bilities are being made by Dr. R. R. Lewis. 


GENERAL REMARKS 


9. Some general remarks concerning the conserva- 
tion and nonconservation of the parity P, the charge 
conjugation C, and the time reversal T will be made in 
this section. Except for the last paragraph, no assump- 


EF, J. Konopinski and H. M. Mahmoud, Phys. Rev. 92, 1045 
(1953). 
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tion that the neutrino is a two-component wave is made. 
Since the preliminary result of the oriented nucleus 
experiment that there is a strong asymmetry, Eq. (A.6) 
of reference 1 shows that not only parity, but also charge 
conjugation is not conserved? in 8 decay. A measurement 
of the velocity dependence of the asymmetry parameter 
could supply? some information concerning time reversal! 
invariance or noninvariance. If the m—u—e decay 
should show any forward-backward asymmetry (as 
discussed in reference 1, and further analyzed above in 
Sec. 6 for the two-component neutrino theory), it can 
be shown from theorem 2 of reference 2 that charge 


conjugation invariance must be violated in both the 


m—p and w—e decays. 

It is, however, easy to show from the Liiders-Pauli 
theorem® that even if C, 7, and P are all not conserved, 
a stable particle (e* or p*, or a deuteron, etc.) must 
have exactly the same mass as its antiparticle. 

One can also prove that even if C, 7, and P are all 
not conserved, the e+ angular distribution in r+ —y+—e?* 
decay is exactly the same as the e~ angular distribution 
decay. The only difference in the two 
cases is that the average spin of u* along p, is the 


in ee re 
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opposite of that of uw along p,. (The decays are here 
assumed to occur in free space from r* at rest.) 

It is further obvious from the Liiders-Pauli theorem 
that if time reversal invariance is not violated, the 
operation CP is conserved. This means that the left 
right asymmetry that is found in a laboratory is always 
exactly opposite to that found in the antilaboratory. 

Should it further turn out that the two-component 
theory of the neutrino described above is correct, one 
would have a natural understanding of the violation 


6 


of parity conservation in processes involving the neu 
trino. An understanding of the @—r puzzle presents 
now a problem on a new level because no neutrinos are 
involved in the decay of Ky». and Ky, 
means that a more fundamental theoretical question 
should be investigated: the origin of all weak inter 
actions. Perhaps the strange particles belong to strange 


Perhaps this 


representations of the Lorentz group. (Nature seems 
to make use of simple but odd representations.) It is 
also interesting to note that the massless electromag 
netic field is the cause of the breakdown of the conserva 
tion of isotopic spin. The similarity to the massless 
two-component neutrino field that introduces the non 
conservation of parity may not be accidental. 
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Precision Method for Obtaining Absolute 
Values of Atomic Binding Energies 


Cart NorpiinG, EVELYN SOKOLOWSKI, AND KAi SIEGBAHN 


Department of Physics, University of Uppsala, Uppsala, Sweden 
(Received January 10, 1957) 


E have recently developed a precision method of 

investigating atomic binding energies, which we 
believe will find application in a variety of problems in 
atomic and solid state physics. In principle, the method 
is an old one: a magnetic analysis of electrons expelled 
from a substance exposed to x-radiation. Previous 
attempts in this direction have, however, given con- 
siderably less information about atomic structure than 
ordinary x-ray spectroscopic experiments, and some 
twenty years ago the method seems to have been 
definitely abandoned. We have introduced a number of 
improvements, both regarding the intensity and, in 
particular, the accuracy (a factor 100), which now 
enables us to measure atomic binding energies with an 
accuracy of one single electron volt from microgram 
quantities. The definition of the lines is essentially 
limited by the natural line widths of the atomic levels 
themselves. There is no shift of the lines due to electron 
scattering or similar causes, which could introduce 
systematic errors. 

Qur present most accurate knowledge of atomic 
binding energies stems from x-ray absorption spectra. 
However, the energies obtained there are not the true 
binding energies but the energy differences between 
internal atomic shells. The definition of the slopes of 
the absorption edges and their interpretations do not 
allow better estimates of the binding energies than 
within 10 ev; in most cases the uncertainty is much 
greater. By our method we obtain the true binding 
energies directly from well-defined and sharp electron 
lines, the peaks of which can be localized well within 
1 ev. Furthermore, we can study the Auger spectra 
in great detail. 

A more complete description of the experimental 
arrangements will be given in a later paper! and they 
will only be mentioned briefly here. The magnetic 
spectrometer is of the iron-free, double-focusing type 
with p=30 cm. A compactly designed x-ray tube with 
exchangeable anode, filament, etc., has been built into 
the spectrometer tank close to the sample holder 
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which supports a thin evaporated layer of the substance 
under investigation. Our present G-M detector window 
transmits electrons down to ~4 kev. The external 
magnetic fields, including the earth field, is compensated 
to within less than 0.1%. 

In our first measurements we have used a Mo anode 
with a Zr filter and Cu as the object of study. On a 
thin (0.54) Al backing, 0.5 mm wide and grounded at 
both ends, an equally wide Cu film (~500 A thick) was 
evaporated. Further, a layer of ThB was collected on 
the source for energy calibration. 

Figure 1 shows the doublet arising from Cu K shell 
electrons expelled by the Ka; and Kaz radiation of Mo. 
As expected, the intensity ratio is close to 2:1. On the 
low-energy side of each line one can distinguish a 
satellite, which we have interpreted as due to K photo- 
electrons, scattered inelastically in the source. These 
peaks correspond to a discrete energy loss of about 16 ev, 
which is in good agreement with what has been found 
in other connections in electron physics.? The energies 
of the lines are 8493.7+1 ev and 8388.4+1 ev, respec- 
tively. The energies of the Mo Ka; and Kay x-ray lines 
are known accurately to be 17 479.0 ev and 17 374.1 ev, 
respectively. Subtracting the photoline energies from 
those of the corresponding x-ray lines, we obtain two 
partly independent values of the total K binding 
energy of Cu: 8985.34+1 ev and 8985.7+1 ev, in 
excellent agreement with (All atomic 
constants used in the calculations have been taken from 
the values given by DuMond and Cohen.’ Further, the 
Bp value of the F line of ThB is here assumed to bet 
exactly 1388.44 gauss-cm.) We have been able to check 
this value of the binding energy by the observation of 
other lines in our electron spectrum, which are due to 


each other. 
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Fic. 1. Lines resulting from photoelectrons expelled from Cu 
by Mo Ka, and Mo Kay x-radiation. The satellites marked 
D.E.L. are interpreted as due to electrons which have suffered a 
discrete energy loss when scattered in the source 
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the x-radiation of Zr. The binding energy of the Cu 1; 
shell has been measured in the same way to be 1100+4 
ev. It is satisfactory to note that the energy difference 
between our K “doublet” lines, 105.3 ev, is in good 
agreement with the energy difference of the two Ka, 
and Kaz lines as obtained from ordinary x-ray spectra, 
namely 104.9 ev. 

The KLL and KLM Auger spectra from Cu were 
also obtained. In particular, the former spectrum yields 
a number of well-resolved lines which have not been 
observed before. 

A close study of the accuracy in determining the 
exact positions of the electron lines reveals a relative 
uncertainty in the Bp values of ~1:40 000. 

We plan to extend our investigations to other 
elements over the periodic table. The influence of 
alloying on the binding energies is also of interest in 
this connection. A complete description of the experi- 
ments will be published shortly,! together with a 
discussion of the Auger spectra and their theoretical 
interpretation. 

! Sokolowski, Nordling, and Siegbahn, Arkiv Fysik (to be 
published). 

2G. Haberstroh, Z. Physik 145, 20 (1956). 

3 J. W. M. DuMond and E. R. Cohen, Revs. Modern Phys. 25, 


691 (1953). 
*K. Siegbahn and K. Edvarson, Nuclear Phys. 1, 137 (1956). 


Anomalous Isotope Effect in Metallic 
Diffusion* 


Davip LAZARUS AND BOUDEWIJN OKKERSE 
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(Received January 14, 1957) 


N most cases of diffusion in metal systems, the 
temperature dependence of the diffusion coefficient 

for radioactive tracers diffusing into pure metal crystals 
is found to obey an Arrhenius equation of the form 
D= Dy exp(—H/RT), where the frequency factor Dy 
and activation energy // are temperature-independent. 
Because of the general consistency of the experimental 
results, considerable confidence has been placed in the 
application of the theory of absolute reaction rates! to 
problems of mass transport in solids.? In addition to 
predicting the observed temperature dependence of the 
diffusion coefficient, the theory predicts that if two 
different isotopes of the same element diffuse into a 
solid, the lighter isotope will diffuse faster than the 
heavier by the ratio of the square root of the isotopic 
masses, independent of the diffusion mechanism 
operative, 

As a critical check on this theory, we have studied 
the diffusion of Fe®* and Fe” in pure monocrystalline 
silver. The isotopes were obtained in pure form from 
the Oak Ridge National Laboratory, and the isotopic 
purity checked by taking gamma-ray spectra, absorp- 
tion curves, and half-life measurements. The counting 
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Fic. 1. Diffusion of Fe® and Fe® in Ag at 883°C 

apparatus was initially calibrated with sources made 
from the pure isotopes. A mixture of the two isotopes 
was electroplated onto a silver crystal from an oxalate 
solution made by combining portions of the pure 
sources. After diffusion in vacuum, the specimen was 
sectioned. The Fe activity was determined by gamma 
counting the cuttings, using a calibrated scintillation 
counter. The individual sections were then dissolved 
in acid, and the silver precipitated as AgCl. The 
residual iron was chen precipitated from the solution 
with 1 mg of carrier iron as iron hydroxide. This 
procedure was necessary for counting of the very soft 
x-rays from the Fe®®, The net Fe®® activity in each 
section was determined by differential counting of the 
hydroxide precipitate with matched Be and Al ab 
sorbers, using an argon-filled end-window counter. In 
addition, the Fe” activity of the precipitate was 
remeasured, so that an accurate determination of the 
ratio of Fe® to Fe” in each section could be made. 

The experimental results for diffusion at 883°C are 
given in Figs. 1 and 2. It should be noted that the 
analysis of Fig. 2 gives the ratio of the diffusion coeffi 
cients directly, unaffected to first order by uncertainties 
in the penetration distance, since the distance is 
identical for the two isotopes. The probable errors 
shown in Fig. 2 were determined by a separate call 
bration experiment, using the plating solution as a 
standard mixture. 

By inspection of the figures, it is apparent that the 
lighter isotope diffuses more rapidly than the heavier, 
but the relative difference in diffusion coefficients is 
about 15%, roughly four times larger than predicted 
by rate theory. This conclusion appears to be com 
pletely inconsistent with the theory, and cannot be 
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hic. 2. Relative rates of diffusion of Fe” and Fe in Ag at 883°C 


reconciled by assuming any particular mechanism for 
the diffusion process, or by abandoning the adiabatic 
approximation made in the theory. The possibility 
exists that in this system at least, diffusion may occur 
partly by quantum mechanical tunneling, rather than 
purely by thermal activation. In this case, the tem- 
perature dependence of the diffusion coefficient should 
show a deviation the Arrhenius 
relation at low temperatures. Such effects have been 


considerable from 
previously found in studies of the diffusion of cobalt 
and iron in copper.’ The probability of tunneling of 
iron atoms through a nonsinusoidal barrier has been 
estimated by Fuchs,‘ who showed that for this effect 
to be appreciable, the barrier would have to have a 
thickness less than 0.1 A. While this value appears 
improbably small from classical considerations, a 
narrow barrier might result from interactions of the 
lattice electrons with the unfilled d shells of the im 
purity in regions of high electron density, such as 
would exist at the saddle point. 

The experimental work is being extended to deter- 
mine the temperature dependence of the diffusion 
coefficients for this system. In addition, it is planned to 
study other systems to determine if the effect is general. 

We wish to express our sincere thanks to Professor 
Frederick Seitz and Mr. Ronald Fuchs for several 
stimulating discussions, and to Mr. James Mullen and 
Mr. Alan Schoen for considerable help with the experi- 
mental work 

* Supported in part by the U. S. Atomic Energy Commission 

'Glasstone, Laidler, and Eyring, Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941). 

* F. Seitz, in Phase Transformations in Solids (John Wiley and 
Sons Inc . New York, 1951 p 77 fff °C Zener, J Appl Phys 22, 
372 (1951) 

*C. A, Mackliet and D 
1, 149 (1956). 

*R, Fuchs (private communication) 
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Stacking Disorders in Nickel Base 
Magnetic Alloys 


R. D. Hermenreicu AND E. A. NESBITT 
Bell Telephone Laboratories, 'ncorporat'd, Murray Hill, 
New Jersey 
(Received January 8, 1957) 


HE response of certain single-phase magnetic 

alloys (Permalloys, Perminvar, etc.) to heat 
treatment in a magnetic field has never been satis- 
factorily explained. Recently it was discovered that 
single crystals of Perminvar' when cooled at a rate of 
4°C/sec without an applied magnetic field exhibited 
different easy directions of magnetization depending 
upon the strength of the applied field. For example, 
when the field was of the order of 1000 oersteds, the 
[001] direction was near the easy direction but at 
3000 oersteds the [011] became the easy direction. 
Irom previous work? this suggested a nonhomogeneous 
structure and it was decided to investigate the structure 
of several single-phase alloys by electron diffraction. 
The possibility of stacking faults in Perminvar was 
suggested by the first electron diffraction pattern 
taken. The diffraction data were obtained from polished 
and etched single crystals cut in the form of disks 
appropriate for magnetic torque measurements, 40-kv 
electrons were found adequate for the reflection 
patterns. 

The features of special interest in the diffraction 
patterns from Perminvar are streaks and_ satellite 
spots associated with the normal Bragg spots. Figure 1 
illustrates the “crosses” observed with the incident 
beam at grazing on a (100) face and along [010]. 
The region of intensity about a reciprocal lattice 
integer point was mapped out by using (100) and (110) 
faces and several directions in each face. The (111) 
face was found to etch so smoothly and evenly that 


“c 


Fic. 1, Electron diffraction pattern from a (100) face and 
[010] direction of an annealed Perminvar single crystal. The 
“cross” intensity distribution at a reciprocal lattice point is 
clearly shown, 
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Fic. 2. After long annealing times (several days at 425°C), the 
crosses shown in Fig. 1 break up into discrete spots along the 
[111] directions 


insufficient surface roughness was obtained to produce 
diffraction patterns. With increasing annealing time 
(425°C), the diffraction patterns showed first the 
development of “spikes” or streaks on the Bragg spots 
which are finally converted to discrete satellite spots 
along the original spikes as seen in Fig. 2. The crosses 
observed with intermediate annealing time of the order 
of 24-36 hours are accounted for by the intersection 
of the Ewald sphere with spikes’ along the eight [111 ] 
directions radiating from an integer point. 

The atom form factors for Ni, Fe, and Co are indistin- 
guishable for all practical purposes in electron diffrac- 
tion. Their metallic radii are 1.24, 1.27, and 1.26 A, 
respectively. Superlattice reflections would be below 
changes in lattice 
parameter due to segregation of solute atoms would 
likewise not be detected. The conclusion is that stacking 
faults on the close-packed {111} planes are responsible 
for the reciprocal lattice spikes and satellites. The 
formation of nodes along the octahedral spikes is 
presently interpreted as due to the development of a 
periodic or rhythmic array of {111} stacking faults. 
The period is estimated to be 40-75 A. The absence of 
satellites in the zero-order spot with increasing numbers 
observed in the higher orders is similar to the x-ray 
powder results obtained by Daniel and Lipson‘ from 
annealed Cu,yFeNi;. The CuyFeNiz; results were 
atrributed to a rhythmic segregation of solute producing 
a periodic error in interplanar spacing. Satellite reflec- 
tions in electron diffraction patterns of CuAu are 
described by Ogawa and Watanabe® and ascribed to 
periodic defects. In both the CuyFeNi; and CuAu cases 
the periodic defects are along [100] directions. 

The faulted structure represents the stable configura- 
tion of the crystal at room temperature. It is quite 
probable that cobalt and/or iron tend to segregate in 
the hexagonal region of the faults producing a state 


observable intensity and_ local 
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of lower free energy than a random solid solution. The 
diffraction satellites due to the faults can be smudged 
both by plastic deformation and 
magnetic anneal in two different directions in the 
crystal. Prolonged annealing at elevated temperatures 
will greatly reduce if not eliminate the faulting. Recently 
it was found that a large asymmetry in the distribution 
of stacking faults could be produced by magnetic 
annealing. In this connection it was also found that 
Permalloy and 50:50 Co—Ni contain stacking faults 
and that these alloys heat-treat in a magnetic field. 
The results to date indicate that stacking faults in 
single-phase magnetic alloys may be quite important 
in the mechanism which causes these alloys to respond 


by consecutive 


to heat treatment in a magnetic field. This work is 
continuing and will be reported in more detail. 

A recent publication® illustrating the occurrence 
of stacking faults in cobalt-nickel alloys has just been 
noted. The faulting is introduced by plastic deformation 
and studied by means of x-ray and electrical resistivity 
No mention is made of magnetic properties. 

! Nominally 45% Ni, 30% Fe, 25% Co 

2 Nesbitt, Williams, and Bozorth, J 
(1954) 

4 J. M. Cowley, Acta Cryst. 6, 53 (1953) 

4V. Daniel and H. Lipson, Proc. Roy. Soc 
(1944), 

5S. Ogawa and D. Watanabe, Acta Cryst. 7, 377 (1954) 

6 J. W. Christian and J. Spreadborough, Phil. Mag. 1, 
(1956) 
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Solution of the Nuclear Many-Body 
Problem 


K.A 


BRUECKNER, University of Pennsylvania, 
Philadel phia, Pennsylvania 


AND 
J. L. Game, Los Alamos Scientific Laboratory, University 
of California, Los Alamos, New Mexico 


(Received January 14, 1957) 


N a series of previous papers,’ ° one of us (K. A. B.) 
has described a method for determining the proper- 
ties of nuclear matter and has obtained some approxi 
mate The 
discussed by a number of other authors,’ particularly 
by Bethe.* It is the purpose of this note to give a brief 


solutions. methods used have also been 


summary of the numerical solutions obtained by the 
authors at the computing center of the Los Alamos 
Scientific Laboratory, using the I. B.M. 704 fast 
electronic computers. A detailed description of the 
equations solved, the methods used, and further results 
will form the content of a paper now in preparation, 

The energy of nuclear matter (infinite in extent with 
Coulomb forces neglected) as a function of density is 
determined by the self-consistent solution of a set of 
coupled equations. The basic interaction operators are 
determined by the integral equation**® 
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Kus, (bE) = Uy gtd, Vel, mn 


mn 


x (E+ Ej— En® — E,,°—-bE) "Kon, i(8E), (1) 
where » is the two-body interaction potential, EZ; and E; 
are the energies of particles in the states i and j, and 
E,,* and E,* are the energies of particles in the excited 
states m and n. 6 determines the distance off the 
energy shell at which the K matrix is to be evaluated® ; 
5E is zero for the ground-state K’s and has been taken 
to be equal to an average excitation in determining the 
excited state K’s. The sum over m and mn runs over 
unfilled states above the Fermi surface with mo- 
mentum pr. The indices i, j, m, n, etc., specify the 
momentum, and spin, and the isotopic spin. 

The energies appearing in Eq. (1) are determined 
from the diagonal elements of the K matrices by the 
equations 


E, [> Kis (bE ‘ ())— K i, i(6E=0) | (2) 


for the ground state, and 


En* => [ Kms, me(SE) — K ms, om(5E) | (3) 


for the excited states. In both cases the sum runs over 
the states of the Fermi gas. The solution to Eqs. (1), 
(2), and (3) completely determines the energy and 
equilibrium density of nuclear matter except for a 
correction due to the so-called ‘linked cluster” correc- 
tions® to the energy. These arise from fluctuations in 
the average potential acting on an interacting pair of 
particles. The correction has been estimated®* to be 
of the order of 0.1 to 0.2 Mev per particle and is 
probably attractive. 

The interaction assumed is that determined by 
Christian, Gammel, and Thaler.’ This potential gives 
a precise fit to all low-energy two-body data and a good 
fit to scattering data up to 300 Mev, except for the 
odd-state polarization results. The interaction is 
characterized in even states by very short-ranged 
attractive central forces outside a repulsive core of 
radius 5 10~" cm and by a much longer-ranged tensor 
force. The odd-state potentials are a relatively weak 
central force and a repulsive tensor force (relative to 
that which binds the deuteron). The odd-state force, 
however, is not satisfactorily determined since the 
odd-state polarization predicted is incorrect. Therefore, 
in the preliminary results quoted here, we have omitted 
the odd-state contribution which an approximate 
estimate (based on the Christian-Gammel-Thaler 
potential) indicates may give a few Mev of attraction. 

Equations (1), (2), and (3) have been solved es- 
sentially exactly except for one type of approximation 
required to allow a separation of the integral equation 
into states of J and /. This approximation involves (a) 
a replacement of the energy denominator by its angular 
average over the center-of-mass momentum, and (b) 
a similar angular average in the otherwise exact 
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Fic. 1, Energy as a function of particle spacing. The 
parameter 8£ is defined in Eq. (1). 


treatment of the exclusion effect. The effects of off-the- 
energy-shell propagation have been estimated by 
choosing the mean excitation energy 5E of Eq. (1) to 
be equal in virtual states to the energy difference 
between the Fermi surface and the lowest state. Since 
this is probably somewhat of an overestimate, the 
sensitivity of the solution to this parameter has been 
checked by setting 6E equal to zero in all equations. 
The reduction of Eqs. (1), (2), and (3) to a form 
suitable for computation as well as the methods used 
for treating the singular core repulsion and the tensor 
force will be described in a separate paper. 

The results are shown in Fig. 1 as a function of the 
average radius of the volume per particle, defined by 
the equation 

Q= (4/3)ariN, (4) 
where V/Q is the density. The effect of changing 6E 
from zero to Ey—Ey (which in this case is about 90 
Mev) is very small, raising the energy minimum from 
— 15.8 Mev to —14.5 Mev and very slightly decreasing 
the equilibrium density. In both cases the energy 
minimum occurs close to r9=0.9810~" cm. These 
values are to be compared with the central density of 
heavy nuclei which corresponds to ro>= 1.10 10~-" cm 
and with the semiempirical volume energy of —15.5 
Mev per particle. 

We have also estimated the effect of the Coulomb 
repulsion on the density; in the case of 82 protons the 
minimum in the density vs energy curve is moved out 
to approximately 1.07 10~" cm, a decrease in density 
of 23%. This value is in better agreement with the 
empirical value. 

The uncertainty in these results arises almost 
entirely from the cluster corrections and the approxi- 
mate treatment of the excited state energy denomina- 
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tors. We estimate the cluster correction to be 0.3+0.3 
Mev and the energy denominator correction (compared 
to the result with 6E=0) to be 1.0+0.5 Mev, giving a 
final result for the energy (at the minimum) of 
—14.8+0.6 Mev. It is to be emphasized that this 
result is very much more accurate than the knowledge 
of the potentials, particularly since the odd-state 
potentials have been omitted. 

Finally, it is interesting to point out that these 
results agree, within one or two Mev, with those 
which can be obtained from the same potential in the 
effective-mass approximation’ with the effects of the 
exclusion principle neglected. 

' Brueckner, Mahmoud, and Levinson, Phys. Rev. 95, 219 
(1954). 

*K. A. Brueckner, Phys. Rev. 96, 908 (1954). 

3K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 

*K. A. Brueckner and W. Wada, Phys. Rev. 103, 1008 (1956). 

5K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). 

*K. A. Brueckner, Phys. Rev. 100, 36 (1955). 

7R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955); 
R. J. Eden, Phys. Rev. 99, 1418 (1955); R. J. Eden, Proc. Roy. 
Soc. (London) A235, 408 (1956); J. Goldstone, Proc. Roy. Soc. 
(London) (to be published). 

*H. A. Bethe, Phys. Rev. 103, 1353 (1956). 

® Gammel, Christian, and Thaler, Phys. Rev. 105, 311 (1957). 


Contribution to Lamb Shift Due to 
Finite Proton Size 


WALTER ARON AND A. J. ZuCHELLI* 
Department of Physics, University of Virginia, 
Charlottesville, Virginia 
(Received December 28, 1956) 


HE scattering of high-energy electrons by protons 

has recently been interpreted in terms of a 
finite spatial distribution of charge for the proton.' 
We have noticed that the resultant deviation from a 
pure Coulomb field is such as to reduce the existing 
discrepancy’? between theoretical and experimental 
results for the hydrogen Lamb shift. Since the proton 
size is small compared to atomic dimensions, one easily 
finds, using nonrelativistic wave functions, 


AE=}\W(0) |%e?(R*)n, 


where (R*), is the mean square radius of the proton 
charge distribution and ¥(0) is the amplitude of the 
hydrogen wave function at the origin. (A similar 
result was obtained by Salpeter’ in discussing the effect 
of proton motion in the deuteron Lamb shift.) Taking 
the mean value given by Chambers and Hofstadter, 
Rems= (0.7740.10)K10-" cm, one finds the energy 
shift for the 2.5; level: 


AE=0.118+-0.03 Mc/sec. 


* National Science Foundation Predoctoral Fellow. 

1 E. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 

* Baranger, Bethe, and Feynman, Phys. Rev. 92, 482 (1953). 

4 E. E. Salpeter, Phys. Rev. 89, 92 (1953). 
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Nuclear Emulsion Evidence for Parity 
Nonconservation in the Decay Chain 
at — u + —@ + a | 


Jerome I. FrrepMAN AND V. L. TeLecp 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, 
Chicago, Illinois 
(Received January 17, 1957) 


EE and Yang! recently re-examined the problem as 

to whether parity is conserved in nature and 
emphasized the fact that one actually lacks experi- 
mental evidence in support of this most natural 
hypothesis in the case of weak interactions (such as 
B decay). Violation of parity conservation can be 
inferred essentially only by measuring the probability 
distribution of some pseudoscalar quantity, e.g., of the 
projection of a polar vector along an axial vector, and 
measurements of this kind had not been reported. Lee 
and Yang suggested several experiments in which a 
spin direction is available as a suitable axial vector; 
in particular, they pointed out that the initial direction 
of motion of the muon in the process m—u-+ v can serve 
for this purpose, as the muon will be produced with 
its spin axis along its initial line of motion if the Hamil- 
tonian responsible for this process does not have the cus- 
tomary invariance properties, If parity is further not 
conserved in the process y—e+2y, then a forward- 
backward asymmetry in the distribution of angles W (6) 
between this initial direction of motion and the momen- 
tum, p,, of the decay electron is predicted. 

It is easy to observe the pertinent correlation by 
bringing wt mesons to rest in a nuclear emulsion in 
which the u* meson also stops. One has only to bear in 
mind two facts: (1) even weak magnetic fields, such as 
the fringing field of a cyclotron, can obliterate a real 
effect, as the precession frequency of a Dirac » meson is 
(2.8/207) XK 10® sec”'/gauss; (2) wt can form ‘muon- 
ium,” ie., (ute), and the formation of this atom 
can be an additional source of depolarization, both 
through its internal hyperfine splitting and the preces- 
sion of its total magnetic moment around the external 
field. In the absence of specific experiments on muonium 
formation, one can perhaps be guided by analogous 
data on positronium in solids.?# 

With these facts in mind, we exposed (in early 
October, 1956) nuclear emulsion pellicles (1 mm thick) 
to a mt beam of the University of Chicago synchro- 
cyclotron, The pellicles were contained inside three 
concentric tubular magnetic shields and subject to 
<4X10~* gauss. Over 1300 complete r—y—e decays 
have been recorded to date, and the space angle 6 
defined above has been calculated for each. From these 
preliminary data we find‘ 


ino” 0” 180° 
f woo\an— f iwo\aal / f W (0)d2 
90° 0 0 


= (),0624+-0.027, 
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W (0) =1—0.12 cos6, 


i.e., the presence of an excess in the backward hemis- 
phere to a 95% confidence level. This effect agrees in 
sign and magnitude with one observed in a recent 
analogous experiment’ performed electronically at 
Columbia University. 

In connecting our result with basic theoretical 
principles, one has to remember (a) that the asymmetry 
observed here is only a lower limit owing to the possi- 
bility of muonium formation® and other conceivable 
depolarization effects; (b) that existence of an asym- 
metry implies the joint violation of parity conservation 
and charge conjugation invariance rather than of parity 
conservation alone.’ 

In view of the intrinsic importance of the subject, 
we consider it worthwhile to present our data at this 
preliminary stage. 

We would like to thank the Columbia workers, in 
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particular R. L. Garwin, for communicating their un- 
published results to us. We are grateful to R. Oehme 
for illuminating theoretical discussions and to R. Levi- 
Setti for criticism of the experimental techniques. 


* This work was supported by a joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

t For technical reasons, this Letter could not be published in 
the same issue as that of Garwin, Lederman, and Weinrich, 
Phys. Rev. 105, 1415 (1957). 

!'T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2S. Berko and F. Hereford, Revs. Modern Phys. 28, 299 (1956). 

+ Telegdi, Sens, Yovanovitch, and Warshaw, Phys. Rev. 104, 
867 (1956). 

* Note added in proof. 
0.091 +0.022. 

5 Garwin, Lederman, and Weinrich (private communication 
from R. L. Garwin, January 13, 1957). 

*The Columbia workers find that the observed asymmetry 
appears to depend on the material stopping the u* mesons. This 
is consistent with (ute) formation and suggests the use of uo 
mesons for absolute measurements, in low-Z materials with no 
nuclear magnetic moment. 

7R. Oehme (private communication) ; Lee, Oehme, and Yang, 
Phys. Rev. (to be published). 


From 2000 events, we get for this ratio 














